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PREFACE 


At the end of World War II many physicists who had been mobilized 
for the war effort returned to university work and to pure research; a 
great number of them had worked on nuclear problems and were anxious 
to resume investigations in this field. Moreover there was a large influx 
of students eager to start nuclear investigations. 

The need was keenly felt for a book which would bring the experimen¬ 
talist up to date in experimental techniques, point out to him the sig¬ 
nificant facts and data, and indicate the broad lines of theoretical inter- 

pretation. . , , 

It was immediately apparent that the field of nuclear physics had 

grown so much and the various branches had become so specialized that 
no one person could hope to write a book like the famous treatises of 
Rutherford (which, however, because of the evolution mentioned above, 
had by 1930 already become Rutherford, Chadwick, and Ellis), Curie, 
and Kohlrausch. A cooperative effort like the Geiger-Scheel Ilandbuch 
der Physik seemed the only solution. Individual authors could undertake 
to prepare reasonably complete treatises on a restricted field in which 
they are quite authoritative. By keeping the discussions relatively 
short, it became possible for a group of authors to cooperate without cur¬ 
tailing their research activity. An incentive for several of the authors, 
indeed, was the desire to read the contributions of the others. 

This work is the outcome of that effort. We hope that it will be useful 
to the serious student and to the research worker in the field. Each part, 
with its bibliography, should be sufficient to inform the reader about 
the main results obtained in nuclear physics up to the end of 1951 and 
enable him to go directly to the original literature or to the several 
excellent collections of periodical reviews which are currently appear¬ 
ing ( Annual Reviews of Nuclear Science, Reviews of Modern Physics , 
Ergebnisse der exakten Naturwissenschaften, Progress in Nuclear Physics, 
and others) for further details. 

E. Segr& 

Berkeley , California 
December, 1952 
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PART I 


Detection Methods' 

HANS H. STAUB 

University of Zurich, Switzerland 

SECTION 1. INTRODUCTION 

The detection of particles in nuclear experiments is based on the fact 
that a charged particle passing through matter leaves along its path a 
string of ionized or excited atoms or molecules which can be detected 
and counted. Neutral particles produce directly neither ionization nor 
excitation, but neutrons and gamma-rays in passing through matter 
occasionally give rise to a charged secondary particle with considerable 
energy. In the case of neutrons these energetic secondaries are recoil 
nuclei produced by collisions or disintegration products emitted when a 
neutron is captured. Gamma-rays produce secondary electrons by 
photoelectric and Compton effects or by pair production and heavy 
charged particles as, for instance, protons by nuclear photoelectric effect. 
By recording ionization or excitation of these secondaries the presence of 
non-ionizing primary radiation is ascertained. A direct detection of the 
neutrino has so far been unsuccessful, since its interaction with matter is 
extremely small. 

Most of the detectors described here measure the ionization caused 
by the passage of a charged particle through a suitable material. If an 
electric field is maintained across the material, the ions will be set in 
motion and the ionization current can be detected. Ionization chambers 
and crystal counters work on this principle. The ionization current 
which can be obtained by the passage of a single particle through matter 
is usually quite small, and before the current can be measured it has to 
be amplified considerably by suitable electronic arrangements. Another 
method of obtaining this amplification is used in proportional counters 
and Geiger-Muller counters. In these instruments the primary ioniza¬ 
tion products are so highly accelerated by an external electric field that 
they produce secondary ionization by collision with other atoms of the 

1 This material was closed as of December 31, 1950, with some later additions. 
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gaseous volume of the counter. In the Geiger-Muller counter a consider¬ 
able contribution to the total ionization arises from photoelectrons 
ejected by photons which accompany the process of collision or recom¬ 
bination. Since the total number of ion pairs produced in an ionization 
chamber is proportional to the energy loss of the particle within the 
chamber, the time integral of the current pulse or total charge collected 
on one of the electrodes is a measure of this energy loss. This is also 
true of a proportional counter. In a Geiger-Mliller counter, however, 
the time integral of the current pulse is almost entirely independent of 
the amount of primary ionization and no information on the energy loss 
of the primary particle can be obtained from the pulse size. 

The most recently developed detector, the scintillation counter, makes 
use of the fluorescence radiation emitted when a charged particle passes 
through certain materials. It is interesting to note that the earliest 
detectors used in nuclear physics were based on this principle. The 
observation of the fluorescence was done visually. In the modern version 
of this instalment the fluorescence is recorded by photocells. 

In the cloud chamber the presence of ions is recorded by direct obser¬ 
vation. Condensation of a suitable vapor takes place preferentially on 
an electric charge, and this results in the formation of a visible drop of 
liquid around each ion present during the period of condensation. 

The photographic plate method finally makes use of the fact that an 
ionizing particle passing through a photographic emulsion renders 
developable some of the silver halide grains located in the path of the 
particle. The photographic plate therefore registers, as the cloud 
chamber does, the path of the particle. From the records it is possible 
to determine not only its direction of propagation but to a certain extent 
also the energy and the nature of the particle. The great advantage of 
the photographic plate is its continuous sensitivity to particles, whereas 
the cloud chamber is sensitive only during a very small fraction of the 
observation time. 1 


SECTION 2. FUNDAMENTAL PRINCIPLES OF 
PARTICLE DETECTION 

A. The Motion of Ions and Electrons in Gases 

The majority of present-day detectors are based on the ionization 
produced by the passage of a charged particle through a gas. The 
number of ion pairs, i.e., positive gas ions and free electrons, depends on 

1 Editor’s note: For monographic treatment of several of the subjects in this part 
recently added to the literature see (C8, Wll, W 1*2). 
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the loss of energy which the particle undergoes in the gaseous volume 
under consideration. Over a wide range the number of ion pairs is 
proportional to this energy loss, or, in other words, the average amount 
of energy Io spent in the production of one ion pair depends only little 
on the velocity of the primary particle. Moreover, it does not depend 
very markedly on the nature (charge) of the primary. The quantity 
I 0 varies somewhat for different gases but is generally around 30 ev. 
A number of values of I 0 for various gases is given in Table 1. (See 
also Part II.) 

TABLE 1 


Energy per Ion Pair, 7<j 


Gas 

Io (ev) 

Particle and Energy 


Air 

32.0 

electrons 

0.3 Mev 


Air 

36.0 

protons 

2.5-7.5 Mev 


Air 

35.1 

a-particles 

7.8 Mev 

(G4) 

Air 

35.6 

a-particles 

5.3 Mev 

Hydrogen 

36.0 

a-particlcs 

5.3 Mev 


Helium 

31.0 

o-particles 

5.3 Mev - 

(A3) 

Nitrogen 

36.3 

o-particles 

5.3 Mev 

*- 

Carbon 

monoxide 

34.7 

o-particles 

5.3 Mev 

(S2) 

Carbon 

dioxide 

34.6 

o-particlcs 

5.3 Mev 

Ethylene 

27.6 

o-particles 

5.3 Mev 


Ethylene 

28.2 

o-particles 

5.3 Mev 

(B17) 

Acetylene 

27.6 

a-particles 

5.3 Mev 

Neon 

27.8 

o-particles 

5.3 Mev 

I 

}(S2) 

Argon 

24.9 

o-particles 

5.3 Mev 

Argon 

26.9 

electrons 

17.4 kev 

(N4) 

Krypton 

23.0 

o-particles 

5.3 Mev 

(S2) 

Xenon 

21.4 

o-particles 

1.3 Mev 

(G5) 

Xenon 

21.3 

electrons 

0.042 Mev 

(Wl) 


Most of the electrons knocked out by the primary particle have com¬ 
paratively little energy and will not travel over appreciable distances. 
Occasionally, however, high-energy electrons (delta-rays) are formed 
which have a range in air at normal temperature and pressure in excess 
of 1 mm. On the other hand, most of the primary-ionization electrons 
will still have sufficient energy to produce additional ionization. Ihis 
additional ionization is called secondary ionization and might account 
for the larger fraction of the total ionization. The values of Io given in 
Table 1 refer to the total ionization. 

The total ionization produced by particles undergoing the same energy 
loss U in the gas will exhibit certain statistical fluctuations. The mean 
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An 2 = n = — 

h 

if the number of ionization events were governed by Poisson’s law. 
However, this is not the case, and consequently 



where F is a numerical factor smaller than 1. As Fano (FI) has shown, 
F should be generally of the order of to H- 
After the ionization process has been completed, electrons and ions 
will move in a random fashion, and, unless they are separated by an 
external electric field, they will recombine. The originally free electrons 
often attach themselves to neutral gas molecules and thereby form 
negative heavy ions. The probability of attachment depends very 
strongly on the energy of the electron and the nature of the gas. 

1. Diffusion and Drift. If an external field is applied to the gas, 
the motion of the charges will produce a current the density j of which 
is given by 

j = i + + r 

j + = n + ew + - D + e grad n+ (1) 

j” = -n“ew“ + D~e grad n~ 

Here j + and j“ represent the current densities of positive and negative 
particles of charge ±e, respectively. n + and n~ are their densities, w* 
their drift velocities, and D ± their coefficients of diffusion. The first 
term of the equation represents a current caused by the external electric 
field, the drift velocity being parallel to the electric field. The second 
term represents the diffusion current. The drift velocity should not be 
confused with the agitational velocity u, the direction of which is at 
random and causes the diffusion current, represented by the second 
term. In fact, the value w of | w | is usually of orders of magnitude 
smaller than that of u. Moreover, w for free electrons is usually several 
orders of magnitude larger than for positive or negative ions. This is 
the reason why the operation of fast detectors often depends on the mo¬ 
tion of free electrons alone, w and D depend, of course, on the velocity 
of agitation. 
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The particle densities n + and n~ are given by the continuity relations 

— = Z) + V 2 n + - div (n + w + ) - an + n" + no 
dt 


-= D V 2 n — div (n w ) — an + n + no 

dt 

where no represents the time rate of production of ion pairs per unit 
volume, and the term ocn + n~ accounts for the loss due to recombination 
which is proportional to the product of the two densities, a is the 
coefficient of recombination. 

If it is assumed that at a time t = 0 a distribution of ions n 0 (x', y\ z ') 
exists in an unbounded volume and that w and D are constants such 
that w has always the direction of the + Z axis and that no additional 
ions are produced and no recombination takes place, the solution of the 
above equation giving the charge distribution at any subsequent time is 


B±(X ’ V ’*’ 0 8(*tD±)» 

• JJJ ___ «o 


4D±l • dx’dy'dz ' (3) 


2. The Motion of Free Electrons. If the ionization electrons do 
not form negative ions by attachment, in a uniform electric field they 
will usually acquire a constant average velocity of agitation and a con¬ 
stant drift velocity after a very short path involving a few collisions. 
The velocity of agitation is usually considerably higher than the value 
corresponding to temperature equilibrium in the gas. It depends on 
the ratio E/p of field strength to gas pressure. This is readily under¬ 
stood if one considers that electrons lose only a small fraction of their 
energy in a purely elastic collision with gas molecules and gain energy 
from the electric field between collisions. If, on the other hand, sufficient 
energy is gained so that frequent inelastic collisions between electron 
and gas molecules occur, the velocity of agitation will be determined by 
the energy of the level excited by inelastic collision. 

If the average velocity of agitation of the electrons is defined as 



(4) 
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where /(u) du is the number of electrons with velocity between u and 
u + du, the coefficient of diffusion D is given by 

D = flu (5) 


where l is the mean free path assumed to vary only slowly with u. 

From conservation of momentum and energy the following relations 
between the electric field strength E and the velocities u and w can be 
obtained. For simplicity’s sake it will be assumed that the electrons 
have the same velocity of agitation u = u, large compared to w, and 
that in every collision the velocity of the particle is completely “ran¬ 
domized,” i.e., the directions of the velocities before and after the 
collision shall not be correlated. Under these conditions the average 
displacement s of the electron between two collisions in the direction of 
the field E is given by 

2 E (l) 2 

8 “ r—“5" (H5) 

3 era ir 


where ra is the mass of the electron and l its mean free path. In deriving 
this expression one has to consider that 

W) = 2(f) 2 


Since the average number of collisions per unit time is 


u 



the drift velocity w is given by 

2 E e 1 

w -- L- — 

3 pm u 



where L = Ip is the mean free path at unit gas pressure. 

Denoting by € the average fraction of its own energy lost by the 
electron in one collision, and equating the energy gained between 
collisions to that transferred to the gas gives 


ra u 3 ra p 

eE ■ w = eEw = < —— = <- u 6 

2 1 2 L 


When the relation between u and w is combined with Eq. (6), it becomes 

v? = $eu? (7) 

Relations (6) and (7) are derived by assuming that the velocity u varies 
only little among the various electrons and between collisions. Actually 
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the electrons will have a certain velocity distribution, and, if u is identi¬ 
fied with u as defined in Eq. (4), a suitable numerical factor of the order 
of unity will enter in Eqs. (6) and (7). The value of this factor for 
different velocity distributions is found in (H5). 

From the two relations, (6) and (7), it can be seen immediately how 
the drift velocity can be determined for a mixture of gases if the quantities 
€ and L are known for the individual components. Since \/l represents 
the average number of collisions per unit path, for the mixture 



where h and p, are mean free path and partial pressure of the ith com¬ 
ponent. Similarly, the fractional loss of energy per unit path in the 
mixture is 


(m r 
— — u* 

l 2 


m 2 ^ 

2 , U 


where <, is the fractional loss of energy in a collision with a molecule of 
the ith component. Thus, for a gas mixture, 


w 

i 


2 E e 1 1 

3 pm 2Ci/Lt u 


( 8 ) 


where c, — p,/p is the concentration of the ith component, p the total 
pressure, and 

1 2 2WL. 

vr = -u 2 (9) 

3 2 Ci/Li 


In Table 2 the quantities u, w, L, and < are given for various gases as 
functions of E/p. In addition, the quantity h, the probability of attach¬ 
ment (see below), is given in the last column. 

In Table 3a the drift velocity of electrons in a mixture of 95% argon 
and 5% carbon dioxide is given for various values of E/p. In Table 3b 
the values of the drift velocity are listed for boron trifluoride. The val¬ 
ues of w in Table 3a are an excellent example of the way in which the 
drift velocity of electrons can be changed by a small admixture of a 
second gas (NI). For the same value of E/p the drift velocity is con¬ 
siderably larger in the mixture than in pure argon. As a consequence 
this mixture has found a wide application in fast ionization chambers. 
The increase of w is readily understood by considering Eqs. (6), (7), 
(8), and (9). At a value of E/p = 1, for example, the velocity of agita¬ 
tion is quite high (2 X 10 8 cm/sec) in pure argon because the first ex¬ 
citation potential of argon is at 11.5 volts. The mean free path L is 
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TABLE 2 

The data presented in this table are taken from Healey and Reed (H5). 

E field strength, in volts per centimeter 
p gas pressure, in millimeters of mercury 

u, w the velocity of agitation and drift velocity, in centimeters per second 
L mean free path of electron at 1 mm pressure, in centimeters 

e average fraction of energy lost by electron in one collision 

h probability of attachment per collision 


(a) Hydrogen : J. S. Townsend and V. A. Bailey, Phil. Mag., 42, 873 (1921) 


E/p 

u X lO" 7 

w X \0~* 

L X 10 2 

« X 10 4 


0.25 

2.02 

0.65 

3.64 

26 


0.5 

2.62 

0.90 

3.25 

29 


1 

3.5 

1.19 

2.86 

28.5 


2 

4.3 

1.60 

2.39 

34 


5 

5.9 

2.55 

2.14 

46 


10 

7.62 

3.8 

2.05 

62 


20 

10.15 

7.0 

2.5 

117 


40 

13.1 

16.0 

3.67 

368 


50 

14.0 

21.7 

4.2 

590 


I Nitrogen: J. S. Townsend and V. 

A. Bailey, 

Phil. Mag., 42, 873 (1921) 

E/p 

u X 10- 7 

to X 10~« 

L X 10 2 

« X 10 4 


0.25 

3.15 

0.515 

4.50 

6.5 


0.5 

4.14 

0.62 

3.55 

5.5 


1 

5.35 

0.87 

3.20 

6.5 


2 

6.35 

1.31 

2.88 

10.3 


3 

6.85 

1.78 

2.82 

16.5 


5 

7.4 

2.7 

2.77 

33 


10 

8.0 

4.85 

2.69 

90 


20 

8.85 

8.6 

2.66 

234 


40 

10.8 

14.6 

2.75 

448 


60 

12.9 

19.3 

2.89 

550 


(c) Oxygen: R. H. 

Healey and C. B. Kirkpatrick, 1939 


E/p 

u X 10~ 7 

u> X 10-« 

L X 10* 

€ X 10 4 

h X 10 6 

0.25 

2.7 

1.33 

10.0 

60 

10.4 

0.5 

3.55 

1.61 

7.9 

51 

7.25 

1 

5.01 

1.63 

5.66 

26.0 

2.2 

2 

6.5 

1.69 

3.80 

15.5 

• • • • 

5 

7.54 

2.73 

2.86 

32.4 

5.2 

10 

8.29 

4.95 

2.86 

88 

16.7 

15 

8.71 

6.70 

2.71 

145 

17.2 

20 

9.05 

8.15 

2.57 

199 

7.0 

30 

9.7 

9.95 

2.23 

260 

0 

50 

11.2 

15.9 

2.47 

494 

0 
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(d) Helium : J. S. Townsend and V. A. Bailey, Phil. Mag., 46, 657 (1923) 


E/p 

u X 10“ 7 

u> X 10“ 8 

L X 10 2 

«x io 4 


0.013 

1.53 

0.111 

9.14 

1.30 


0.02 

1.68 

0.133 

7.8 

1.56 


0.05 

2.12 

0.214 

6.6 

2.3 


0.1 

2.87 

0.296 

5.95 

2.6 


0.2 

3.87 

0.393 

5.3 

2.5 


0.5 

5.96 

0.574 

4.8 

2.3 


1 

8.4 

0.825 

4.85 

2.4 


2 

11.8 

1.27 

5.25 

2.85 


3 

13.5 

1.75 

5.5 

4.15 


4 

14.2 

2.35 

5.85 

6.75 


5 

15.1 

3.02 

6.4 

9.8 


(e) Argon: J. S. Townsend and V. A. 

Bailey, Phil. 

Mag., 44, 

1033 (1922) 

E/p 

u X 10" 7 

w X 10" 4 

L X 10 2 

« X io 4 


0.125 

11.5 

0.31 

20 

0.179 


0.195 

12.6 

0.325 

14.7 

0.164 


0.355 

14.5 

0.36 

10.3 

0.152 


0.525 

16.3 

0.415 

9.0 

0.160 


0.71 

17.8 

0.485 

8.5 

0.182 


0.95 

19.3 

0.60 

8.5 

0.238 


1.25 

20.6 

0.77 

8.9 

0.345 


5 

20.2 

4.0 

11.3 

0.97 


10 

20.7 

6.5 

9.4 

2.43 


15 

20.7 

. (0 

8.2 7.9 3.86 

Carbon Dioxide : J. B. Rudd 


E/p 

u X 10- 7 

to X 10" 8 

LX 10 2 

€ X 10 4 


2.0 

1.6 

1.3 

0.7 

160 


3.5 

2.0 

2.6 

1.0 

400 


4.5 

2.8 

4.4 

1.8 

590 


6.0 

4.0 

6.6 

3.1 

655 


7.5 

5.6 

8.7 

4.5 

583 


9.0 

6.8 

10.2 

5.3 

555 


11.0 

8.0 

11.9 

5.8 

535 


14.0 

8.8 

13.0 

5.9 

530 


16.0 

9.6 

13.9 

5.8 

510 


Water Vapor : V. A. Bailey and W. E. Duncanson, 

Phil. Mag., 10, 145 (1930) 

E/p 

u X 10- 7 

w X 10" 8 

L X 10 2 

« X 10 4 

h X 10 5 

12 

2.21 

3.0 

0.37 

423 

0.6 

14 

2.72 

3.5 

0.48 

418 

1.9 

16 

3.37 

4.2 

0.63 

400 

13 

20 

4.98 

6.2 

1.07 

369 

30 

24 

7.00 

8.1 

1.65 

328 

45 

32 

8.04 

9.6 

1.69 

352 

50 
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rather small (9 X 10~ 2 cm), and consequently according to Eq. (6) the 
drift velocity is low (0.6 X 10 6 cm/sec). If now 5% C0 2 is admixed, 
the collisions of the electrons with the carbon dioxide molecules will 
keep the value of u much lower, at about 7 X 10 7 cm/sec, since car¬ 
bon dioxide possesses excitation levels at low energies. The actual 
mean free path in the mixture for a collision with a carbon dioxide mole¬ 
cule is about 2.5 times larger than that for a collision with an argon 

TABLE 3 

Notations as in Table 2. The values presented in this table were measured by the 
Los Alamos Laboratory; see (Nl). 


(a) 95% Argon pins 5% Carbon Dioxide 


E/p 

w X 10" 6 

E/p 

w X 10 

0.03 

0.55 

0.6 

4.4 

0.05 

1.00 

0.76 

4.2 

0.16 

2.3 

1.5 

4.5 

0.22 

3.7 

2.25 

4.3 

0.3 

4.1 

3.0 

4.6 

0.45 

4.5 




(b) Boron Trifluoride Obtained from Thermal Decomposition of C®H&N2BF4 



<P " 

379 mm) 


E/p 

w X 10~® 

E/p 

w X 10~ 4 

1.4 

19 

4.9 

57 

3.3 

45 

6.6 

75 


atom at this lower value of u. In pure argon at u = 7 X 10 7 cm/sec the 
mean free path is about 40 X 10~ 2 cm, the increase being caused by the 
Ramsauer effect (M7). The effective total mean free path L in the 
mixture is about 30 X 10 -2 cm. As a consequence of the lower value 
of u and the increase in L, the drift velocity will be increased by a factor 
of about 9. The observed values in Table 3a are in substantial agree¬ 
ment with the values calculated from Eqs. (8) and (9). 

In many gases the electrons will, after a certain number of collisions 
with neutral gas molecules, attach themselves and form negative ions, 
which show a behavior quite similar to that of the positive ions. In 
particular, their drift velocity is of course quite small compared to that 
of the free electrons. The rate of formation of negative ions is given by 
the attachment probability h, defined as the probability that an electron 
attaches itself to a molecule with which it collides. The quantity h 
depends quite markedly on the velocity of agitation of the electron and 
varies by orders of magnitude for different gases. Values of h are given 
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for various gases and velocities in Table 2. No finite attachment proba¬ 
bility has been measured for the noble gases and for hydrogen, nitrogen, 

carbon dioxide. 

The coefficient a of recombination of free electrons and positive ions 
seems to be similar for most gases. For electrons of 0.4-ev energy in 
argon Kenty (K3) finds a value 

a = 2-10” 10 cm 3 sec -1 


3 . The Motion of Positive and Negative Ions. The drift velocity 
of positive and negative ions differs from that of free electrons, not only 
by the different order of magnitude, but also in so far as the drift velocity 
is proportional to the field strength and inversely proportional to the 
pressure over a wide region. Thus, generally, 


w 


mE 

V 


( 10 ) 


where m is the ion mobility at standard (760 mm Hg and 15°C) pressure 
and temperature. The proportionality of w with the field strength is 
caused by the fact that the ions will always have an agitational velocity 
which is essentially that of the gas molecules in thermal equilibrium. The 
values of n for positive and negative ions differ only little. For the 
gases commonly used in ionization chambers the values of and n~ 
are given in Table 4. 

TABLE 4 


Values of mobilities m + and of positive and negative ions in cm sec 1 volt 1 
cm at 7C0 mm pressure and 15°C, coefficients of diffusion in cm 2 sec -1 , and coefficient 
of recombination a in cm 3 sec -1 . Data are average values of those listed in Inter¬ 
national Critical Tables, Vol. VI. 


Gas 


Air 

1.37 

Hydrogen 

5.7 

Nitrogen 

1.29 

Oxygen 

1.33 

Helium 

5.1 

Argon 

1.37 

Carbon dioxide 

0.79 

Water vapor 

0.83 

Sulfur dioxide 

0.41 

Acetylene 

0.71 

Benzene 

0.18 

Ethane 

.... 

Ethylene 

.... 

Methyl bromide 

0.29 

Methyl iodide 

0.23 


D + X 10 2 

p 

D~ X 10 2 

3.2 

1.8 

4.2 

• • • 

8.6 


2.9 

1.82 

4.1 

3.0 

1.80 

4.1 

• • • 

6.3 


• • • 

1.7 


2.5 

0.95 

2.6 

• • • 

0.72 

• • • 

... 

0.41 

• • • 

... 

0.86 

• • • 


0.21 

• • • 

• • • 

1.07 

• • • 

• • • 

0.75 



0.28 

• • • 


0.23 

• • • 


a X 10 6 
1.5 

1.5 
• • • 

1.6 

• • • 

1.6 

1.31 
• • • 

• • • 

0.56 
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The coefficient of diffusion for ions is related to the mobility by Eq. 
(5): 

D = }lu 

and w by a relation of the form of Eq. (6): 


w 


= - 2 ^l(T) 

3 v m \u/ 


Since for ions u will essentially show a Maxwellian distribution with 


fM = Au 2 exp (-fiu 2 ) 


u 

the mobility is 


2 

vr« 



(H) 


Direct measurements of D have shown that this relation is very closely 
satisfied. 

For gas mixtures the mobility generally can be found according to a 
simple mixture rule (P4): 


1 

Ml2 


Pl}_ + V2 
P Ml V 


1 

M2 


( 12 ) 


where pi and p 2 are the partial pressures of the two components, p = 
Pi + P 2 the total pressure, mi, M 2 the mobilities of the components. 

The coefficients of recombination for positive and negative ions differ 
again only slightly for various gases. They are generally about 10 4 times 
larger than for electrons and positive ions. Some of the values are listed 
in Table 4. 

4. Recombination. The recombination of electrons and positive ions 
or positive and negative ions is responsible for the so-called saturation 
phenomena in ionization chambers. For any given ionization the ioni¬ 
zation current will increase with applied voltage and eventually reach a 
value which is solely determined by the amount of ionization present 
(see Section 2B). Saturation occurs as soon as no recombination takes 
place. The fields necessary to reach saturation depend entirely on the 
density of ionization at every point of the ionization chamber. If ioniza¬ 
tion occurs along densely ionizing particles, it is within a track that the 
densities are highest and consequently the chance for recombination 
largest. This type of recombination is called columnar recombination. 
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Its theoretical treatment has been given by Jaffe (Jl). In particular, 
it should be pointed out that the field strength required for saturation 
is very much higher for an ionized track in the direction of the electric 
field than for one perpendicular to it. The reason for this is that if the 
field is perpendicular to the track the ions of different sign are much 
more quickly removed from each other than in a track parallel to the 
field. It should also be pointed out that saturation is much more 
readily achieved if the negative particles are electrons, since even at 
very low fields, where diffusion is important, their high coefficient of 
diffusion separates them more readily from the positive ions and since, 
moreover, their coefficient of recombination is much smaller. Various 
observers (K6, J2, 01) have shown that the removal of gases apt to 
form negative ions results in a lowering of the saturation voltage by a 
large factor. 

6. Purification of Gases. The requirements for purity of the gases 
in a detector are usually quite exacting in so far as contaminations by 
electronegative gases, forming negative ions, are concerned. As an 
example, let us consider an ionization chamber 1 cm in depth, filled with 
nitrogen at 1 atmos contaminated by oxygen and water vapor and 
operating at 760 v/cm field strength. From Table 2, 

u = 5.35 X 10 7 cm/sec w = 0.87 X 10 6 cm/sec 

The mean free path at this velocity at 1 mm pressure and the attach¬ 
ment probability for 0 2 and H 2 0 are 

0 2 : L = 5 X 10~ 2 cm h = 2 X 10“ 5 

H 2 0: L = 1.3 X 10” 2 cm h = 35 X 10~ 5 

If p is the total pressure, d the distance over which the electrons drift, 
the probability that an electron forms a negative ion is 

p udchp 
wL 

where c is the concentration of the impurity. If P should be not more 
than 1 percent, the concentration c for 0 2 and H 2 0 should be smaller than 

0 2 : c < 0.5 X 10" 3 

H 2 0: c < 0.8 X 10" 5 

In order to obtain these very high purities it is usually necessary to 
employ various purification processes. For the noble gases the most 
efficient and simple procedure is the one vised by Jentschke and Prankl 
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(J2). The gas is passed over metallic calcium at a temperature of 
approximately 150° to 250°C. Hot calcium removes all commonly 
present electronegative impurities and, in addition, nitrogen, hydrogen, 
and, to a lesser degree, carbon dioxide. Thus a mixture of argon and 
carbon dioxide should contain a surplus of carbon dioxide in order to 

account for the loss in the puri¬ 
fication process. If noble gases 
without admixture are used, con¬ 
tinuous purification, removing 
impurities released in the ioniza¬ 
tion chamber, is very convenient. 
A purifier of this type is shown 
in Fig. 1. It consists of a steel 
tube containing trays filled with 
metallic calcium permanently 
attached to the chamber. An 
electric heater brings the calcium 
to the appropriate temperature, 
and, since the purifying column 
is in a vertical position, the gas 
circulates continuously as a result 
of thermal convection. 

For the purification of hydro¬ 
gen, circulation of the gas over 
platinum asbestos at a tempera¬ 
ture of about 300°C is suitable 
for the removal of oxygen by 
formation of water. The gas 
should subsequently be passed through liquid-air-cooled traps to remove 
the water vapor. 

Nitrogen is most readily cleaned of oxygen by passing the gas over hot 
metallic copper. 

Very often careful distillation of the liquefied gases leads to good 
results. Thus, for instance, boron trifluoride might be condensed at 
liquid-air temperature and then be distilled into the detector at the 
temperature of solid carbon dioxide. Although this procedure is often 
sufficient, it does not entirely remove impurities leading to negative-ion 
formation. If highest purity of boron trifluoride is desired, synthesis of 
the gas is advisable according to the following process (Bl). Calcium 
fluoborate is formed by mixing calcium fluoride with a boron trifluoride- 
ether complex. The latter can be obtained by dissolving boron trifluoride 
in dimethyl or diethyl ether. The calcium fluoborate should be out- 
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gassed by heating it to 100°C in vacuo for about a day. Boron tri¬ 
fluoride is finally obtained by thermal decomposition of calcium fluo- 
borate at a temperature of 180° to 250°C. 

B. Ionization Chambers 

1. Ionization Currents. If the electric field across the gaseous volume 
of the detector is small enough that the ions and electrons do not gain 
sufficient energy between collisions to produce additional ionization, we 
are dealing with an ionization chamber. For very low fields electrons 
may form negative ions, and losses due to recombination, particularly 
within densely ionized tracks, might occur. Thus for a given ionization 
the ionization current flowing in the outer circuit of a chamber (Fig. 2) 
increases with increasing collecting voltage V 0 but eventually shows 
saturation if recombination becomes negligible. The value of the field 
strength at which saturation is reached will depend markedly on the 
gas, its purity, and the density of the ionization. Even for a small 
average ionization, large fields might be required if the individual tracks 
show high ion density. If the field strength is sufficiently increased, 
further secondary ionization can occur. This might possibly happen 
even before saturation is reached. The production of secondary ioniza¬ 
tion by the motion of the electrons in the applied field is characteristic 
of proportional and Geiger counters and will be discussed subsequently. 

The current densities caused by the motion of positive and negative 
ions or electrons are given by Eq. (1). For most practical cases the 
second term, which is due to diffusion, can be neglected at reasonably 
high fields. If, for instance, an ionization chamber is filled with argon 
at atmospheric pressure and a field of 760 v/cm is applied, according to 
Eq. (3) diffusion will cause, during the time t, an average displacement 
of the ions equal to 

s D = V2Dt 

and the external field will displace them by 


Sp = w-t 

The ratio of the two displacements is therefore 

Sd 
sp 

Let us assume that the ions and electrons have to be swept over a path 
of 1 cm. For electrons we find from Table 2 that diffusion will produce 
a spread of 0.15 cm, whereas for ions we find, from Table 4, a spread of 
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0.008 cm. Thus for most practical cases diffusion might be neglected 
except in considerations of the finer details of the motion. 

Besides neglecting diffusion we shall now also disregard recombina¬ 
tion and moreover assume that the negative particles are either all 
electrons or negative ions. As drift velocities are always very small com¬ 
pared to light velocity, and if the ionization does not change materially 
within times comparable to the transit time of an electromagnetic wave 
through the detector, we can disregard any magnetic effect. Static mag¬ 
netic fields can be taken into account easily. Then the power fed by 

the voltage supply (Fig. 2) to the cham¬ 
ber is equal to the sum of the power 
delivered to the gas, by the motion of 
the ions through collisions, and the rate 
of change in electrostatic energy of the 
chamber: 

r d r E 2 

IV o-| E-j<ir + -/ -dr 

J vol ™ */vol 

I represents the total ionization current 
as measured on the external meter, E the 
actual electric field strength (modified 
by space charges), and j the current density as given by Eq. (1). From 
this and Eq. (2) the charge density, neglecting diffusion, becomes 



Fig. 2. Ionization chamber (sche¬ 
matic). 


— = e — (n + - O = - div j = -e div (n + w + - n w ) 

at at 

The field E can be decomposed into two parts, E = E 0 + E u where 
the first term is caused by the external source of emf and E x by the space 
charges. Introducing the potentials <t> 0 and <t>\ gives 

div E 0 = -V 2 0 O = 0 

div Ei = — V 2 <*>, = 4irp = 4 ire(n + — n~) 

The boundary conditions for an ideally closed chamber as shown in 
Fig. 2 are 

<t >i = 0 at both electrodes, <t> 0 = V 0 or 0, respectively. 

Eq is independent of t, and I becomes 


J = ^- |eJ*E 0 -(n + w + — n w ) dr + J&i ■ j dr 

+ 4 ~~ \jt if grad *° ** dr ) grad ** at grad ** dr ] 1 
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Applying Green’s theorem, considering boundary conditions and 
V 2 0 o = 0 anc * v2< ^» = ” 4x P> one finds that the third integral vanishes 
whereas the fourth one becomes 

— f grad fa • — grad 4>i dr = ffa — dr = — f<t> 1 div j dr 
,4tt J ot J dt J 

A second application of Green’s theorem, again considering boundary 
conditions, yields 

— J 0i div j dr = J grad 0i • j dr = — *j dr 

The ionization current thus becomes 

/ = fE 0 -(n + w+ - n"w") dr (13) 

The current I can be interpreted as being caused partly by a positive 
current I + , partly by a negative current /“ of magnitude 


I + = ~f^o'(n + w + ) dr 

~y jE 0 (n-w-)<fr 


(13a) 


Although for a stationary state for which n 0 is constant one cannot, 
of course, distinguish 7 + and I~ in the outer circuit, the effect of the 
different drift velocities w + and w~ becomes immediately apparent from 
the manner in which the current I follows a sudden variation of the 
ionization. If, for instance, the ionization suddenly ceases, the ionization 
current I will c}jx)p quickly if the motion of the electrons is the main con¬ 
tribution to the total current. It should be noted that I depends ex¬ 
plicitly only on E 0 /V 0) irrespective of space charges, and this would seem 
to contradict the dependence of the saturation current on V 0 . However, 
it should be remembered that, since the drift velocities w depend strongly 
on the actual field strength, it is implicitly, through w, that the current 
I is affected by space charges. Recombination will manifest itself simply 
in a decrease of the ion densities n + and n~. Furthermore, it should be 
noted that practical ionization chambers as a plane parallel plate 
chamber do not exactly satisfy our assumptions even if fitted with guard 
rings, since at the lateral boundary, represented by the lines of force 
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projecting from the guard ring to the voltage electrode, neither <f >i nor 
its normal derivative vanishes. 

2. Constant Ionization, (a) General Considerations. Let us now con¬ 
sider an ion chamber irradiated at a constant intensity or an intensity 
which varies little during a time necessary to remove ions from the 
sensitive gas volume. Diffusion and recombination being neglected 
again, Green’s theorem gives 


/ =-— j grad 4>q (n +w+ — n w ) dr 

V 0 J 

= - y j J , 0o('i + U>» + - n~w n ~) da- ft 0 div (n + w + - n~ w") dr j 

For constant ionization, after equilibrium has been established, 

div (n + w + ) = div (n”w“) = n 0 


where n 0 is the number of ion pairs produced per unit volume and time. 
For the surface integral which is to be taken over the two electrodes, 
0o is equal to <t> 0 + and </> 0 “ respectively, with V 0 = <*> 0 + - </>o~ More¬ 
over, a necessary boundary condition for n + and n~ is 

n + = 0 at the positive electrode 


n = 0 at the negative electrode 


This is due to the fact that at the positive electrode, for instance, no 
positive ions enter the sensitive volume, and hence to satisfy the con¬ 
tinuity equation n + has to be zero at this electrode. Since the second 
integral vanishes, 


I = 

Furthermore, 


and therefore 


- 4 i*r f n + w n + da - 0 O + I n w n 
V Q J _ *J+ 

^ n 0 dr = J* n + w n + da = J n~w n ~ da 


da\ 


-4 


r?o dr 


The expressions for the ion densities n + and n can easily be found for 
simple geometries and simple assumptions concerning the dependence 
of w on the actual field modified by the space charges. 
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(b) Plane Parallel Plate Chamber. We shall now consider a plane 
parallel plate chamber of large area (Fig. 3). Let the x axis be perpendic¬ 
ular to the plates, the positive electrode being at x = 0 and the negative 
at x = d. The chamber shall be uniformly irradiated so that n 0 ion 
pairs are produced per unit time and volume. The problem is then one¬ 
dimensional, and, assuming no recombination or formation of heavy 



*o~—Vo 


tf-o 


Fig. 3. Plane parallel plate ionization chamber. 


negative ions taking place, we have, considering the boundary conditions 
for n + and n“, 

n + w x + = nox -f Ci = UqX 
n~w x ~ = UqX + c 2 = n 0 (x — d) 

The drift velocity of the positive ions is proportional to the field: 


w x + = -E 
V 

whereas the drift velocity of the electrons can be assumed to be very 
large compared to that of the positive ions: 

| wr | w x + 


divE 


4tt en 0 


Wp)e 



^Tren^x 


~ Wp)E 


E -j- 


4iren<)X 2 

m/p 


+ c 


— E 0 -f ^c' -f- 


Airen^x* 

M/p 


)h 
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where E 0 is the field in the absence of ionization. If the field is only 
slightly modified by the space charge, 


and therefore 



1 c'd 2 wen 0 d 3 
V ° = Vo + 2¥„ + Z(n/p)E 0 


E = Eq + 


2 *en 0 / 2 _ (P\ 
(i u/p)E 0 V 3 / 


The contributions of negative and positive particles to the current I 
are equal, and, according to Eq. (13), 



(c) Cylindrical Chamber. For a cylindrical chamber of which the 
outer negative electrode shall have a radius b and the inner positive one 
a radius a, the expression for n is quite simple, provided one assumes, in 
addition to the assumptions under (a), that the space charges are very 
small and do not materially affect the drift velocities. Then one has for 
uniform ionization: 

- 7 - (rn + w r + ) = — (rn~w r ~) = n^r 
dr dr 

Since 

n + = 0 at r = a and n~ = 0 at r = b 


the density is 



With the above assumptions the field E is 

V 0 

E = E 0 = - 

r log ( 6 /a) 


Irrespective of space charges, however, the currents are 

+ ebnpw r b ( A 1_ 

log ( 6 /a) J a \ r ) L2 log ( 6 /a) 6 2 - a 2 J 

r h ( _b\ r 6 2 1 1 

log ( 6 /a) J a \ r r) L 6 2 - a 2 2 log ( 6 /a) J 

where L is the length of the chamber. 
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From these expressions it appears that for b » a most of the current 
is caused by the motion of the negative particles and very little is con¬ 
tributed by the positive ions. If the potential difference across the 
chamber were reversed, i.e., the outer electrode positive, most of the 
current would be carried by the positive ions. This is readily understood 
if it is realized that for uniform ionization the majority of the ions are 
produced close to the outer electrode. Since the contribution to the 
current by each ion is proportional to the field in which it finds itself 
during its motion in the chamber, the positive ions contribute little, for 
they move through regions of small fields. The fact that the current 
for such a chamber is primarily carried by electrons, if attachment is 
prevented, therefore allows the use of this chamber for the recording of 
relatively fast-varying ionization. 

3. Ionization Pulses, (a) General Considerations. In this discussion 
we shall consider the current pulses induced in the outer circuit of an 



ionization chamber by a single pulse of ionization at the time t = 0, 
giving rise to a density n 0 (x, y , z) ion pairs per unit volume. Until all 
positive and negative ions have reached their respective electrodes a 
current I = I + + I~ will flow. We shall, however, now assume that 
the two electrodes are no longer connected by a current meter but rather 
by a resistor R 0 so large’, that practically no charge induced at the 
collecting electrode (Fig. 4) can leak off during a pulse. If C 0 is the total 
capacitance of the collecting electrode including accessory circuits like 
amplifier input, this requires 

R 0 C 0 » T + and T~ 

where T + , T~, “the collecting time,” is the time required to sweep 
positive or negative ions or electrons from the sensitive volume of the 
chamber. The charge induced at the collector, which at t = 0 shall 
have the potential zero, will raise or lower its potential V, but it will be 
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assumed that at any time V(t) is so small compared to the potential 
difference between the electrodes that the field E 0 is not noticeably 
affected. Then the potential rise or drop of the collecting electrode is 
given, according to Eqs. (13) and (13a) by 

V(t) = V+(t) ~ V~(t) 

V+(l) = -J- dt = ~ f dl' f n„E(O w + «') dr 

Co Vo^o Jo J 

V-(i) = + -J- dl= - -ip f dl- f n 0 E(0 w-(O dr 

c 0 Jq v qCq Jq j 


where E(t') is that value of the field which the ion experiences at the time 
Similarly, w(t') is the drift velocity which the ion possesses at the 
time t': 

£(o = ®(r,V. n w (o = w(r, v, « 

where 


= x + f w> z dt" etc. 
Jo 


Interchanging time and space integration gives 


V+(0 = -V fno dr f £-(0-w+(0 
» O'-O ^ •'O 


FoCo 


F -(0 = - 


J* n<j[ 0 (iJ/ 2 ) - 1 J, {•)] dr 

fno dr f E(l') w~(t') dl' 
L/(\ J Jn 


(14) 


- -rj-pr f M<t>{xyz) v, r)] dr 

V qCq j 


</>(£, V} {) is the value of the potential at the point at which that ion is 
found at the time t which was created at x, y, z at t = 0, where the 
potential had the value 4>(x, y, z). <t> is, according to Eq. (13), the 
potential caused by the external field alone, unmodified by space charges. 
The relations show that the voltage induced at the collecting electrode 
by the motion of an ion is directly proportional to the potential difference 
through which it has dropped. The final value V «to which the potential 
of the collector will rise is reached when all the positive particles have 
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reached the negative electrode and all negative particles the positive 
electrode, where the value of the potential is 4> 0 ~ and 4>o + , respectively. 
<f> 0 + — <t> 0 “ ~ const = V 0 : 

v * + = 777T f ”o y, z) dr - — e — <t> 0 ~ f n 0 dr 
kqCo*' ^oCo J 

v x ~ = - —— f no<t>(x, y, z) dr + 0 O + f«o dr (15) 

Vq^qJ KqCo J 

Poo = V« + + Foo“ = (^o + - <t>0~) Jno dr = — Jn 0 dr 

Thus the final potential rise of the collector is simply equal to the total 
number of ion pairs times the ion charge, divided by the total capacity. 
The manner in which this value is reached depends veiy strongly on the 
drift velocity. The rate of rise caused by each type of ion is directly 
proportional to the drift velocity and is therefore large for free electrons 
and small for heavy positive or negative ions. For free electrons the 
voltage rise V due to the negative particles is reached very quickly 
and is followed by a slow rise caused by the motion of the ions. The 
value Foo“ however, depends not only on the total number of ion pairs 
but, through the first term in Eq. (15), also on where the ions were 
originally created. If w + « w~, it is very easy to separate the effects 
of positive ions and electrons, for instance by reducing the value of the 
leakage resistor Ii 0 to such a value that 

T~ « R 0 C 0 « T + 

with the result that V is reached before any charge has leaked off, 
whereas the contribution by the positive ions is so small l~R 0 Co(dV + /dt)\ 
that it may be neglected. In this case the voltage pulse obtained at the 
collector is almost exclusively caused by the motion of the electrons 
(electron collection). The short duration of the voltage pulses results 
in increased resolution. Moreover, it allows the amplifier to have a 
higher low-frequency cut-off. If this cut-off frequency is v 2 , its order of 
magnitude is v 2 ~ l/2wT~~. Since the electron collection time T~ at 
ordinary pressure, field strength, and chamber dimensions is of the order 
of microseconds, whereas the collection time for ions is of the order of 
milliseconds, amplifiers used in conjunction with such a chamber will 
have a low-frequency cut-off of 10 4 to 10 5 cps. Since most of the natural 
mechanical frequencies of the chamber and the amplifier system are in 
the audible range, it is immediately apparent that “electron collection” 
is largely free of microphonic disturbances. The same is true for dis- 
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turbances caused by the alternating heater current of the tubes. The 
main disadvantage of pure electron collection is caused by the fact that 
the size of a pulse is no longer uniquely a function of the primary ioniza¬ 
tion but depends to a large extent on the spatial distribution of this 
ionization, as shown by Eq. (15). 

The differentiation of the voltage pulse which suppresses the effects 
of the positive ions and which was assumed to be caused by a suitable 
value of RoC 0 can also be achieved at a later stage of the amplifier (see 
Section 3). As a matter of fact, it is preferable to make the R 0 C 0 value 
of the collecting electrode and amplifier input quite large and to differ¬ 
entiate, with exactly the same result, through one of the subsequent 
RC coupling circuits. 

(6) Plane Parallel Plate Chamber. As an example, we shall consider 
a plane parallel plate chamber (Fig. 3) of plate separation d. The 
positive collecting electrode at x = 0 will have the potential <f> 0 + = 0 
at t = 0, whereas the voltage plate at x = d will be constantly kept at 
4>o~ = -Po- Let us assume, furthermore, that an ionizing particle of 
energy U 0 is emitted from the voltage electrode under an angle 0 with 
respect to the perpendicular to the plate. If we denote by s the distance 
from the point of emission along the straight path of the particle, the 
ionization at s is 

1 dU 

n («) = — — — ion pairs per unit path 
Iq as 

where U is the energy of the ionizing particle at s and 7 0 the average 
energy per formation of one ion pair. The range s 0 of the particle is 
given by 

J r**o dU 

— ds 
o ds 

If one assumes that s 0 < d and that w + and w~ are not affected by the 
space charges, and if one considers that all the positive ions which have 
been swept from the chamber are at the potential of the negative elec¬ 
trode, from Eq. (14) one finds for the negative pulse at the collecting 
electrode 
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The first integral of the first expression accounts for those positive ions 
which at the time t are still within the chamber, and the second integral 
is the contribution to V + of those positive ions which have already 
reached the negative electrode. Similarly, the first integral of the fourth 
expression accounts for the negative particles still within the chamber 
whereas the other represents the contribution to V from those which 
have already reached the positive electrode. Since the current to the 
collecting electrode lowers its potential, the expressions are to be taken 
with the negative sign. 

The initial voltage rise dV/dt at t = 0 is 


d — s 0 cosO d 

for- S t S — 

w~ w 


for t > — 
w 


and 


dV+ 

dt 

dV~ 

~~dt~ 
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e w~ Uq 
Cq d Iq 


If R 0 is sufficiently large, the maximum voltage amplitudes are 


Foo + = 


v- = 


- —— f\(s)sds 

C 0 d J 0 



e rt / 0 _ 

cos 0 


Cq Iq 
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j* n(s)s ds j 


(15a) 


These relationships show clearly the dependence of the size of the voltage 
pulse on the position of the ionizing track. For 6 = 0, | F«, + | has a 
maximum and, correspondingly, | Fee - | a minimum. For d = tt/2 the 
positive voltage pulse is zero, and the negative one has the value (c/Cq) 
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X (Uo/Io), which is equal to the sum of V * + and V at any angle. The 
initial slope, on the other hand, which is due almost solely to the motion 
of the electrons, since w~ » w + , does not depend on the orientation of 
the track at all. Sherr and Peterson (So) have used this fact to obtain 
from the initial slope and V the energy U 0 and the value of 0 for a 
given pulse. For a complete determination a knowledge of the specific 
ionization (Bragg curve) of the particle under consideration is, of course, 
necessary. The value of the slope can be obtained by differentiating 
the observed voltage pulse by an RC circuit the time constant of which 
should be small compared to d/w~. The amplitude of the pulse observed 
at the output of this network measures directly dV~~/dt , and thus the 
energy of the particle. 


H igh-voltage- 
electrode 
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Fig. 5. Grid ionization chamber. 


The dependence of V on the position of the ionizing track can be 
avoided by a simple device first proposed in another connection by Alfven 
(A4). A third electrode consisting of a highly transparent grid of parallel 
fine wires is placed between the high-voltage and the collecting electrodes, 
as shown in Fig. 5. The screen electrode is kept at a constant negative 
potential V, between zero and -V 0 such that a relatively weak field 
exists between the screen and the high-voltage electrode. The screen 
will be at a distance from the high-voltage electrode which is larger than 
the range S 0 of the particles, assumed again to be emitted from the 
negative electrode. The motion of the ions and electrons will at first 
contribute negligibly little to the voltage change of the collecting elec¬ 
trode, provided that the screen shields their field effectively from the 
collector. However, as soon as the electrons have passed through the 
screen, their motion will induce charges on the collector according to 
Eq. (14): 

V = - friolV, - rj, f)] dr 

where V, is the potential difference between screen and collector and 
C 0 the capacity of the collector (increased, of course, by the insertion 
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of the screen). The integration extends over the volume between screen 
and collecting electrode. The potential of the starting point of the 
electrons in this case is V. for all electrons irrespective of their origin. 
The height of the pulse due to the motion of the electrons is, therelore, 


F.- = 


eU 0 

Colo 


and the contribution of the positive ions is zero, since they do not pass 
through the screen. 

The choice of the mesh of the screen has to be made so that its trans¬ 
parency is as high as possible, in order to avoid electrons from being 
caught by the wires, but still sufficiently dense to shield the collecting 
electrode. The capture of the electrons by the wires is greatly reduced 
if the field between screen and collector is high. The field between 
screen and high-voltage electrode should be only sufficiently large to 
prevent the electrons from undergoing recombination or attachment. 

(c) Cylindrical Chamber. As a second example we shall consider the 
voltage pulses caused by a momentary ionization in a cylindrical 
chamber. Let a be the radius of the inner, 6 the radius of the outer 
electrode, the latter being the voltage electrode kept constantly at a 
potential — V 0 , while the positive collecting electrode is at a potential 
</> 0 + = 0 at t = 0. If, at t — 0, N 0 ion pairs are produced at a distance 
r 0 from the center, the final voltage pulses V and V are, according 
to Eq. (15), 

eN 0 log (6/r 0 ) 


+ = _ 




= - 


Co log (6/a) 
eN 0 log (rp/q) 
Co log (6/a) 


(15b) 


The actual rise of the voltage can be predicted only if the dependence of 
w + and w~ on the field is known. From the above expressions it follows 


that there is a certain distance r 0 for which V 
by 

r 0 = 


Foo , and it is given 


The fraction of the volume of the ionization chamber in which the No 
ion pairs can originate, so that more than one-half of the ensuing voltage 
pulse is caused by the motion of the electrons, is equal to 


F = 


b 2 - 


TO 


b 2 -a* 


b + a 
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Thus it appears that, in a cylindrical chamber in which equally ionizing 
tracks are uniformly distributed, most pulses caused by the motion of 
electrons alone have almost their full size as determined by the ioniza¬ 
tion. If the voltage were reversed, this would of course hold for the 
pulses caused by the motion of the positive ions. The reason for this 
fact is immediately clear, if it is realized that the electrons of most of the 
pulses move through the same region of high field strength close to the 
inner electrode, provided the outer electrode is negative. 



Fig. 6. Guard ring for ionization chamber. 


4. Guard Rings. In practice most ionization chambers are of the 
guard-ring type. In its simplest form the guard ring consists of a metal 
ring separating the insulators for the collecting and high-voltage elec¬ 
trode. It is kept at a fixed potential, approximately equal to the potential 
of the collecting electrode. If no guard ring is used, a high electric field 
exists across the insulator and, since the resistance of the insulator is 
finite, a small current will flow to the collecting electrode. This current 
often exhibits large fluctuations which in pulse chambers lead to spurious 
pulses. A guard ring can also be used to define the active volume of the 
chamber without introducing distortions of the field. Finally, the guard 
ring might be extended to enclose both high-voltage and collecting elec¬ 
trodes and thus, if kept at ground potential, serve as a very effective elec¬ 
trostatic shield for the chamber. Such an arrangement, serving this 
three-fold purpose for a plane parallel plate chamber, is schematically 
shown in Fig. 6. The lateral boundary of the counting volume is repre¬ 
sented by the electric lines of force from the high-voltage electrode to the 
interspace between the collector and the guard ring and is therefore, for a 
sufficiently wide guard ring, a straight cylindrical surface. If both ions 
and electrons are collected, an ion pair produced at a point through 
which the line of force leads to the collecting electrode will produce a 
pulse of full size. The guard ring acts therefore like a complete screen. 
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If the pulses are caused by the motion of the electrons alone (electron 
collection), this is not so. Suppose that a pos.t.ve ion and an electron 
are initially formed in the vicinity of the lateral bounda^- If 
electron is removed to the collecting electrode, assumed to be positive, 
a charge will be induced on the positive electrode which, according to 
Eq. (15), is equal to 


= - 


<t> 1 

— e 


where <*>, is the potential at the point of origin of the ion pair. | I »s 
smaller than e because the remaining positive ion induces a positive 
charge ?+, given by 

4ttq + = J E n + da 


where E n + is the normal component of the field due to the positive ion, 
and the integration extends over the area of the collecting electrode. If 
the active volume is limited by a guard ring, only a fraction of all the 
lines of force leading from the positive ion to the positive electrode end 
on the collecting electrode proper. It is therefore apparent that the 
electron pulse from an ion pair close to the boundary, but inside the 
active volume, will be larger than that caused by an ion pair originating 
far away from the guard ring. An ion pair originating outside the active 
volume will induce a finite electron pulse of opposite sign. For the case of 
two infinite parallel plate electrodes, one of which is split into a guard ring 
and a collecting electrode, the electrostatic problem can be solved. The 
resultant expression and its graphical representation are given in (Nl). 



Fig. 7. Coupling methods: (a) grounded collecting electrode; (b) grounded shell. 


6 . Coupling Methods. The first grid of the amplifier used in connec¬ 
tion with a pulse ionization chamber is usually kept close to ground 
potential. Direct coupling of the collecting electrode to this grid is 
therefore possible if, likewise, the collecting electrode is near ground 
potential as in Fig. 7a. A different way of coupling, in which the “volt¬ 
age electrode” is grounded and the collecting electrode is kept at a high 
potential, is shown in Fig. 7b. No guard ring is used here, but a large 
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potential difference appears across the coupling condenser C. Unless 
this condenser is made with a very high-grade insulating material, 
spurious pulses will occur; in any event, this type of coupling should be 
used only if the ionization pulses are quite large and the collecting 
voltages low. 


C. Proportional Counters 

1. Introduction. If the electric field in an ionization chamber is suf¬ 
ficiently raised and the electrons do not recombine or form negative ions, 
an increase of the ionization current above its saturation value is ob¬ 
served. This increase sets in as soon as the electrons gain sufficient 
energy between collisions to ionize neutral gas molecules. The electrons 
resulting from this secondary ionization may in turn ionize, and every 
primary ionizing event will thus cause an avalanche of secondary ioni¬ 
zation. This type of secondary ionization, which occurs only in suf¬ 
ficiently high fields, has to be distinguished from the secondary ioni¬ 
zation proper, which is caused by energetic electrons from the primary 
ionization and is independent of the applied field (cf. Section 2A). In 
the process of formation of this avalanche light quanta are emitted by 
molecules excited by electron impact or as a result of recombination. 
These quanta can, under suitable conditions, release photoelectrons at 
the negative electrode or in components of the gas having a lower ioni¬ 
zation potential than the component which emitted the quanta. The 
light quanta might therefore contribute to the secondary ionization, 
and spread the discharge over the whole counter volume. Whether they 
contribute essentially to the discharge depends on the probability that 
an electron produces a tertiary photoelectron. If this probability is y 
and if the number of secondary electrons formed through impact by a 
single electron is n, ny photoelectrons are formed by the n secondary 
electrons. They will in turn multiply by collision to n 2 y tertiaries, giving 
rise to a new set of n 2 y 2 photoelectrons, provided that each photo¬ 
electron originates at a sufficient distance from the anode to produce 
the same n-fold multiplication by collision. The total number of 
electrons, the multiplication factor, will therefore be 


2. Gas Multiplication. As long as ny « 1, the multiplication is due 
entirely to secondary ionization by collision and the contribution of 
photons might therefore be neglected for small multiplication numbers 
M ^ n. Then the detector is called a multiplication or proportional 
counter, since the total number of secondaries is proportional to the 
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number of primary ion pairs if every primary electron actually multiplies 
by the same number. This will be correct as long as space charges due 
to the secondary positive ions do not materially change the electric 
field and the primary ionization does not occur close to the positive 



Fig. 8a. Multiplication factor for hydrogen: p = 10 cm and p = 55 cm Hg; a = 0.005 

in., b — 0.435 in. (Data from Nl.) 

electrode. We shall, moreover, assume that no recombination or forma¬ 
tion of negative ions by attachment takes place and, furthermore, 
restrict our considerations to cylindrical chambers with the outer elec¬ 
trode of radius b being at a potential —V 0 and an inner electrode of 
radius a at potential 0 before the ionizing event occurs. With this 
geometry, multiplication will take place in a narrow region around the 
central electrode. It will set in if V 0 is larger than a certain threshold 
value V t : 

b 

V t = aE c log — 
a 


(17) 
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where E e is the critical field strength for multiplication characteristic 
for the gas under consideration. For a given potential difference V 0 , 
there will be a critical radius r c at which multiplicative collisions begin. 



Fig. 8b. Multiplication factor for methane: p = 10 cm and p = 40 cm Hg; a = 0.005 

in.; b = 0.435 in. (Data from Nl.) 

Rose and Korff (R4) have given an expression for M under the assump¬ 
tions made above. Moreover, they assume that the ionization cross 
section of the electrons increases linearly with energy and that the 
majority of the electrons have an energy about equal to the ionization 
energy of the gas. With these assumptions M is given by the expression 
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<18> 

In this expression p is the gas pressure and k a constant characteristic 



Fig. 8c. Multiplication factor for argon: p = 10 cm and p = 40 cm Hg; a = 0.005 

in.; 6 = 0.435 in. (Data from Nl.) 

for the gas. It should be noted that, for a given gas, M shows a de¬ 
pendence on V 0 , p, b f and a which is of the general form 


M =f \——— ,apl 
L log (6/a) J 


(19) 
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as one can easily see by substituting V t from Eq. (17) and considering 
that E c ~ p, which follows from the fact that, in order to multiply, an 
electron has to gain sufficient energy between two collisions. 

Rose and Korff’s expression has l>een tested for various gases, and it 
was found that for moderate values of M between 10 and 10 3 good 



Volta 

Fig. 8d. Multiplication factor for boron trifluoride. Curve A: p — 10 cm Hg; 
a = 0.005 in.; 6 = 0.75 in. Curve B: p = 80.4 cm Hg; a ■= 0.0005 in.; b « 0.78 in. 

(Data from Nl.) 

agreement with expression (18) is obtained. Figure 8 shows the values 
of the multiplication factor as a function of voltage for various gases 
commonly used. Together with the more general relation, Eq. (19), 
they can serve for finding M for different geometries and pressures. It 
should be noted that the addition of a polyatomic gas to argon, 
hydrogen, or nitrogen tends to make M less critically dependent on the 
voltage at low pressure and thus tends to stabilize the operation of 
the counter. 
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3. Shape of Pulses. The pulse shape of a proportional counter is 
quite different from that observed when the counter is operated as an 
ionization chamber. For a reasonably high multiplication factor the 
voltage pulses caused by an ionizing event will be of the same size, 
irrespective of the position of the ionizing track, unless this track is 
located within a few mean free paths of the electrons from the central 
electrode. The contribution to the pulse due to the motion of the primary 
electrons and ions will be negligible if M is sufficiently large. The size 
of the pulse will be proportional to the number of primary ions as long 
as the assumptions made above are correct. Since multiplication takes 
place within a few mean free paths from the positive electrode, the con¬ 
tribution of the electrons to the pulse is very small. A simple estimate 
shows that for large values of M and (li/a) log M « 1 the fraction of 
the pulse height due to the motion of the electrons is of the order 

v,r _ h 

Voo a log (6/a) 

where I/ is the mean free path of the electrons for ionization; cf. Eq. 
(15b). Thus, for a counter with 6 = 1 cm, a = 0.01 cm, p = M atmos, 
!/ » 5 X 10" 3 cm, F«~/F«o becomes about 0.10. The pulse will there¬ 
fore be almost entirely due to the motion of the positive ions which form, 
at t = 0, a thin layer at the surface of the central electrode. If it is 
assumed that the positive ions left after complete removal of the electrons 
do not appreciably alter the field, the voltage pulse caused by positive 
ion movement is, Eq. (14), 


V+{t) = 


eMn « eMr 0 log (r/a) 

-[0 — F(r)J =- 

K 0 C„ Co log (6/a) 


dr 

It 



«+ Fp 
p r log (6/a) 


where Mn 0 is the total number of ions located originally at r = a and 
fx + the positive ion mobility. Combining the two relations gives 


F + (0 


eMno 

2C 0 log (6/a) 



2m + Vq \ 

pa 2 log (6/a) / 


The voltage will therefore at first increase linearly with time and later 
only logarithmically, until the positive ions are completely removed at 


a time 

T = (& 2 - a 2 )p log (fe/a) 
2m + F 0 



36 


Detection Methods 


[Pt. I 


At this time the pulse has risen to its full value, V = eMn 0 /Co. Figure 
9 shows the shape of the pulse F + (0/K„ + for a typical case: b = 1cm; 
a = 0.01 cm;p = H atmos of argon. 

ix + 

— = 2.7 cm 2 sec” 1 volt 1 V 0 = 1500 volts 
V 

The total collection time T is 

T = 590 /xsec 


The pulse rises to about one-half of its value in 5 Msec, but the remaining 
half takes a very long time. In order to obtain high resolution it is 



cm Hg, argon, Vo = 1500 volts. Dotted curve shows shape of pulse after passage 
through an RC coupling circuit with a time constant of 5 m sec. 


therefore necessary to clip the pulses in the amplifier by a short time- 
constant RC circuit or a delay line (see Section 3). 

According to Eq. (27), 


since 



t') dt' 


V\(t) = 0 for / < 0 


For the RC circuit the response function is 

r(0 = e~ t,RC 

By the RC differentiation the pulse height is considerably reduced, as 
the dotted curve in Fig. 9 shows. This curve is computed according to 
the above expression for an RC clipping time of 5 Msec. It should be 
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borne in mind, however, that by this procedure all pulses are reduced 
by the same factor, since the shape of the pulse is the same, regardless 
of where the primary ionization took place. Consequently the resultant 
clipped pulse has still an amplitude proportional to the primaiy ioni¬ 
zation. 

4. Variations of Pulse Size and Time Lags. In practice it will be 
noticed that the height of the pulses caused by the same primary ioni¬ 
zation will show a certain spread. This spread has various causes. In 
the first place, the number of ion pairs produced by the primary particle 
shows a certain fluctuation and, similarly, the subsequent multiplication 
adds additional statistical variations. If these fluctuations were governed 
by a Poisson distribution, the resultant fluctuation AN of the total 
number N = Mn 0 of ion pairs produced by an average multiplication 
of n 0 ion pairs would be (S7) : 

AN _ [~2_ 

~N ~ 

However, here again, as in non-multiplicative ionization (cf. Section 2A), 
the actual fluctuation is considerably smaller, as observed by Hanna, 
Kirkwood, and Pontecorvo (HI, K5). 

An additional spread of the pulse height is encountered if the electrons 
undergo capture on their way to the central electrode. Since the 
probability for formation of a negative ion depends on the number of 
collisions which the electron undergoes, the pulse size will vary according 
to the location of the primary ionization. 

Another cause of pulse height spread is non-uniform or non-circular 
cross section of the central electrode or eccentricity of this electrode. 
Finally, the ends of the central electrode will cause a spread. The 
termination of the active volume will in any case result in tracks being 
partly located inside or outside the active volume. In addition, the 
multiplication factor will vary in the neighborhood of the end of the 
electrode in an arrangement like that in Figs. 10a and 10b, since the 
field becomes weaker close to the ends. The variation of the field can be 
avoided by a guard ring arrangement as shown in Fig. 10c. 

For coincidence experiments it should be kept in mind that the pulses 
of a proportional counter show a time lag the magnitude of which depends 
on the position of the primary ionization. This time lag is simply the 
time which the primary electrons need to reach the central electrode 
where secondary ionization takes place. It is of the order of magnitude 

b 

8 = — 
w 
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For a counter 1 cm in radius and an assumed drift velocity w~ of the 
electrons of about 10 6 cm/sec, as in pure argon, the delay might be as 
large as 1 nsec. 

After the occurrence of an ionizing event the region through which the 
positive ions pass will be partially paralyzed, since the positive space 
charge will decrease the field in the neighborhood of the central electrode. 



(a) 


Guard clcctrodo 


Guard electrode 


(b) 



Guard electrode 


(C) 


Guard elcctrodo 


Fig. 10. Methods of supporting the central electrode in proportional counters (Nl): 
(a) without guard; (b) with ordinary guard electrode; (c) guard electrode without 
field distortion. Hatched areas represent insulators. 


This “regional” dead time will be of the order of magnitude of the 
collection time of the positive ions. In contrast to the Geiger counter, 
only a small region of the total sensitive volume will be paralyzed, and 
thus this effect will generally be quite small. 

6. Extremely Small Primary Ionization. The application of propor¬ 
tional counters to the detection and energy determination of extremely 
low energetic electrons has been described recently (K5, HI, H2, P2, 
C7). Kirkwood, Pontecorvo, and Hanna used counters filled with argon 
or argon and xenon with an addition of methane at a total pressure of 
500 to 600 mm Hg with multiplication factors up to 10,000. They 
showed that such counters, if carefully constructed, possess a very 
uniform multiplication. Electrons were liberated in the gas by mono- 
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chromatic x-rays, either by exposing the counter to characteristic x-rays 
(Mo Ka, hv = 17.4 kev) or by addition of A 37 which, as a K-capturer, 
emits characteristic chlorine K- and L-radiation (2.8 kev and 0.25 kev, 
respectively). The secondaries produced by these x-rays are predomi¬ 
nantly photoelectrons, and, since the yield of Auger electrons is extremely 
high, practically the whole quantum energy is eventually transferred to 
electrons and only a small fraction is lost in radiation absorbed in the 
walls of the counter. Consequently the pulses of such a counter should 
be very uniform in size. The observations of Hanna, Kirkwood, and 
Pontecorvo and of Curran, Angus, and Cockroft show indeed remarkably 
uniform pulse groups. Counters of this type find their application in the 
measurement of low-energy beta-spectra of gaseous materials, as for 
instance tritium. 

D. Geiger-Miiller Counters 

1. General Characteristics. If the negative potential of the outer 
electrode of a cylindrical prop ortional counter is raised so that th e multi^ 
plication f actor becomes very large, it is observ ed _that the p ulses a re no_ 



Fig. 11. Dependence of counting rate of a Geiger counter on applied voltage. 


lQDggr_propx)rt ional to the primary ionization (l imited proportionality). 
If the voltage is raised still further, the pulses will eventually become 
independent of the magnitude of the primary ionization. Their size, 
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which is quite uniform, depends essentially on how much the voltage 
surpasses a certain minimum or threshold voltage. The counter operates 
then as a Geiger-Muller or discharge counter. It is characteristic for 
this type of counter that ultraviolet light quanta play an important 
role. Their action consists in spreading the discharge from the region 
of primary ionization through the whole volume of the counter, there¬ 
by producing the large pulses independently of the primary ionization. 
The situation corresponds to ny = 1 in Eq. (1G). If a Geiger-Muller 
counter is irradiated with a constant stream of ionizing particles and all 
the pulses above a certain minimum size are recorded, their number 
depends on the counter voltage in the manner shown in Fig. 11. Over 
a certain region, the “plateau” above the threshold voltage, t he cou nting 
rate increases only s lightly with increasing counter voltage. At the far 
end of the plateau the counting rate increases very rapidly and eventually 
the discharge becomes continuous. The finite slope of the plateau is 
caused by end effects, irregularities of the field, and imperfect quenching. 
A typical counter might have a plateau of over 100 volts at an operating 
voltage around 1000 volts, and the plateau might have a slope of not 
more than a few percent per hundred volts. 

2. Non-Self-Quenching Counters. There are two distinctly different 
types of Geiger-Muller counters, the non-self-quenching and the self¬ 
quenching types. As a prototype of the first we shall consider a counter 
of cylindrical geometry with the outer electrode at a sufficiently high 
negative potential, and filled with an inert gas like argon. The discharge 
mechanism of such a counter has been explained by C. G. and D. D. 
Montgomery (M5). If a primary ionization occurs somewhere in the 
counter, the electrons will be drawn toward the central electrode and 
will, in its vicinity, produce an avalanche of secondary ionization as in a 
proportional counter. However, light quanta will be produced in very 
large numbers and the probability of a tertiary photoelectron being 
created, as a result of the first avalanche, will approach unity. In non¬ 
self-quenching counters filled with a pure monatomic gas, photoelectrons 
will, for energetic reasons, be exclusively produced at the cathode, 
initiating new avalanches and thereby spreading the discharge through 
the entire volume of the counter. The electrons close to the central 
electrode will be removed very quickly and thus leave the central 
electrode enveloped by a positive-ion sheath. This sheath will lower 
the field strength at the inner electrode, and it will grow until further 
multiplication caused by subsequent photoelectrons cannot take place 
any longer. As the positive-ion sheath moves toward the cathode, a 
voltage pulse will be observed across the external resistor R 0 in Fig. 12. 
The positive ions arriving at the cathode will extract electrons from 
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the metal surface, and the quanta emitted in the process of neutrali¬ 
zation of the ions will produce additional secondary electrons. These 
electrons can cause a new avalanche if the field at the central electrode 
has been restored to its normal value. The discharge will therefore 
perpetuate itself unless the voltage across the counter is lowered by some 
external means. The motion of the positive-ion sheath induces a negative 
charge on the central electrode and thereby lowers the potential across 
the counter. If Rq is made so large that during the transit time of the 
positive ions no charge flows from the central electrode, the field will 
still be below threshold when the positive ions reach the cathode and 
consequently the discharge will be stopped. With a transit time of about 
200 /*sec and a capacitance of the inner electrode of 10 pui this requires a 
value of R 0 of about 4 X 10 8 ohms. The time for recovery of the voltage 
across the counter will then be some 10 -3 sec. During this time pulses 
caused by an ionizing event will be of smaller size and thus will possibly 
not be recorded. Electronic circuits providing a sufficient lowering of 
the counter voltage during the collection of the positive ions and having 
a short recovery time have been designed by Neher and Pickering (N3), 
Neher and Harper (N2), and Getting (Gl); see Section 3C. 



Fig. 12. Geiger counter with external quenching resistance. 

3. Self-Quenching Counters. The difficulty of proper quenching of 
the discharge in counters of the non-self-quenching type is eliminated 
in counters of the self-quenching type. These counters can, in principle, 
operate without any external resistance. The voltage pulse is usually 
picked up across a very small external resistance, but the voltage across 
the counter remains practically constant during the discharge. The 
discharge mechanism of self-quenching counters which are almost ex¬ 
clusively used at present has been the subject of a large number of 
investigations (T2, S9, K7, W4, A2). The self-quenching counter con¬ 
tains, in addition to the usual gas filling, as for instance argon, a certain 



42 


Detection Methods 


[Pt. I 


amount of polyatomic vapor, as for instance ether, alcohol, acetone. A 
typical counter of this type is also cylindrical in shape with radii a and b 
of the inner and outer electrodes, the outer electrode being at a negative 
potential. The filling consists, for example, of argon at 10 cm Hg 
pressure, with an addition of about 10% ethyl alcohol. If ionization 
occurs in the gas a first electron avalanche will be formed, as in the non¬ 
self-quenching counters. Many of the light quanta emitted by the 
argon atoms will have energies equal to or larger than the first excitation 
potential of argon, which is 11.5 volts. These quanta are strongly ab¬ 
sorbed by the alcohol vapor (A2, W2), this absorption producing photo- 
electrons in the gas and consequently very few at the cathode. However, 
the quanta again spread the discharge over the whole counter; but, since 
their range is small, the discharge spreads along a narrow region around 
the central electrode. After the central electrode has been enveloped by 
a positive-ion sheath, further multiplication ceases, owing to the lowering 
of the field by the space charge. As the positive ions move toward the 
cathode, a current pulse is observed which is caused almost exclusively 
by the motion of the ions, since again the electrons travel only over a 
very short distance. The positive ions arriving at the cathode consist 
almost entirely of alcohol ions, because a collision between an argon ion 
and a neutral alcohol molecule results in the transfer of an electron from 
the alcohol molecule to the argon ion, since this process is energetically 
favorable. It is accompanied by the release of a photon of about 4 volts 
energy, which again is strongly absorbed by the alcohol vapor. The 
positive alcohol ions, upon arrival at the cathode, do not produce any 
additional electrons. When they are neutralized, their lifetime against 
dissociation is much smaller (« 10 -13 sec) than the lifetime for radiation 
or the time necessary to transfer their energy to an electron of the 
cathode. Consequently the discharge terminates itself. The role of 
the polyatomic vapor is thus two-fold. First, it prevents photoelectric 
effect of the quanta at the cathode, and, second, it prevents the creation 
of secondary electrons when the positive ions impinge on the cathode. 
The work function of the cathode material should nevertheless be as 
high as possible. It should be noted that this discharge mechanism of 
self-quenching counters involves the dissociation of a certain number of 
polyatomic molecules in every discharge. Spatz (S8) has indeed shown 
that self-quenching counters of the usual design have a lifetime of about 
10 10 counts, indicating the dissociation of about 10 9 polyatomic mole¬ 
cules per discharge. 

4. Propagation of Discharge in Self-Quenching Counters. The coef¬ 
ficient of absorption K of the quanta responsible for the spreading of the 
discharge has been measured by Alder, Baldinger, Huber, and Metzger 
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(A2). They find, for the usual argon-ethyl alcohol mixture, 

K = 640 cm” 1 

at 1 atmos of alcohol pressure. At a pressure of 1 cm Hg the quanta have 
therefore a range of 1.2 mm, at which distance their intensity drops to 
1/e. The same authors have determined the velocity with which the 
discharge spreads along the wire. This velocity depends, of course, on 
the range and number of the quanta and the velocity with which photo¬ 
electrons multiply. It will therefore depend for a given total gas pressure 
on the alcohol-vapor pressure and the counter voltage, increasing with 
the voltage and decreasing with the pressure. For a typical case, 

a = 0.0075 cm 

b = 0.9 cm 

Vo = 1100 volts 

Pakohoi = 16 cm Hg 

P»r*on = 6.4 cm Hg 

they found for the spread velocity v = 8.35 X 10° cm/sec. 

6. Pulse Shape. The form of the current pulse has also been observed 
by Alder et al. (A2) and compared to calculations made under the 
following simplifying assumptions. The current will be solely caused 
by the motion of the positive-ion sheath, which will at any time be 
concentrated in a thin cylinder moving toward the cathode. The sheath 
will consist of a charge density a per unit length, x is the direction of 
the counter axis with x = 0 the point at which primary ionization 
occurred. The ends of the counter will be at x — l x and x = — 1 2 , 
respectively, with l\ < l 2 . The contribution of a line element dx to the 
current I is—cf. Eq. (13)— 

dl + = —dxE 0 w + 

Vo 

where E 0 is the field strength without space charge and w + the drift 
velocity of the ions. We shall assume that 

w + = — (Bo + E,) 

P 

where n + is the ion mobility, p the pressure, and E, the field of the 
space charge in the ion sheath. If the sheath is at a distance r 0 from the 
axis and if the potential across the counter is constant, equal to V 0 (no 
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2a log (6/r 0 ) 

E i =-for r < r 0 

r log (6/a) 

„ log (6/r 0 ) H r ^ 

r L log (6/a) J 

The average value of E x in the ion sheath is therefore 

2a n log (6/r 0 ) I 
r 0 L2 log (6/a) J 


( 20 ) 


E x (r 0 ) 


Since the main contribution to the current is caused by the motion of 
the ions close to the central electrode, we may write log (6/r 0 ) « log (6/a) 
and 


£i(r 0 ) = - - 

TO 


Eo(r 0 ) 


Vo 


and therefore 


w 


r 0 log (6/a) 
Vo 


dr 0 _ Vo 

dt pr 0 log (6/a) 


The time t' f which the element of space charge a dx at x needs to move 
from r = a to r = r 0 , is given by 


2 


r aT = a 2 + 
a dx 


and thus 

d / + (0 = 


2M+f 


p L log (6/a) 
1 




2 log- l' H--- 

a 2 M + /{pPo/[log(6/a)-<r]| 


A dx 

r + T 


Since the discharge spreads axially with the spread velocity v , the total 
current I + {f) at a time t after the formation of the space charge at x = 0 
becomes 
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Integration yields the expressions 

I + (l ) = 2Av log for 0 < t < - 

r v 

I + (l) = Av log ^ + ^ for - < < < - 

(t + r- h/v)'T v v 


I+(t) = Av log 


_ « + r ) 2 _ 

+ r — /i/»)(/ + r — Z2AO 


h 

for t > — 
v 


( 21 ) 


The corresponding voltage pulse depends on the RC time constant of the 
external circuit. If RqCq « l x /v t it is simply proportional to / + (Z). 

Figure 13 shows the comparison of the calculated pulse shape with 
experiments according to Alder el al. (A2). The dimensions of the 



Fig. 13. Pulse shape of Geiger counter (A2); solid curves experimental; dotted 

curves calculated. 
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counter, the gas filling, and the voltage were very close to the values 
given in Section 2D4. The total length l = l x -f l 2 of the counter was 
17 cm. The first curve shows the pulse caused by primary ionization at 
the center of the counter (l x = l 2 )\ for the second the ionization occurred 
at one end (/] = 0, l 2 = /); the third curve represents the case l x = 1/ 3, 
l 2 = 21/3. The curves show very clearly the effect of the finite spread 
velocity and are in remarkably good agreement with the calculations. 

The charge density a of the positive-ion sheath, which determines the 
magnitude of the pulse, can easily be computed from the fact that a 
has to be sufficiently large to prevent multiplication for r 0 = a. Neg¬ 
lecting higher terms, one finds 

Vo - Vt 
2 log (6/a) 

Actually <r will be slightly larger than this value. 

6. Dead Time and Recovery Time. After the multiplication in a 
self-quenching counter has ceased and the positive space charge is left 
around the inner electrode, the counter is insensitive to further ionization 
pulses since the field is below threshold. As the ion sheath moves 
toward the cathode, the field at the central electrode recovers quickly 
since the external resistor is usually quite small. The time for recovery 
to threshold is called the dead lime. During this time no pulse can be 
recorded. After the field has recovered to the threshold, multiplication 
of an ionizing event can proceed, but the resultant pulses will be smaller 
in size (S9) until the positive space charge disappears at the cathode and 
the field at the central electrode is restored to its full value. The time 
during which pulses are recorded, but are of smaller size, is called the 
recovery time. The recovery time starts when the space charge sheath 
has reached a critical radius r c so that the field at the central electrode 
has recovered to a value equal to that which it would have without 
space charge when the threshold voltage V T is applied to the counter. 
According to Eq. (20), 


or 


E( a ) = V ° - — log = Vt 

a log (6/a) a log (6/a) a log (6/a) 

r e = 6e- <K ’- rr)/2 ' 


Both dead time and recovery time depend on the drift velocity of the 
positive ions. For a usual counter both are of the order of 100 nsec. 

It should be kept in mind that the pulses of Geiger-Muller counters 
show variable delays between the occurrence of the primary ionization 
and the time at which the voltage pulse has built up to a certain height. 
This delay is caused partly by the finite time which the primary ionization 
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electrons need to travel to the inner electrode and partly by the different 
time the discharge requires to spread over the counter. Consequently 
the time lag will vary with the position of the primary ionization, in 
radial as well as in axial direction. 

7. Efficiency of Geiger Counters. The efficiency r, of a Geiger-Muller 
counter is defined as the number of recorded counts divided by the 
number of primary particles crossing its sensitive volume (at a low 
enough rate to avoid dead-time effects!). Since one primary-ionization 
electron is sufficient to initiate a discharge, the efficiency for particles 
producing an average of N 0 ion pairs in the counter is 

V = l - 

Since a high-velocity electron produces about 20 primary ion pairs per 
centimeter 1 in air at N.T.P., it follows that over a path of 2 cm in a 



accompanying measured points indicate gamma-ray source. 


counter filled with 9 cm Hg of argon and 1 cm Hg of ethyl alcohol N 0 is 
about 8. The efficiency for alpha-particles, protons, or electrons of any 
velocity is therefore usually very nearly unity. 

1 The total number of ion pairs per centimeter produced by a fast electron in air of 
N.T.P. is about 40. The efficiency of a Geiger counter, however, is determined by 
the number of primary ion pairs (cf. Section 2A). 
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The efficiency for gamma-quanta depends on the probability that the 
quantum releases in the wall of the counter at least one electron entering 
the active volume of the counter. The walls should therefore have a 
thickness at least equal to the range of the electrons released by the 
quanta. In the energy region where electrons are mostly liberated by 
Compton effect the material of the walls has little effect on the efficiency, 
since the range of the electrons varies approximately inversely with the 
atomic number Z, whereas the number of Compton electrons increases 
proportionally to Z. At low energies, however, when photoelectrons are 
of importance, walls of a material with high Z are more efficient. I he 
dependence of the sensitivity of counters with walls of aluminum, brass 
and lead on the quantum energy is shown in Fig. 14, according to Bradt 
et al. (B15). The curves show very clearly the weak dependence of the 
sensitivity of the material at quantum energies above 1 Mev. At still 
higher energies the sensitivity becomes larger again for materials ot 
high Z since pair production contributing to the secondary electrons 
increases with Z 2 . The nearly linear increase of the sensitivity with the 
quantum energy is caused by the similar increase of the range of the 
secondary electrons with increasing energy. 


E. Crystal Counters 

1. General Principles. Van Heerden (H6) found that, if the gaseous 
dielectric of an ionization chamber is replaced by certain insulating 
crystals, current pulses are observed if an ionizing particle passes through 
the solid dielectric. The mechanism of this conduction is closely related 
to that of photoconductivity. The ionizing particle transfers energy to 
a normally bound electron, lifting it thereby into the conduction band 
where, under the action of the applied electric field, it moves toward 
the positive electrode with rather high mobility. The positive holes 
also participate in the motion in certain materials; in others they remain 
stationary. Usually the electron will not move all the way to the 
positive electrode but will be trapped by “trapping centers These 
centers are either impurities or imperfections of the crystal lattice. I he 
advantages which solid dielectric counters offer are quite obvious. Since 
the stopping power of a solid is about 10 3 times higher than that of gas 
at 1 atmos, a crystal counter of, say, 1-mm electrode spacing represents 
effectively a gaseous ionization chamber of 100-cm plate separation. 
Even highly energetic particles will lose aU their energy within the active 
volume and hence produce large current pulses. The smallness of the 
counters makes them suitable for use in arrangements of well-defined 
geometry. It has also been found that the average energy necessary to 
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lift an electron into the conduction band is only of the order of 10 ev as 

compared to 30 ev necessary to produce one ion pair in a gas- 

Van Heerden’s original experiments were carried out with crystals ol 
silver chloride. At room temperature these crystals show an appreciab e 
ionic conductivity, which makes it necessary to operate the counter at 
the temperature of liquid air or nitrogen. Before the crystals can be 
used in counters, they have to be annealed at about 400 C for several 
hours (C5, Hll) to reduce the density of trapping centers. Moreover, 
the crystals should not be exposed to light or ionizing radiation at room 
temperature, since the metallic silver grains thereby formed act as 
trapping centers. 

Besides silver chloride, it has been found that the thallium halides 
(H10), zinc sulfide (Al), diamond (W9), and cadmium sulfide (F5) are 
suitable for crystal counters. The thallium halides can be operated at 
temperatures as high as -115°C. Diamond, zinc sulfide, and cadmium 
sulfide show no ionic conductivity and can therefore be used at room 
temperature, but if diamond is used only selected samples will show 
good pulses. Usually plane parallel plate counters are used, the elec¬ 
trodes being affixed to the crystal slab by either metallizing or coating 
with Aquadag. If a crystal counter has been exposed to radiation and 
an electric field for a prolonged period, the separated positive and 
negative charges will build up a space charge which modifies the field 
to such an extent that the pulses will become smaller. Moreover, the 
positive holes will act as trapping centers for electrons passing in their 
vicinity. It is therefore necessary to remove the space charges periodi¬ 
cally, for instance by annealing or field reversal. 

2. Shape and Size of Pulses. The size of the pulses of a crystal 
counter (H6) can easily be derived from Eq. (13), provided that the 
trapping of the electrons is taken into account. Let X be the mean 
distance an electron travels before being trapped. Assuming a plane 
parallel plate counter with the positive electrode at x = 0, the negative 
electrode at x = d, and assuming that no electrons are raised at the 
time t = 0 to the conduction band at x = Xo, the current at the time t 
due to the motion of the electrons is 


/-«) = no-u>-e-“' ,/x 
a 

where w~ is the drift velocity of the electrons and noe~ w the number 
of electrons which have not yet been trapped at the time t. If C 0 is the 
capacitance of the collecting electrode, the height of the induced pulse 
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where T = x Q /w~ is the collection time for the electrons provided that 
their majority actually reach the anode. _ _ 

The collection time T, determined by the velocity w = M E, ,s 
usually quite short, since the electron mobility m” is relatively large and 
the thickness d can be made quite small. For silver chloride at — 196 C, 
Hofstadter (HI 1), from the theory of Frohlich and Mott (F7), calculated 
the mobility to be about 1600 cm 2 /volt sec. For a crystal 0.2 cm thick 
and an applied potential difference of 1000 volts, this would lead to a 
rise time of about 2 X 10“ 8 sec if the electrons originated at the negative 
electrode. Observations, however, gave values of n~ which varied con¬ 
siderably between 80 and 400 cm 2 /volt sec. 

For diamond at room temperature Seitz (S3) calculated the mobility 
of the electrons to be 156 cm 2 /volt sec. The observed values of about 
100 seem to substantiate this result. For a crystal 0.2 cm thick at a 
potential difference of 1000 volts the rise time would be about 3X10 
sec. 

3. Efficiency of Crystal Counters. The efficiency of a crystal counter 
for gamma-rays is very high. A diamond 0.2 cm thick yields approxi¬ 
mately 4.5 X 10“ 2 Compton electrons per incident gamma-quantum of 
1 Mev energy, the range of the most energetic electrons being about 
one-half the crystal thickness. Silver chloride of the same thickness 
yields about 6 X 10” 2 Compton electrons per incident quantum. If it is 
assumed that most electrons will produce detectable pulses, the efficiency 
of such a thin crystal counter is considerably higher than that of a 
conventional Geiger-Miiller counter. 


F. Scintillation Counters 

When ionizing particles pass through certain crystals it is observed 
that fluorescent radiation, characteristic for the material of the crystal, 
is emitted. The wave length of the fluorescent radiation is often found 
to be in the blue or near ultraviolet. In the early days of nuclear physics 
detection of particles by visual observation of the flashes of fluorescent 
light or scintillations was widely used, particularly by Rutherford and 
his collaborators. In 1947 Kallmann (Kl) reported the successful 
recording of scintillations by means of a photomultiplier tube. Similar 
experiments were carried out at the same time by Coltman and Marshall 
(C3). Today scintillation counters in conjunction with photomultiplier 
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tubes have become an indispensable tool of nuclear physics since they 
offer several important features superior to those of other detectors. 
For a recent review of the principles and applications of scintillation 
counters see Hanle (HO). 

The scintillating crystal is usually placed close to the window of the 
photomultiplier tube in order to insure the collection of as many light 
quanta as possible on the photocathode. Granular or flaky materials 
are not suitable for scintillation counters since the numerous internal 
reflections at the crystalline interfaces reduce the output of light con¬ 
siderably. Suitable reflectors and attaching of the crystal to the multi¬ 
plier with Canada balsam improve the sensitivity of the arrangement. 
However, if it is desired to operate the multiplier at a distance from 
the crystal (as may be the case if the crystal is situated in a magnetic 
field), the light may be “piped” to the tube through glass or lucite 
rods. Since the dark current of the photomultiplier (see Section 3A2) 
causes pulses which are comparable to those produced by the scintilla¬ 
tions of low energetic particles, the multiplier is often operated at low 
temperatures (dry ice or liquid nitrogen). Another method of reducing 
the number of background counts consists in placing the crystal between 
two multiplier tubes operated in coincidence. In this arrangement the 
tubes receive simultaneously light quanta released by the passage of an 
ionizing particle through the crystal while the background pulses of the 
two tubes are statistically independent. 

A simple estimate based on the observed height of the scintillation 
pulses and the known luminous sensitivity of the multiplier shows that 
an ionizing particle passing through a crystal of anthracene produces 
about 6000 light quanta of an average wavelength of 4500 A for an 
energy loss of 1 Mev. As the quantum energy is about 2.75 ev, the 
efficiency of energy conversion from the ionizing particle to light is 
about 1.6 percent, or 170 ev per quantum. Furthermore, it is to be 
expected that the number of quanta is strictly proportional to the energy 
loss. This has indeed been found to be true for electrons with energies 
up to several Mev and likewise for protons in certain materials. In the 
case of alpha-particles the scintillation pulses are always smaller than 
those observed for electrons suffering the same energy loss, and more¬ 
over the pulses are not proportional to the energy loss. Whether this is 
caused by surface effects which play an important role in the case of 
alpha-particles penetrating the crystal by only a few microns or by the 
presence of the high ionization density along the path of the alpha- 
particle seems to be uncertain. In accordance with this behavior one 
finds that monoenergetic beta-particles produce output pulses of the 
photomultiplier of almost uniform size. The spread of pulse height can 



52 


Detection Methods 


[Pt. I 


be explained by the statistical variations in the number of quanta and in 
the amplification of the multiplier. Under suitable conditions this 
spread is so small that the spectral distribution of the beta-particles can 
be determined with considerable accuracy from the pulse height dis¬ 
tribution. This method has been applied to the determination of gamma- 
ray energies from the pulse distribution caused by photo-, Compton, and 
pair electrons (D3, H12). The size of the pulses caused by monoenergetic 
alpha-particles in anthracene, on the other hand, shows a very large 
spread (B8). More recently reasonably uniform pulses of polonium 
alpha-particles in anthracene have been obtained. 

One of the outstanding features of the scintillation counter is its 
extremely short r esolving time . After the passage of an ionizing parti¬ 
cle through the crystal, the^intensity of the fluorescent radiation de¬ 
creases exponentially with a characteristic time constant, the lifetime of 
the excited atoms or molecules. The electric charge collected at the 
anode of an ideally fast photomultiplier increases exponentially with the 
same time constant. The lifetime thus determines therefore the mini¬ 
mum pulse duration and hence the resolution of the counter. The life¬ 
time of the fluorescent atoms varies enormously according to the sub¬ 
stance from some 10 -9 sec up to 1 sec. Generally the lifetime of organic 
substances is much smaller than of inorganic. On the other hand, it 



TABLE 5 

Average 

Wavelength 

Light Yield 
Relative to 



of Fluorescent 

Anthracene for 

Decay Time 

Material 

Radiation (A) 

Beta-Particles 

G*sec) 

Sodium iodide thallium 

activated, NaI(Tl) 

4100 

2.0 

0.25 

Cadmium tungstate, 

CdW0 4 

5200 

2.0 

1.0 

Calcium tungstate, 

CaW0 4 

4300 

1.0 

0.3 

Naphthalene, CxoHg 

3450 

0.25 

0.06 

Anthracene, 

C 6 H 4 (CH) 2 C 6 H 4 

4400 

1.00 

0.03 

7Varw-stilbene (tram- 

1,2-diphenylethylene). 

4080 

n a 

0.006 

CgHsCHCHCgH* 

Terphenyl f 

4200 (weak) 

3900 

(1,4-diphenylbenzene), 

(CgH 6 ) 2 CgH 4 

4050 

4300 

0.65 

0.012 


f Terphenyl is now available in the form of a solid solution in a polymer. This 
material can be obtained in large transparent pieces which can easily be machined 
to any desired shape, or even be molded to the photomultiplier. 
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is often important, as for the detection of gamma-rays for instance, 
that the crystal contain as heavy atoms as possible in order to increase 
the number of secondaries released by the gamma-ray. The counting 
efficiency for gamma-rays, even of an organic crystal having dimensions 
of the order of 1 cm, is of the order of 10 percent (D3), and hence many 
times larger than that of a conventional Geiger-Muller counter. With 
heavy inorganic materials the counting efficiency is still correspondingly 
larger, up to about 100 percent. 1 

During the past few years a very large number of substances have 
been investigated. In Table 5 the characteristic data for some of the 
most commonly used crystals are presented according to data given by 
Hofstadter, Nucleonics, 6, 70 (1950). The choice of these materials 
has been prompted by various considerations concerning the difficulties 
in growing large clear crystals, their fluorescent yield, the gamma-ray 
counting efficiency, and the decay time. 

G. Cloud Chambers 

1. Fundamental Principles. Cloud chambers and photographic plates 
differ greatly from most of the previously described detectors, for they 
record not only the amount of ionization but also the actual path of 
the ionizing particle. This is, for many purposes, extremely important, 
since additional information is obtained from the record which, in the 
detection of neutrons by recoil nuclei for instance, is necessary for 
determining the energy of the neutron. In the cloud chamber, the track 
of the particle is made visible through the formation of drops around 
every positive and negative ion by condensation of a vapor admixed to 
the gas of the chamber. The condensation is caused by a sudden 
lowering of the gas temperature by adiabatic expansion. If initially 
the gas was saturated with vapor, the same amount of vapor will be 
present immediately after the expansion. The lowering of the temper¬ 
ature corresponds, however, to a lower saturation pressure, and the gas 
is therefore supersaturated and condensation will take place. During 
condensation the temperature will rise slightly by the evolution of the 
heat of condensation. Eventually, the temperature will rise by con¬ 
duction and subsequent compression to its original value. 

Let v 0 , v x be the original and expanded volumes, and T 0 , T x the temper¬ 
atures before and immediately after expansion. Furthermore, let p 0 be 
the saturation vapor pressure at temperature T 0 , P\ its value at temper- 

1 Recently good results have also been obtained with solutions of organic 
compounds, e.g., 5 g/1 of terphenyl in xylene. The light yield of this solution under 
gamma-irradiation is about 0.5 of that of a crystal of anthracene (K0). 
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ature T l} and y>\ the actual supersaturated vapor pressure after expan¬ 
sion and before condensation. Let m 0 and m, be the mass of the saturated 
vapor in the chamber at temperatures T 0 and T lt respectively, M the 
molecular weight of the vapor, and y the ratio of the specific heats for 
the gas vapor mixture. Assuming that the ideal gas law holds, since 
the mass of vapor before condensation is the same as before the expansion, 

m o m<\ Tti\ 

Po v o = — RTq pi'vx = — RTi pxvx = — RTi 
M M M 


The supersaturation S is the ratio of the actual amount of vapor at 
temperature T\ to the amount corresponding to saturation at the final 
temperature. Neglecting the small temperature rise due to condensa¬ 
tion, 

s = = p/ = PqVq Tj 

mi p x pxvx T 0 


For an adiabatic expansion, 

(T-S-GT 

and hence 

s =—f-V 

PX \vx/ Px\e) 


( 22 ) 


where E = Vx/v 0 is the expansion ratio. The value of y for a gas or 
vapor mixture can be deduced from the relation 




Pi 

7,-1 


where P; is the partial pressure of the tth component, y,- its ratio of 
specific heats, and P the total pressure of the mixture. 

The mechanism of drop formation is closely related to the well-known 
dependence of the vapor pressure over a drop on its size and electric 
charge. Denoting by p* the vapor pressure above a spherical surface of 
radius r, by p the vapor pressure over a plane surface of the same liquid, 
by r its surface tension, by p its density, and by M its molecular weight, 



2 tM 
~prRT 


Thus the vapor pressure increases rapidly with decreasing size of the 
drop. If a drop of radius r is brought into an atmosphere supersaturated 
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to a pressure below the vapor pressure of the drop, it will evaporate. If * 
the supersaturation is in excess of the vapor pressure of the drop, it will 
grow by condensation. According to this simple picture,, condensation 
in a supersaturated atmosphere by drop formation would be impossible 
without the presence of rather large nuclei for condensation. For an 
e-fold supersaturated air-water atmosphere at 20°C the nuclei would 
have a radius r of about 11 A (t = 72.8 dynes cm” 1 ). This is the 
reason why newly filled cloud chambers exhibit a rather dense fog of 
visible drop size at the first few expansions, even at very small expansion 
ratios. By a few expansions of this type the atmosphere can readily be 
cleaned of dust particles, which are carried to the bottom of the chamber 
by the drops. 

If a drop of liquid with dielectric constant K is formed around an 
electric charge e, the change of electrostatic energy by a change of the 
radius r by dr of the drop is given by 

dU e 2 K - 1 

d7 " 2? K 


The ratio of the vapor pressure over a drop of radius r around a charge 
e to that of an uncharged plane surface becomes, therefore, 



V 


prRT \ Sirr 3 K ) 


(23) 


The dependence of p*/p on r for an uncharged drop and a drop around 
a singly ionized atom or electron for water at 0°C is shown in Fig. 15. 
Since, for very small drops around a charge, the vapor pressure is 
smaller than for a plane surface, drops will form in a supersaturated 
atmosphere around a charge by condensation. These drops will grow 
until their vapor pressure corresponds to the existing supersaturation. 
If the supersaturation exceeds the value of the maximum of the p*/p 
vs. r curve of about 4.3 (expansion ratio 1.26 for air at 20°C), the drops 
will grow to visible size, since after having reached a radius of 6.3 A the 
vapor pressure decreases with increasing radius. 

It would, therefore, be expected that, in an atmosphere which is free 
of particles of sufficient size to act as condensation nuclei at any given 
supersaturation, condensation could take place only on an electric 
charge. However, it is well known that even at very low supersatura¬ 
tion some visible drops are formed in the absence of ionization. The 
number of drops increases very rapidly and, at a supersaturation value 
of about 8 for air-water mixtures at room temperature, a dense cloud 
appears (cloud limit). The formation of these drops occurs apparently 
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# around nuclei formed by coalescence, i.e., statistical agglomerations of 
molecules. Since the probability of occurrence of these coalescence 
centers decreases rapidly with increasing size and since greater super¬ 
saturation requires smaller nuclei, the number of uncharged drops will 
increase rapidly with the expansion ratio. Experiments and calcula¬ 
tions on this basis by Volmer and Weber (V2), Farkas (F2), Volmer and 



Fig. 15. Ratio of the vapor pressure of a drop to that of a plane surface for water at 
0°C. Abscissa, radius of drop in angstroms. Curve a, uncharged drop; curve b, 
drop around a charge of 4.8 X 10” w esu. r = 75.6 dyne cm -1 . 


Flood (VI), and Flood (F4) agree quite well. For the operation of a 
cloud chamber the optimal expansion ratio for best tracks will be at a 
critical supersaturation at which just a few drops («1 per cubic centi¬ 
meter) appear outside the tracks of ionizing particles. It should be 
emphasized that the simple picture presented here assumes the inde¬ 
pendence of surface tension from the size of the drops, and it has been 
pointed out that a reduction of the surface tension with decreasing 
radius would favor the formation of electrically neutral drops. 

It had been noticed already by Wilson (W8) that condensation of 
water vapor in air, in contrast to the prediction of the simple theory, 
takes place more easily on negative than on positive ions. For other 
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vapors it was found to be just the opposite This effect has been ex¬ 
plained by assuming that an electric double layer ’ , h t 

surface of the drop (Dl). For air and water vapor Wilson found tha 
the minimum expansion ratio for condensation on negative ions wa 
1.25 (S = 4) and 1.31 (S = 6) on positive ions. 

TABLE 6 

Values of y at Room Temperature and 1 Atmosphere 

Gas or Vapor *r Gas or Vapor 7 

Hydrogen 1-41 ^ryPton 1.68 

Helium 1.66 Carbon dioxide 1.30 

Nitrogen 1.40 Methane .31 

Oxygen 1-40 Ethyl alcohol .13 

Air 1.40 Water 1.32 

Argon 1.37 

In Table 6 the values of y for some gases and vapors commonly used 
in cloud chambers are presented. In Table 7 the vapor pressure of the 
most frequently used condensable vapors, water and ethyl alcohol, are 

TABLE 7 

Vapor Pressure, in Millimeters of Mercury, of Water, Ethyl Alcohol, 

and Their Mixture 


Ethyl Alcohol-Water Mixture (II) 



Percent alcohol by volume 


t° C Pwater Palcohol Pwater Palcohol Pwater Palcohol Pwater Palcohol Pwatcr Palcohol 



1.44 

2.15 

3.16 
4.58 

5 6.54 

10 9.21 

15 12.79 
20 17.53 
25 23.76 
30 31.82 


3.65 

5.6 

8.3 

12.2 

17.3 

23.6 

32.2 

43.9 

59.0 

78.8 



60 

Pwater 

Palcohol 

14.4 

24.3 

25.2 

41.5 
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listed. Unfortunately, no data on the vapor pressure of water-ethyl 
alcohol mixtures in the temperature range commonly occurring in cloud 
chambers seem to be available. 

From the relations between supersaturation and expansion ratio it 
follows that gases with higher 7 , as the monatomic gases, require a 
smaller expansion ratio. According to Eq. (22), 

P\\e/ 

If one assumes the simple relation 

= e UT 9 -Ti)/RT 0 Ti 

Pi 

between vapor pressure and temperature, a relation which holds for 
liquids at temperatures well below the critical, and in which it is assumed 
that the molar heat of evaporation L of the liquid is independent of 
temperature within the range considered, one obtains 

S = E-i exp [L(E^ 1 -1 )/RT 0 ] 

For a given expansion ratio, S increases with increasing y as long as 
L > RT 0t which is the case for most liquids. As condensable vapor, 
ethyl alcohol is widely used although the value of y is lowered if water 
is replaced by ethyl alcohol. The supersaturation for a given expansion 
ratio is likewise lowered. Similarly, the molecular volume A//p is 
larger for alcohol than for water, but the surface tension (« 22 dynes 
cm *) is so much smaller for alcohol that the minimum expansion ratio 
for condensation on a charged nucleus is appreciably lower for alcohol 
than for water. A more favorable vapor, requiring a still smaller expan¬ 
sion ratio, consists of a mixture of water and ethyl alcohol. According 
to Volmer and Flood (VI, a mixture of 40% water and 60% ethyl alco¬ 
hol by volume requires the lowest expansion ratio. Similarly, suitable 
mixtures are water and isopropyl alcohol and water and n-propyl 
alcohol. If the non-condensable gas reacts with alcohol or water, other 
vapors, for example carbon tetrachloride, are suitable. For the obser¬ 
vation of tracks in a boron-containing gas a mixture of boric acid methyl 
ester, methyl alcohol, and helium has been used (B14). 

In practice the expansion ratio will always be larger than the minimum 
necessary for condensation on a charged nucleus and will actually about 
correspond to the critical supersaturation. Values of a recommended 
expansion ratio for argon and air and vapors of water, ethyl alcohol, 
and their mixture are given in Table 8 ; they are referred to an initial 


S-GT 
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TABLE 8 

Expansion Ratio and Supersaturation for Good Tracks 


Initial total pressure 1.5 atmos at 20°C. 


Gas and Vapor 

Expansion 

Ratio 

Super- 

saturation 

Air + water 

1.31 

5.7 

Argon + water 

1.19 

5.7 

/V m» 

Air + ethyl alcohol 

1.19 

2.5 

Argon + ethyl alcohol 

1.14 

2.5 

Air + 40% water + 60% ethyl alcohol 

1.15 

1.9 

Argon + 40% water + 60% ethyl alcohol 

1.09 

1.9 


total pressure of 1 x /i atmos at 20°C. 

After completion of the expansion the chamber is sensitive for con¬ 
densation on ions until the gas temperature has risen to such a value 
that the supersaturation is below the necessary minimum value. Neg¬ 
lecting depletion of the supersaturation and the temperature increase 
caused by condensation, Williams (W5) has shown that the sensitive 


time t, is equal to 

t. 


( AE \ 2 /V\ 2 pc 

077 (f=t) (a) d ; 


(24) 


where AE is the excess of the expansion ratio over the minimum value 
E 0 necessary for condensation on ions, V the expanded volume, A the 
surface of the chamber, p the density, c the specific heat, k the thermal 
conductivity, and y the ratio of the specific heats of the gas. The 
expression is derived under the assumption that the temperature rise 
is caused solely by heat conduction from the walls to the adjacent gas 
layers and the resultant compression of the gas. For most practical 
cases, the sensitive time is of the order of Y\o sec, but cloud chambers 
with sensitive times of the order of seconds have been described (B7, 
M2, H4). 

2. Design Considerations. The usual construction of a cloud cham¬ 
ber (Fig. 16) for nuclear experiments consists of a round, hollow, metal 



Fig. 16. Types of cloud chambers (schematic). 
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cylinder elongated by a cylindrical glass section to admit the light for 
the illumination of the tracks. The upper end of the glass cylinder is 
closed by a plane and uniformly thick glass plate, and the lower end is 
closed by the expanding piston. In the early constructions the expan¬ 
sion was accomplished by a tightly fitting rigid piston (Fig. 16a). At 
present the variation of the volume is usually obtained by the motion 
of an elastic diaphragm or an elastically attached bottom, as shown in 
Figs. 16b and 16c. Whenever possible, the chamber should be operated 
so that its axis is vertical. Since the tracks are usually photographed 
through the top glass plate in an axial direction, the downward motion 
of the drops by gravity before and during the exposure affects the sharp¬ 
ness of their images only slightly. If the chamber has to be operated 
with its axis horizontal, the exposure time has to be correspondingly 
shortened. Diffusion of the ions also will destroy the sharpness of the 
track. It is, therefore, essential to remove all ions produced a con¬ 
siderable time before the expansion. This is accomplished by applying 
an electrostatic field (at pressures of the order of 1 atmos, about 10 to 
300 volts/cm). The flow of gas in a cloud chamber during the rapid 
expansion should be free of turbulence and uniform over the whole 
chamber. In chambers of the diaphragm type it is necessary to sepa¬ 
rate the diaphragm from the active part of the chamber by a wire gauze 
or a perforated metal plate. For chambers with elastically attached 
pistons this precaution is not necessary. Other sources of distortions 
are non-uniformities of the temperature of the gas. They can be avoided 
if sufficient time elapses between expansions to equalize the tempera¬ 
ture, and if the tracks are photographed immediately after the expan¬ 
sion before convection currents, starting at the walls of the chamber 
where the temperature is higher than that of the expanded gas, reach 
the active volume. Magnetic field coils should be insulated thermally 
from the chamber by a copper jacket cooled with running water of 
approximately room temperature. If a cloud chamber is operated in 
the vicinity of a high-voltage source, it is sometimes found that the 
tracks are distorted by the field of charges accumulated on the glass 
parts of the chamber. This can be remedied by a grounded metallic 
shield. 

For the purpose of energy-loss determination or as secondary radiators, 
laminae of various materials are sometimes placed in cloud chambers. 
If their planes are parallel to the axis and if they extend through the 
whole chamber, very little disturbance of the expansion is usually 
encountered. 

The initiation of the expansion can be accomplished in two principally 
different ways. In most nuclear experiments the expansions are re- 
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neated at regular intervals, and a timing mechanism allows the radiation 
to enter the sensitive volume of the chamber at the proper instant 
usually immediately after completion of the expansion—for a time short 
compared to the sensitive time. The timing of the source of radiation 
can be obtained by removal of a shutter obstructing the passage of the 
particles or by activating the source of particles. The latter method is 
commonly used when observing reaction products emitted instantane¬ 
ously by the bombardment of artificially accelerated particles. It is 
only necessary to operate the ion source of the accelerator during a 
suitable time interval. In the other mode of operation the particle 
itself initiates the expansion by passing simultaneously through the 
chamber and two counters, usually Geiger-Muller tubes, arranged dia¬ 
metrically opposite and adjacent to the cylindrical wall of the chamber. 
The electric pulse obtained from the two counters in coincidence initiates 
the expansion. The particle therefore passes through the unexpanded 
gas, and the specific ionization along the track is then, in contrast to 
the first mode of operation, characteristic for the initial state of the gas. 
The tracks are also more distorted, unless special precautions are taken 
to make the expansion free of turbulence, since during the expansion 
the ions are not yet surrounded by drops and consequently diffuse 
much faster. For both modes of operation fully automatic mechani¬ 
cal or electrical circuits have been designed which accomplish, in the 
proper order: removal of the sweep field; expansion; illumination; ad¬ 
mittance of particles; photographic recording; and restoring of the 
apparatus. The whole cycle requires a total time of about 1 to 2 sec. 
The repetition rate of expansions depends on the time required to 
establish thermal equilibrium after compression. Usually not more 
than one to three expansions per minute can be performed. 

3. Illumination and Photographing of Tracks. The illumination of 
a cloud chamber should be as intense as possible, since intense illumi¬ 
nation not only minimizes distortions but also reduces the aperture of 
the required photographic lens and hence increases the depth of focus 
and thereby the volume over which clear tracks can be recorded. To 
insure uniform illumination, several light sources should be placed 
around the cylindrical glass wall of the chamber. Cylindrical lenses 
are used to collimate the light into a parallel fan-shaped beam limited 
in height by diaphragms, in order to avoid direct light reaching top 
and bottom of the chamber. The bottom is usually covered with a 
dense black velvet which gives an excellent dark background. The 
usual arrangement where the direction of the incident light is perpen¬ 
dicular to the optical axis of the photographic camera is not the most 
favorable one in so far as the maximum light flux from the tracks is 
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2s? 


'Collimator and light 
for reprojection 


concerned, since the scattered intensity decreases rapidly with increas¬ 
ing scattering angle. A cloud chamber with transparent top and bot¬ 
tom, with the light source and photographic camera arranged on the 
same axis, has been described by Herzog (H7). Williams and Terroux 

(W7) illuminated the chamber 
sideways at an angle to the hor¬ 
izontal, thereby reducing the 
angle between the directions of 
the scattered and the incident 
light. 

For most purposes it is im¬ 
portant to obtain a stereoscopic 
record of the track in order to 
determine its position in space. 
The two pictures may be taken 
by two separate cameras with 
their axes symmetrically at 
an angle with the chamber 
axis (BIO). A more convenient 
method, however, consists in 
arranging a mirror with its plane 
parallel to the chamber axis at 
the circumference of the chamber 
and photographing the direct 
and the reflected images by one 
camera on the same film as 
shown in Fig. 17. For the ac¬ 
tual measurement, the developed 
film is placed back into the 
photographic camera, which is used as a projector by illuminating the 
film from the rear. The position of a screen on which the two projected 
images appear is then adjusted until they coincide. In order to insure 
the exact reproduction of the position of the film in the camera, a third 
picture reflected by a second mirror or a fiducial mark on the chamber 
may be used. If the three reprojected images are coincident or the 
image of the fiducial mark appears in its proper position, the film 
position is correct. A simple device for reprojecting the tracks is de¬ 
scribed in (B21). The mirrors used for stereoscopic photography 
should be surface-metalized. Plane glass plates metalized by evapora¬ 
tion of aluminum are very satisfactory. Aside from distortions of 
the tracks within the chamber caused by non-uniform or turbulent 
flow of the gas, distortions of the image are caused by the photo- 



Fig. 17. 


Mirror arrangement for stereo¬ 
scopic pictures. 
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graphic lens and by the presence of the top glass plate through 
which the tracks are photographed. These distortions have been 
considered in detail by Blackett and Brode (B12). 

4. Magnetic Fields for Cloud Chambers. In many instances, particu¬ 
larly for the determination of the energy of light particles from the 
curvature of their tracks, a magnetic field parallel to the axis of the 
chamber is used. Momentum p and kinetic energy T of a particle of 
charge ze and rest mass m 0 moving in a plane perpendicular to the 
field B are related to the radius of curvature It of its path by the well- 
known relation 

p = -BR = - VT 2 + 2r»«oc* (25) 

c c 

For fields up to about 2000 gauss for a chamber about 20 cm in diameter, 
Helmholtz coils without iron are suitable. If the chamber is not con¬ 
trolled by counters, the current through the coils might be turned off 
during the relatively long time between expansions. For higher fields, 
solenoidal water-cooled coils have been used (K8), but, in order to avoid 
excessive power consumption, iron-core magnets are preferable. Since 
the field is perpendicular to the curvature of the track, it is necessary to 
photograph the tracks through a conical bore in one of the pole pieces 
or by placing a mirror under an angle on one of the pole surfaces of the 
magnet (AG, B11, J4). 

It is particularly important to consider track distortions when large 
radii of curvature of cloud chamber tracks are measured. The curvature 
caused by the distortions of the optical system can be determined by 
photographing straight wires placed in different positions within the 
chamber. Distortions by thermal convection, turbulence, and the like 
can be determined by photographs of high-energy particle tracks 
(cosmic rays) in the absence of the magnetic field. Since under normal 
conditions the scattering of these particles is very small, the appearance 
of straight cosmic-ray tracks is a good indication of an expansion free 
of distortions of this type. It should be mentioned finally that multiple 
small-angle scattering can very easily affect the results of curvature 
measurements. This problem has been discussed in detail by Bethe 
(B9). 

6. Diffusion Cloud Chambers. Continuously sensitive cloud chambers 
have been developed recently (N5, C9, S10). This type of chamber is 
operated by establishing a steep temperature gradient from top to bot¬ 
tom of the chamber and by maintaining a vapor source at the top of the 
chamber. Then a diffusion of vapor from top to bottom occurs, and, 
with the proper control of temperature values, there will exist a region 
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of a degree of supersaturation appropriate to the formation of droplets 
on ions present in the gas. A constant electric field sweeps the chamber. 
Construction and operation of chambers of this type are extremely 
cheap and simple. They lend themselves well to demonstration experi¬ 
ments and may also become useful as a research tool. The structure 
of such a chamber is roughly as follows. 

The wall is formed by a glass cylinder about. 8 inches in height and 
8 inches or more in diameter. The top is a metal plate maintained at a 
temperature between 30°C and 70°C, and beneath it must be fastened 
a pad of material soaked in the liquid being used. The working gas 
may be any of the common cloud chamber gases at pressures of from 
0.1 to several atmospheres. Air at atmospheric pressure is very satis¬ 
factory and simplifies the gasketing problem. Hydrogen and helium 
require somewhat higher pressures. The liquid may be ethyl, methyl, 
or isopropyl alcohol, water, or some mixture thereof. The bottom of 
the chamber should be covered with a puddle of the liquid to give the 
best viewing conditions and should be maintained at a temperature 
between -30°C and -70°C. This is conveniently done either by hold¬ 
ing some dry ice in contact with the bottom plate or by partially sub¬ 
merging the base plate in a solution of dry icc and alcohol. When 
operating properly, the sensitive region of the chamber may extend over 
as much as 3 inches in a chamber 8 inches high. 

H. The Photographic Plate 

Like the cloud chamber, the photographic plate registers the occur¬ 
rence of an ionizing particle by recording the ionization along its path, 
thus again furnishing information about the energy of the particle as 
well as its direction of propagation, point of origin, and so on. An 
ionizing particle traveling through the emulsion of a photographic plate 
leaves a track containing a number of developable silver bromide grains. 
The number of these grains is always very much smaller than the 
number of ion pairs created along the track of the particle. However, 
if the specific ionization is low enough, the grain density is still pro¬ 
portional to the specific energy loss. For high specific ionization the 
number of developable grains becomes constant, simply because every 
grain in the path of the particle is rendered developable. The great 
advantages which the photographic plate offers as compared to the 
cloud chamber are that the emulsion actually represents a sensitive 
volume of very large dimensions because it consists of solid material and 
the sensitivity is a permanent one not restricted to rather infrequently 
repeated short intervals. On the other hand, the photographic plate has 
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the great disadvantage that the emulsion contains only a limited number 
of elements and that no specific events can be selected, as can be done 
for instance with counter-controlled cloud chamber expansions. 

For the purpose of recording ionizing particles special so-called nuclear 
photographic emulsions have been developed and are still being con¬ 
stantly improved. Detailed discussions of the various types of emulsions 
and their use were given by Yagoda (Yl), Feld (F3), Webb (W3), 
Demers (D2), Powell and Occhialini (P3), and Shapiro (S4). 

The principal differences between optical and nuclear emulsions are 
the very high content of silver bromide in the nuclear emulsions, as 
much as four times the content in optical plates, the grain size, and the 
thickness of the emulsion. In nuclear emulsions the grains are very 
small, from 0.1 to 0.6 n, and well separated, whereas in sensitive optical 
plates the grains are interlocking. Optical plates therefore are not 
suitable for recording individual tracks, and nuclear emulsions are quite 
insensitive to light. The thickness of commercial nuclear emulsions 
ranges from 25 to 2000 Emulsions with the smallest grain size are 
only sensitive to the densely ionizing fission fragments, whereas coarser 
grains show tracks of alpha-particles, protons, mesons, and electrons. 
The proper choice of grain size therefore allows discrimination between 
various particles. Furthermore the sensitivity of a nuclear emulsion for 
a certain particle can be varied within wide limits by appropriate develop¬ 
ment. Whether or not an ionizing particle leaves a recognizable track 
in an emulsion depends on, besides specific ionization and development, 
the general background, which might be many times its normal value 
if the plates were exposed to intense beta- or gamma-radiation. 

The most commonly used emulsions show tracks at normal back¬ 
ground of the following particles: 

Kodak Emulsions 

NTla: Alpha-particles and fission fragments in the presence of strong beta- and 
gamma-radiation. 

NT2a: Alpha-particles of all energies, to deuterons up to 400 Mev, protons up to 
200 mev, w mesons up to 20 mev, and electrons up to 100 kev. 

NT4: Recognizable tracks of singly charged particles at any velocity even at the 
minimum ionization power (relativistic particles). 

Ilford Emulsions 

Dl: Heavy tracks of fission fragments. 

El: For alpha-particles. (Protons give heavy tracks only at end of range.) 

C2: Tracks of protons up to 50 Mev. 

B2: Sensitive to protons up to 100 Mev. 

G5: The most sensitive type of emulsion showing clearly tracks of singly charged 
particles at minimum ionization. 
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The energy of a particle is commonly measured by its range in the 
emulsion, provided of course that the entire length of the track is located 
within the emulsion and that the nature of the particle is known. 
Although range-energy relations for nuclear emulsions are well estab¬ 
lished, it should be remembered that the water content and possibly 
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Fig. 18. Range-energy relation for protons in Ilford C2 emulsions (Cl, R8). 


small leftovers from the fixing bath and shrinkage of the emulsion can 
affect range measurements considerably. For reliable and accurate 
results it is therefore common practice to expose and develop an emulsion 
under similar conditions to particles of known energies in order to obtain 
a range calibration. Range-energy relations in various emulsions have 
been determined by, among others, Lattes, Fowler, and Cuer (LI) and 
more recently by Rotblat (R8) and Cat ala and Gibson (Cl). The latter 
results for protons and alpha-particles in Ilford C2 emulsion are shown 
in Figs. 18 and 19 respectively. From the proton curve the ranges of 
other singly charged particles can be deduced in the well-known manner. 
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For other emulsions Rotblat found that the stopping power for alpha- 
particles of polonium and thorium is 0.3 percent smaller in Ilford El 
emulsion than in C2, 1 percent greater in Go, 1.8 percent greater in 
Kodak NT2a. These numbers show that the various emulsions have 
range-energy relations which do not differ appreciably. 



Fig. 19. Range-energy relation for alpha-particles in Ilford C2 emulsions (Cl, R8). 


The identification of a particle can, in principle, be made from its 
range and the grain density of the track if the grains appear resolved. 
However, it should be kept in mind that at very high velocities the grain 
density depends only on the charge and not very much on the velocity 
of the particle. Likewise at the very end of the range there will always 
be a region of high grain density where every grain in the path of the 
particle has become developable, independently of the characteristics 
of the particle. 
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In order to recognize the single grains a powerful magnification and 
excellent resolving power of the microscope used are required. A long 
distance objective 90 X and a 20 ocular are suitable. The number of 
grains in 100 -m cells are counted, and the value of the grain density is 
crudely inversely proportional to the energy for non-relativistic veloci¬ 
ties. For precise work plates must be calibrated with particles of known 
energy. 

For high-energy work, the techniques involved in determining the 
energy, charge, and mass of the particles making the tracks have been 
recently considerably developed. It has been shown (GO) that a meas¬ 
urement of the average scattering angle per given length of path can 
give reliable information on E t where E is the total energy (including 
me 2 ) of the particle, according to the approximate formula 

i = (kz)t*( V v)~ l - Vcz)t'\E0 2 )- 1 

where 5 is the average value of the projected angle of scattering on a 
plane perpendicular to the line of observation for a length of track t, 
z is the charge in units e of the scattered particle p, and v its velocity 
and momentum. The constant k is 26.0 Mev X degree/(100 p) H for 
singly charged particles. 

This formula is based on the theory of multiple scattering surveyed 
in Part II, and it can be refined in various ways, as shown in an article 
by Gottstein and others (G7). 

The actual measurement of <I> is accomplished by following a track 
and measuring its direction at equal intervals of distance varying from 
50 m at low energy (10 to 100 Mev) up to 500 n at relativistic velocities 
(up to 1 Bev and more). A precise protractor capable of measuring 1', 
attached to the ocular of the microscope makes this work possible. An¬ 
other technique measures the linear displacement between the tangent 
to the track and the track after a fixed length of track. This method 
requires exceedingly good mechanical characteristics of the stage of the 
microscope. For instance, the motion must be parallel to itself to bet¬ 
ter than one part in a thousand. The practical performance of these 
measurements is indicated in several papers, e.g., (F8, G8, M8). 

For rather heavily ionizing particles of known Z, an estimate of the 
energy can be obtained by measuring the gaps in the semi-continuous 
track of developed silver grains (H16, B22). Finally, for nucleons giving 
extremely heavy ionization like the nucleons of relatively high Z found 
in the cosmic radiation, the estimated energy can be obtained from the 
analysis of the delta-rays (B23). 

The elements present in a nuclear emulsion are silver, bromine, 
iodine, hydrogen, carbon, nitrogen, oxygen, and sulfur. In addition to 
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these elements, the content of which varies according to the type, the 
emulsions can be loaded with deuterium and tritium by soaking in the 
corresponding heavy water, whereby the oxygen content can also be 
increased considerably. It is also possible to load the emulsions with 
lithium, boron, bismuth, and uranium. 

As an example, the following approximate composition in grams per 
cubic centimeter is indicated for the commercially available Ilford emul¬ 
sions, except G5: 


Loading 

None 

Lithium 

Beryllium 

Boron 

Bismuth 

Silver 

1.85 

1.84 

1.89 

1.77 

1.39 

Bromine 

1.34 

1.35 

1.37 

1.28 

1.01 

Iodine 

0.052 

0.053 

0.053 

0.047 

0.039 

Carbon 

0.27 

0.27 

0.28 

0.26 

0.33 

Hydrogen 

0.05G 

0.047 

0.049 

0.053 

0.047 

Oxygen 

0.27 

0.29 

0.26 

0.32 

0.43 

Sulfur 

0.010 

0.038 

0.016 

0.010 

0.002 

Nitrogen 

0.067 

0.083 

0.085 

0.064 

0.062 

Lithium 

• • • • 

0.016 

.... 

• • • • 

# # 

Beryllium 

• • • • 

• • • • 

0.0079 

• • • • 

• • • • 

Sodium 

• • • • 

• • • • 

.... 

0.025 

0.06 

Boron 

• • • • 

• • • • 


0.023 

.... 

Bismuth 

.... 

• • • • 

• • • • 


0.27 


In G5 emulsion bromine and iodine contents are 1.36 and 0.024 g/cm 3 respectively, 
other figures being unchanged within manufacturing variations. 

A disturbing factor in nuclear emulsions is the fading of the latent 
image. It has been found that the number of developable grains in a 
track is reduced in time. However, for some of the most sensitive mod¬ 
em emulsions like G5 this fading is not appreciable, whereas for the less 
sensitive emulsions it becomes more important. Thus for a C2 emul¬ 
sion about half of the grains fade in a time of the order of 3 months. 
Fading can be reduced by keeping the emulsions free from oxidizing 
agents and in a dry cool atmosphere. 

The development of nuclear emulsions differs considerably in many 
respects from the technique used for ordinary photographic plates 
mainly because nuclear emulsions are very thick and rich in silver. It 
is also very important, at least in some cases, to avoid even the slightest 
distortions in the gelatin; many of the precautions involved are directed 
to this last requirement. For thick emulsions the “temperature method” 
of Occhialini and co-workers (D5) is necessary to obtain uniform de¬ 
velopment of the whole emulsion without overdeveloping the outer 
layer. The plates are soaked for a long time at a temperature low 
enough to prevent the developing process. Subsequently the tempera¬ 
ture is raised, whereupon the development progresses uniformly through- 
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out the emulsion. A similar result can be obtained with thin emulsions, 
up to about 200 p, by soaking the emulsion first in only one component 
of the developer and later in the second (alkali) (B24). 

A tested procedure valid for all emulsions is due to Occhialini and 
co-workers. Bernardini (private communication) applies it according 
to the following routine for G5 or B2 Ilford plates: 

Processing Procedures for Ilford Nuclear Emulsion Plates 

Dry Development Method for Go or B2 Plates 

1. Soak in distilled water, chilling plate to 5°C gradually. 

2. Add Amidol developer at 5°. 

3. Place in controlled warm bath for 1 hr. 

4. Chill in refrigerator for 15 to 30 min (depending on thickness). 

5. Add stop hath (0.2% acetic acid) at 5°. 

G. Wash in slowly running water near 5°; remove free silver on surface. 

7. Place in 30% solution of hypo at 10° to 15°; agitate gently. 

8. Dilute gradually with water, avoiding sudden pH or temperature changes. 

9. Bathe in 2% glycerin solution. 

10. Dry slowly, first at high humidity, then at slowly decreasing humidity, to normal 
working conditions, maintaining temperature of about 20°. 

Timing for Different Thicknesses of Emulsion 



200 p 

400 p 

GOO p 

1200 p 

1. Soak 

50 min 

100 min 

150 min 

300 min 

2. Cold developer 

50 min 

100 min 

150 min 

300 min 

3. Warm developer 

23° 

25° 

27° 

30° 

4. Stop bath 

40 min 

80 min 

120 min 

300 min 

5. Wash bath 

60 min 

GO min 

GO min 

300 min 

6. Hypo 

8 hr 

15 hr 

2 days 

5 days 

7. Wash 

12 hr 

1 day 

2 days 

5 days 

8. Glycerin 

0.5 hr 

1 hr 

2 hr 

5 hr 


For C2 plates, step 3 should occur at 1.5°C higher temperature; for D1 and El 
at 2.5°C higher temperature, but for 30 min only. 

Amidol Developer 

1 liter (dist.) water. 

35 grams boric acid (anhydrous). 

19 grams sodium sulfite (anhydrous). 

8 cc 10% potassium bromide solution. Cool to 5°C. 

4.5 grams Amidol. Filter. Keep at 5°C by cooling if necessary. 

The plates must be always kept horizontal, and sudden changes of temperature, 
pH, or hypo concentration must be carefully avoided. In the washing, fixing, and 
drying phases the plates are also surrounded by a “guard ring” of discarded plates 
to avoid edge effects due to streaming of liquids or inequalities in humidity in drying. 

A well-developed G5 plate shows about 40 silver grains per 100 p for a track at 
minimum ionization. 
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Photographic emulsions should not be exposed to very low tempera¬ 
tures or extremely dry atmospheres, as this might result in flaking off of 
the emulsion. Nor should they be kept in a vacuum for any long period 
of time. Storage of the plates under controlled conditions in a humidor 
might be advisable. 

For the observation and measurement of the tracks a high-quality 
compound microscope with apochromatic and aplanatic condenser is 
required (F3). For accurate depth measurement small focal depth and 
consequently a large aperture are necessary.- The microscope should be 
equipped with an accurately reproducible stage movement. In depth 
measurement an accurately calibrated tube movement free of slack 
usually has to be added. For surveying of the plates a binocular micro¬ 
scope is recommended. Usually oil immersion at the condenser and 
objective is used for depth measurements and grain counting, and for 
thick emulsions long distance objectives are practically necessary. A 
uniformly illuminated diaphragm as virtual light source instead of the 
source itself (Kohler illumination) gives a better and more uniformly 
illuminated field of vision. If the tracks are to be photographically 
reproduced, it is frequently necessary to photograph sections of the 
track and compose the complete picture by a mosaic of the various 
sections (P3). 

I. Cerenkov Counter 

The detectors described in the foregoing paragraphs utilize the ioniza¬ 
tion or excitation which occurs in the material through which a charged 
particle passes. The operation of the Cerenkov counter is based on the 
fact that, when a charged particle passes through matter, at a velocity 
larger than the velocity of light in the material, electromagnetic radia¬ 
tion is emitted similar to the shock wave accompanying a projectile 
traveling at supersonic speed. This radiation was discovered by Ceren¬ 
kov (CIO), and the theory was given by Frank and Tamm (F9). It is 
not a fluorescent radiation, and it differs from ordinary bremsstrahlung 
in so far as it occurs only if the particle velocity exceeds the speed of 
light. The radiation is confined into a narrow conical shell around the 
direction of propagation of the particle. The angle of aperture 6 of the 
cone is given by 

u c 1 

cos 5 = - = — = — 

V HV nfi 

where u is the velocity of light in the medium, v the particle velocity, 
and n the refractive index of the material. Since v is always smaller 
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than c, Cerenkov radiation is emitted only for particles with velocities 


v 1 

1 > 0 = - > - 
c n 

According to Frank and Tamm the number of light quanta with fre¬ 
quencies between v and v + dv per unit length of path of the particle 
with charge e is given by 

JVM * = = 4t* £ sin 2 6* 

From this expression it appears that Cerenkov radiation will show a 
continuous distribution with most of the energy concentrated at the 
highest frequencies for which n is larger than 1/0. For suitable sub¬ 
stances like glass, Lucite, or Plexiglas, which are fairly transparent up 
to the near ultraviolet, the radiation will be predominantly of visible 
and ultraviolet character. For ordinary flint glass with an approxi¬ 
mately constant refractive index of /x = 1.59, 6 becomes equal to 51° 
for 0 = 1. In the visible region from 7500 to 4000 A a singly charged 
particle with 0 = 1 will radiate about 320 quanta per centimeter path. 
The radiation is plane polarized with the electric vector located in a 
plane determined by the point of observation and the path of the particle. 

The use of Cerenkov radiation was first proposed by Getting (G9) for 
the detection of high-velocity particles. In addition, the measurement 
of the angle of the conical aperture allows the determination of the 
velocity of a particle. The Cerenkov radiation can be detected by 
ordinary photomultipliers (DO), preferably in a coincidence arrange¬ 
ment (M9). Such a device represents a detector for high-velocity parti¬ 
cles with very high resolution determined only by the time spread in¬ 
herent in the multiplier tube. Quite recently Mather (MlO) has de¬ 
scribed an arrangement which allows a precise photographic recording 
of the conical aperture of the Cerenkov radiation of 340-Mev protons, 
from which the proton energy can be determined with an accuracy of 
about 0.8 Mev. 


SECTION 3. ELECTRONIC INSTRUMENTS 

The ionization currents produced by the nuclear particles, which are 
to be detected, almost always have to be amplified before they are 
suitable to operate the recording instrument proper, e.g., a register or a 
meter. Exceptions are the direct recording of slowly varying ionization 
currents or the recording of the pulses of the Geiger-Muller counters by 
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electrometers. Often it is desired not only to record the occurrence of a 
pulse but also to sort pulses according to their size or to the instant of 
their occurrence by means of discriminators or timing circuits. In this 
section the most currently used forms of these instruments will be de- 
scribed. For a detailed account and analysis of these circuits, the reader 
is referred to the excellent articles of W. C. Elmore (El). 


A. Amplifiers 

1. Fundamental Principles. We shall consider first the problem of 
amplifying the voltage pulses caused at the collecting electrode of an 
ionization chamber by the motion of the ions and electrons from a single 
burst of ionization. Usually the amplifier will have the task of producing 
an output signal, the size of which 
is proportional, over a wide range, 
to the total number of primary ion 
pairs, and large enough to operate 
the recording instrument proper 
as discriminator, scaling circuit, or 
register. Furthermore, the amplifier 
should regain its original state— 
the state in which it was before 
the occurrence of the pulse—in as 
short a time as possible. The out¬ 
put pulse is usually of the order of 
10 volts. The smallest input volt¬ 
age which can be detected must be 
larger than the noise level of the amplifier, which is commonly of the 
order of 10 jxv. Thus the gain of the amplifier will range up to a maxi¬ 
mum of about 10 6 . The input voltage is in general of the form shown 
in Fig. 20. The first steep rise is caused by the motion of the electrons, 
the second much slower rise by the motion of the ions, and the decay 
of the pulse by the finite time constant to = RoCo of the input circuit, 
which has a total capacitance C 0 shunted by a resistance R 0 , as in Fig. 7. 
The shape of the input voltage for this circuit is given by 

ViW / me e/ '°dl' ( 26 ) 

Co •'o 

where r 0 = R 0 C 0 , and I(t) = 7 + (f) + /“(*) is the ionization current as 
given by Eq. (13). The shape of the input voltage curve suggests the use, 
under certain circumstances, of only the voltage rise caused by the 
electrons and the discarding of the effects of the ions. Thus we shall 


V(t) 



Fig. 20. Shape of input voltage pulse 
(schematic). The first fast rise is due 
to the motion of the electrons, followed 
by a slow rise caused by the motion of 
the ions. The decay is caused by the 
finite leakage R 0 which in this case is 
assumed to be of the order of the col¬ 
lecting time for the ions. 
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deal with two distinctly different types of amplifiers: those with low- 
frequency response for ion and electron collection and those with high- 
frequencj' response for electron collection or extremely fast positive-ion 
collection, as for instance in proportional counters. It should be borne 
in mind that the great advantages associated with the use of the electron 
pulse alone are often partly compensated for by the difficulty that, in 
this case, the pulse size is not uniquely determined by the number of 
the primary ion pairs as outlined in Section 2B. 

(a) Resistance-Capacitance Coupled Amplifiers. Since amplifiers for 
nuclear experiments are used mostly for the amplification of individual 
voltage pulses or non-periodic input voltages, they are commonly of 
the resistance-capacitance coupled type. Instead of characterizing them 
by their complex dependence of gain on frequency, it is more convenient 
to use, for this purpose, their transient response r(t ), defined as the output 
voltage caused by applying a unit step voltage at t = 0 to the input. 
If the transient response is known, the shape of the output voltage V 2 (t) 
for an arbitrary input voltage V\ (t) starting at t = 0 is obtained by the 
relation 

r,«) = f m Vi(f-n£df (27) 

Jq at 

The response function of an amplifier can easily be obtained experi¬ 
mentally. In principle, it can be computed most conveniently by the 
use of Laplace transforms of the impedances. The usual shape of r(f) of 



Fig. 21. Transient response of an RC coupled amplifier (schematic). 

a resistance-coupled amplifier is schematically shown in Fig. 21. The 
initial rise of this curve is characterized by two quantities: delay time 
Td and rise time Tr, which, according to Elmore (El), 1 are defined as 

1 Actually Elmore defines Td and Tr in this manner only for a monotonic response, 
in which case ti becomes infinite. 
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1 r 1 ' dr 

T d=-\ l T, dt 
r m J 0 dt 

2ir r lx « dr 

Tr 2 = - (t — To) 2 -r dt 
r m J 0 dt 


(28) 


where r m is the value of r at its first maximum, occurring at t = t x . The 
two quantites Tr and T D are essentially determined by the plate load 
impedances of the various stages, provided that the time constants of 
the coupling circuits are much larger than the largest time constant of 
the plate load circuits. Under this condition t\ « 00 , and delay time and 
rise time of a multistage amplifier are given by 


T D = Z ?Di 
i 

Tr 1 = £ Tr? 
i 

where 7*,- and Td% are rise time and delay time of the tth individual 
stage. For pure capacitance-resistance plate loads (Fig. 22), therefore, 


T d = 2 Rfii 


Tr 2 - 2 * 2 (RiCi) 2 


The decay of the response function is determined by the time constants 
of the coupling circuits, t = R’C'. It is exponential for a single circuit. 



For n coupling circuits the tail of the response function oscillates and 
reaches the value zero n times. The amplitude of these subsequent 
oscillations is small compared to the maximum value of r, if one time 
constant r*' is much smaller than all the remaining ones. If in a multi¬ 
stage amplifier the rise time is determined by one single long time 
constant r n and the decay time by one single short time constant 77 / 
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(single RC cut-off at high and low frequencies), the response function is 
given by 

/ 

r(t) = G -p- -- e~ ,/,m ) (29) 

Tk ~ Tn 

with <7 = XT Ri and g^i are (he plate load resistance and the 

i 

transconductance of the lih stage; it is assumed, and it is usually so, 
that Ri is small compared to the plate resistance and the grid leak 
Ri+\. The maximum of r has the value 

r m = GX ,/(, - X) (30) 

where X = t*'/ r„. The choice of the particular values of rise and decay 
times of an amplifier will depend entirely on the rise time of the input 
voltage, which is governed by the drift velocities of the electrons and 
ions. If the decay time r*' is small compared to the rise time of the 

input voltage, caused by the motion of ions, but large compared to the 

rise time of the pulse, caused by the electrons, only the contribution of 
the latter will produce a noticeable output pulse. The rise time of the 
amplifier should be of the order of magnitude of the duration of the 
desired part of the rise of the input pulse. If it is larger than the latter, 
the output pulses will show a rise given by the rise time of the amplifier 
and independent of the rise of the input pulse. If it is shorter, the out¬ 
put pulses have the same rise as the input pulse and the maximum 
possible resolution can be obtained. Very often it is useful to choose the 
first alternative and also make the decay time about equal to the rise 
time of the amplifier, since then the signal-to-noise ratio becomes most 
favorable. The time constant R 0 C 0 of the input circuit should be long 
compared to the decay constant of the amplifier. Although it is per¬ 
fectly possible to accomplish the decay of the pulse at the input proper, 
this procedure is not advisable. The first stages of the amplifier will 
always introduce a certain amount of low-frequency disturbance caused 
mostly by the a-c heaters of the cathodes (60-cycle hum). The intro¬ 
duction of the clipping is equivalent to a decrease of amplification at 
low frequencies and consequently reduces the hum if the clipping takes 
place at a later stage. An interesting method for clipping the pulses of 
an amplifier has been designed by O. R. Frisch and is shown in Fig. 23. 
The pulse is fed to a transmission line the far end of which is closed. 
There the pulse undergoes complete reflection with a change in sign. 
The reflected signal is superimposed on the incoming signal at the sending 
end of the line terminated by its characteristic impedance. The reflected 
pulse has practically the same shape as the original pulse but is delayed 
by twice the propagation time of the transmission line. The net result 
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is therefore an almost square pulse with very little tailing, which makes 
it possible to shorten the pulse to a duration equal to the rise time without 
loss of amplitude. A considerable increase in resolving time and some 
improvement of signal-to-noise ratio are thereby obtained. In actual 



Delay line 


Fig. 23. Delay line clipping. 


practice coaxial cables or artificial lines with partially lumped elements 
may be used for delaying. 

The rise time of an RC coupled amplifier of n stages is essentially 
determined by the plate load resistances, since the shunt capacity 
cannot be made smaller than a certain minimum of the order of 10 
Thus a reduction of the rise time results in a reduction of the gain and 
high-transconductance tubes have to be used. For a given gain the 
minimum value of the rise time is obtained 


if all stages have equal rise time. For a 
simple RC plate load the number of identi¬ 
cal stages, which for a given total gain G 0 
leads to a minimum rise time, is given by 

» - 2 log Go Go - e nl2 - (/?</„)" 
with a rise time 



where C is the plate shunt capacity and 
the transconductance of the tube of each 



stage. This consideration, however, leads Fig. 24. Shunt compensation 
to impractically large numbers of stages. of RC plate load. 

An improvement of the minimum rise 
time can be achieved by inductance shunt compensation of the plate 
load, as is customary in television amplifiers (Fig. 24). The introduc¬ 
tion of the inductance in series with the plate load resistance will make 
the rise of the response function steeper in the manner indicated in Fig. 
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25. Above a critical value the compensation results in undesirable 
oscillations (overshoot). The most desirable value L = L c at which 
just no overshoot occurs (critical compensation) is given by 


R 2 C 



The rise time at critical compensation is decreased by a factor J^\/7 as 
compared to the value without compensation. 

(6) Electron Multipliers. The shortest rise times are obtained with 
amplifiers of the electron-multiplier type. Bay (B6) and Allen (A5) 

r(0 


t 

Fig. 25. Effect of shunt compensation on rise time. 

designed multipliers for the amplification of the secondary-electron 
pulse produced by the impact of charged particles at the first elec¬ 
trode of the multiplier. For this purpose Allen used surfaces of beryl¬ 
lium, which has a high work function and consequently low dark current 
(see below) and at the same time has a rather high yield of secondary 
electrons per incident particle. This method, however, has found little 
application. For heavy particles the counting efficiency is very nearly 
unity, but since only a few secondary electrons are liberated by the 
incident particle the spread of the size of the pulses caused by mono- 
energetic primary particles is very high. For gamma-rays the efficiency 
is much lower than that of a Geiger counter. In conjunction with 
scintillation counters, however, the photomultipliers are extremely 
suitable as very fast amplifiers. Commercial photomultiplier tubes of 
the.types 1P21, 1P28, and 931A have been successfully used for this 
purpose. More recently a photomultiplier tube type 5819, with end 
window and semi-transparent photocathode, has been developed. This 
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tube is particularly suitable as a detector for scintillation counters. 
Types 1P21, 1P28, and 931A have nine stages, i.e., they contain nine 
multiplying dynodes in addition to the anode and the photosensitive 
cathode. Type 5819 has ten stages. The photosensitivity of all these 
tubes shows a maximum between 3400 and 5100 A, which is just the 
range of the fluorescent radiation of most of the scintillation crystals. 
Usually the tubes are operated with grounded anode and a voltage of 
75 to 100 volts per dynode, as schematically shown in Fig. 26 (R2). 
The current amplification under this condition is of the order of 10 5 to 



1000 volU 

Fig. 26. Arrangement of photomultiplier (R2). 


10°, and the anode dark current at room temperature of the order of 
0.1 n&mp. It should be remembered that the current amplification 
increases very rapidly with voltage. Since on the other hand the dark 
current also increases, the optimal signal-to-noise ratio (see Section 3A2) 
is usually obtained with voltages below 100 volts per stage. The over¬ 
all anode capacitance is about 10 nni. A single electron liberated at the 
cathode will therefore produce an output pulse of about 2 to 20 mv. Usu¬ 
ally the photomultiplier has to be followed by a conventional very fast 
amplifier of moderate gain. The rise time of the pulse of the anode is 
essentially determined by the transit time of the electrons through the 
last stage. However, the actual rise time is somewhat longer, since 
different electrons have to traverse different paths between the various 
electrodes. For a conventional tube the rise time is of the order of 10~ 9 
sec. The delay time is given by the total transit time of the electrons. 
The clipping time of the pulse is determined by the RC value of the 
anode. For the arrangement of Fig. 26 it is about 0.1 nsec. 

The process of secondary multiplication is of a statistical nature and 
consequently the same number N 0 of electrons emitted by the photo- 
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cathode will produce pulses the size of which varies statistically. If it 
is assumed that the number of secondaries at each dynode shows a 
Poisson distribution, the relative mean square deviation AV 2 /V 2 of the 
size V of the output pulses is given by 

AV 2 _ g 

~ N 0 (g - i) 

where g is the multiplication factor per stage and where it is assumed 
that the total multiplication 

O = r 

of the m stages is large compared to unity. In practice, however, it is 
found that the spread is somewhat higher (MG). 

(c) Distributed Amplification. Extremely short rise times, together 
with arbitrary long decay time, can be obtained by amplifiers with 
distributed amplification as proposed by Percival and subsequently by 
Ginzton, Hewlett, Jasberg, and Noe (G3). The essential feature of such 



an amplifier consists in using the plate shunt capacity of the tubes as 
shunt capacities of a properly terminated transmission line and likewise 
the grid-to-eathode capacitances as shunt capacities for a second trans¬ 
mission line. Inductances between the grids and the plates are designed 
so that the wave velocity is the same for both lines. A rise time of the 
order of 10“ 9 sec has been obtained at a gain of 8. It should be re¬ 
membered that for a conventional RC coupled amplifier there is a fixed 
minimum rise time for a given total gain Go- 

It should, of course, be borne in mind that amplifiers of short rise 
times show correspondingly more noise. Such amplifiers should there¬ 
fore be used only in conjunction with detectors of correspondingly high 
resolution. No advantage is gained by operating, for instance, a propor- 
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tional counter of conventional design together with a distributed 
amplifier of small rise time. The resolution would be solely determined 
by the collection time of the counter, and the signal-to-noise ratio would 
be larger than for an RC coupled amplifier with a proper rise time. 
Thus distributed amplifiers following photomultipliers are at present 
used only in conjunction with scintillation counters using substances of 
very short decay time such as stilbene or terphenyl. 

(d) Inverse Feedback. The incorporation of negative feedback has 
become quite customary for amplifiers used for nuclear experiments. A 
typical feedback loop is shown in Fig. 27. The output of a two-stage 
amplifier (tubes T x and T 2 ) is applied to a cathode follower TV A 
fraction 0 O = Ri/(Ri + R 2 ) of its output is applied to the input grid 
cathode circuit of the first tube. The advantages of feedback are the 
stability against line voltage fluctuations and changes in the character¬ 
istics of the tubes, and the increase in linearity. If a fraction /3 of the 
output voltage V 2 is fed back with the proper (negative) phase to the 
input, the resultant gain GV is 

* - rrk 


where G 0 is the gain without feedback. The stability S against changes 
in G 0 caused by line voltage fluctuations or changes of tube character¬ 
istics is 


dGo/Go 
dGo'/Go' 


1 + (3G 0 


If an amplifier without feedback shows a deviation e from linearity for 
an output signal of magnitude V 2 , feedback will reduce this deviation 
for equal output voltage to «/(1 + 0G O ). Since for large values of 0G O the 
gain is essentially 1 / 0 , it is necessary that 0 be as constant as possible. 
The disadvantages of feedback are mainly the result of the lack of 
improvement of rise time. For a two-stage RC coupled feedback loop 
of the type shown in Fig. 27 it is necessary to incorporate capacitor C x 
across R in order to avoid oscillatory over shoo t of the response. Critical 
damping is obtained for R X C X = (2/y/%Go) RC if 0 O G O » I and 0 O 
= R 2 /(R\ 4* # 2 ). Under this condition the rise time and the rise-time- 
to-gain ratio are given by 


4 *R 2 C 2 
1 -f- PqGq 



where is the transconductance of T x and T 2 . This relation shows 
clearly that the rise time through its dependence on G 0 depends markedly 
on tube characteristics, line voltage, etc. Moreover the rise-time-to-gain 
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ratio is exactly the same as for the same amplifier without feedback hav¬ 
ing the same gain G 0 " = G 0 '. The rise time of this circuit is 

7Y' 2 = 4 wR ft2 C G 0 " = G 0 ' = g 2 R" 2 

and therefore 


Go" g. V Go" 

In the construction of feedback amplifiers the precautions necessary 
to prevent oscillations are, of course, the same as for audio amplifiers 
and video amplifiers. In particular, it should be kept in mind that 
single- and double-stage RC coupled amplifiers with pure resistive 0 are 
free from such undesirable oscillation, since relative phase changes for 
any frequency are smaller than v. 

2. Limitation of Amplification by Noise. The smallest signal which 
can usefully be amplified is determined by the electric noise level of the 
amplifier and its input circuit. For amplifiers with rise times of 10~ 7 
to 10 -c sec, the following noise sources are of importance: 

Johnson noise of input circuit. 

Tube noise, consisting of grid and plate shot noise and division noise 
if tetrodes or pentodes are employed. 

Flicker noise—usually unimportant since it appears only at very low 
frequencies (0 « 500 cps). 

Noise generated in subsequent stages does in general not contribute 
appreciably, unless the gain of the first stage is very low. The mean 
square noise voltage per unit frequency interval of the input resistor R 0 
is given by the well-known relation 

V n 2 (v) = 4 kTR 0 (32) 

where T is the absolute temperature of the resistance and k is Boltz¬ 
mann’s constant, 1.38 X 10” 16 ergs/deg. The mean square noise 
current per unit frequency interval of the plate current I p of a tube, for 
which the current is space charge limited, is given by (Tl). 

7 pJM = T 2 2el p (33) 

where T is the space charge limiting factor, commonly about 0.2 to 0.3, 
and e is the electronic charge. These relations, which give a constant 
noise voltage per unit frequency interval independent of v, are correct 
as long as the time between collisions of the electrons or the transit time 
of the electrons across the tube is small compared to l/v. Similarly, the 



Sec. 3A] Electronic Instruments 83 

noise caused by grid currents is given by 

/,» 2 « = 2e(| /,+ | + | /,“ |) = 2 el,' (34) 

where I g + and I g ~. are the values of the positive and negative grid 
currents, respectively. For tetrodes and pentodes expression (33) has 
to be replaced by 

_ 2 el 

Jpn 2 « = T— 7 - (r 2 /p + I.c ) (35) 

*p I" * ac 

where I $e is the screen gri d curre nt. For small values of V and I p » 
I se this leads to 2 el, c , and Ipn (?) is therefore usually larger than for a 
triode operating at the same plate current. This increase is caused by 
the statistical distribution of the electrons of the total cathode current 
between plate and screen grid. 

In order to compute the total resultant noise it is necessary to com¬ 
pute the equivalent noise voltage between grid and cathode of the 
input stage. Since expression (35) refers to a load-free connected plate, 
the equivalent noise voltage at the grid due to plate shot noise is given 
by 

vw = \ 

g u 2 

It is customary to express this value, which depends entirely on the 
characteristics of the tube, in terms of an equivalent noise resistor R pn 
which at room temperature, connected between grid and cathode, would 
produce the same noise: 

In Table 9 values of R pn are given for various tubes customarily used as 

TABLE 9 

From M.I.T. Radiation Laboratory Series, Vacuum Tube Amplifiers by G. E. Val¬ 
ley, Jr., and H. Wallman. 


Tube 

/p 

I,c 


Rpn 

(ma) 

(ma) 

(ma/volt) 

(ohms) 

Pentode 6SJ7 

3.0 

0.8 

1.65 

5840 

Pentode 6AC7 

10.0 

2.5 

9.0 

720 

Triode 6AC7 

12.5 

• • • 

11.2 

220 

Pentode 6AK5 

7.5 

2.5 

5.0 

1880 

Triode 6AK5 

10.0 


6.7 

385 

Triode 6J5 

9.0 


2.6 

980 

Triode 6J6 (per section) 

8.5 


5.3 

470 

Triode 6SL7 (per section) 

2.3 


1.6 

1560 

Triode 6SN7 (per section) 

6.0 


2.2 

1140 
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input tubes under various conditions of operation as computed from this 
expression and Eq. (35). 

The noise caused by grid currents is modified by the presence of the 
input circuit. If 7. is the impedance between grid and cathode, the 
noise voltage across Z becomes _ 

/«- 2 w 


V 2n 2 (u) = 


| \/Z + \/r t I 2 


where \/r g is the grid cathode conductance. Since r g » Z always, for 
the customary R 0 C 0 circuit of Fig. 7 


V 2n 2 M 


/«« 2 «*o 2 


2eI g Ro 


1 -f Vm'RoCo) 2 1 + (2xkRoC 0 )‘ 


Finally, the noise voltage F 3> » 2 (r) developed by R 0 across the grid 
becomes 

AkTR 0 


V 3n 'W 


1 4 - ( 2 ttuRoCo)' 


Since the three noise voltages are statistically independent, the 
resultant noise voltage at the output of the amplifier is given by 


Vn 2 = f fl*«[Vu*W + V 2n 2 (r) + V 3n 2 ( v ))dv 


(36) 


where G 2 (v) is the absolute square of the gain function of the amplifier. 
For the simple case of an amplifier for which the rise time and decay 
time are determined by a single RC circuit with time constants r and r', 
respectively, V 2 can readily be computed. Considering that in practice 
vR 0 Co» 1 over the whole band width of such an amplifier—cf. Eqs. 
(29) and (30)— 


G 2 t 2 f AkTR 


\ 


pn 


+ 


1 (AkT \1 

cvUr*"') 


4(r' 4- r) L tt Co* \ R 0 

Denoting by q the total charge induced by an ionization pulse at the 
input and r'/r by X gives for the square of the output signal-to-noise 
ratio, from Eqs. (29) and (30), 

4$ 2 X 1+x/1 - x (1 4- X) 

Sn ~ 4kTR pn Co 2 /r + 4kTr'/R 0 + 2r'«// 

The signal-to-noise ratio becomes a maximum for 


_ _ - C l R P" R ° 

’ ' - c "Vi 


Ro/2kT 


(37) 
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where, according to Eq. (30), the signal is 1/2.71... of its maximum pos¬ 
sible value and the square of the signal-to-noise ratio 



The condition for maximum signal-to-noise ratio (Eq. 37) usually leads 
to unduly large values of t = t' and hence results in poor resolution. 
Therefore a certain pulse duration is usually chosen. S n 2 again has a 
maximum for X = 1 for given pulse duration. For this case and the 
case where the rise time is prescribed, the reader is referred to the 
detailed treatment given by Elmore (El) whose presentation we have 
followed very closely. It should be pointed out that, although r = r' 
in the case of prescribed pulse duration leads to the optimal signal-to- 
noise ratio, a lengthening of X by as much as a factor 10 changes the 
signal-to-noise ratio by a factor of only about 2. 

For a photomultiplier the limit of amplification is set by the dark 
current which is caused by the thermal emission of electrons by the 
photocathode and to a correspondingly smaller degree by the subsequent 
dynodes, field emission at the various electrodes, and leakage currents. 
The dark current consists of pulses of variable size. Morton and 
Mitchell (M6) have observed that the current caused by the dark out¬ 
put pulses being equal to or exceeding the size of a pulse due to one 
single electron liberated at the cathode accounts for only a small fraction 
(less than 1 percent) of the total dark current. For a tube of type 931A 
operated at 100 volts per stage and at room temperature they find the 
number of pulses larger than or equal to the pulse of a single electron 
liberated at the cathode to be about 800 per second corresponding to a 
cathode current of 2 X 10“ 16 amp, while the total cathode dark current 
is about 10 -1 ’* amp, at room temperature. Cooling of the tubes reduces 
the number of dark current pulses, but, in agreement with the fact that 
only a small fraction of the dark current is caused by pure thermal 
emission, the reduction is smaller than one would expect from Richard¬ 
son's equation. At the temperature of dry ice, Morton and Mitchell 
observed a reduction by about a factor of 100 in the number of pulses 
equal to or larger than the pulse of one electron. 

3. Typical Amplifier. Most present-day linear amplifiers used in 
nuclear experiments are of the feedback type, unless the highest possible 
rise time has to be obtained. Then feedback is usually abandoned and 
shunt inductance compensation is employed. A typical amplifier made 
up of three essentially identical sections, each forming a cathode feed¬ 
back loop, is shown in Fig. 28. This type of feedback is easy to attain, 
and it offers no difficulty with regard to phase shifts which might lead 




Preamplifier 
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Fig. 28. Complete feedback amplifier. 
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to undesirable oscillations. The feedback voltage is derived from a 
cathode follower and is directly coupled to the input stage. It should bo 
noted that a small capacity C\ should be connected between the cathodes 
of the first and last tube. As shown on page 81, a monotonic response 
can be obtained for a critical value of C\. The gain per section is usually 
between 20 and 100. Since the un-fed-back gain is of the order of 10 3 , 
a feedback factor 0 O G O of up to one hundred is obtained. No particular 
difficulties are encountered by connecting several such feedback sec¬ 
tions in cascade, if they are sufficiently decoupled from their common 
B+ supply. If long leads or other large capacitive loads are used in 
connecting successive sections, it is advisable to incorporate an additional 
cathode follower at the output to avoid phase shifts in the feedback 
arrangement as shown. The amplifier of Fig. 28 consists of a one-loop 
preamplifier and a two-loop main amplifier. Its over-all maximum gain 
is about 70,000, the rise time about 0.5 nsec. Linearity to within 5 per¬ 
cent for output signals up to 70 volts is easily accomplished. Since the 
amplifier is used for negative input signals, the pulses are inverted at a 
stage of comparatively low level to obtain positive signals for the final 
stage. Clipping of the pulses is accomplished at the input of the last 
stage of the main amplifier. All other clipping-time constants are large. 


B. Discriminators and Scaling Circuits 

1. Discriminators. The output of a pulse amplifier is usually con¬ 
nected to a discriminator; this prevents pulses below a certain height 
from reaching the recording instrument. Although it might be possible 
to establish a minimum pulse size directly by means of the recording 
instrument itself, it is important to have this done to a high degree of 
accuracy through the use of a special circuit. If the discriminator rejects 
signals below a certain height, it is called an integral discriminator. If 
the bias of the discriminator, i.e., the rejection level, can be varied, it 
is possible to determine a pulse size distribution by measuring the 
counting rate at different bias. By differentiation of this integral bias 
curve, the differential pulse size distribution is obtained. A differential 
discriminator, rejecting pulses above and below a certain level, allows 
the direct determination of the pulse size distribution. 

(a) Gas Triodes. The simplest type of discriminator makes use of the 
property of gas-filled triodes to fire at a sharply defined grid-to-cathode 
voltage, depending on the plate voltage and the nature and pressure of 
its gas filling. Used with proper precautions, such a discriminator is 
satisfactory for low counting rates. Since the critical bias depends on 
the gas pressure, mercury-filled thyratrons are not suitable, as the 
pressure varies with the temperature, which itself is affected by the 
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counting rate. Tubes filled with hydrogen or a noble gas are quite 
constant, if constant plate voltage is employed and the heater current 
is stabilized, as for instance through the use of saturated core reactors. 
Quenching of the discharge is usually accomplished by an RC network 
(Fig. 29). The resolving time of such an arrangement is determined by 



Fig. 29. Gas triode discriminator (w.w. represents wire-wound resistors). 


the time constant of the network, which has to exceed the deionization 
time of the gas triode. 

(6) Hard Tube Circuits. The difficulties arising in the use of gas-filled 
tubes can be circumvented by using a sharp cut-off triode. In contrast 
to those obtained with gas triodes, the output pulses vary in height from 
zero to a value corresponding to zero grid cathode voltage. This intro¬ 
duces an uncertainty the relative magnitude of which can be made 
smaller by increasing the magnitude of the input pulse. The resolving 
time, on the other hand, is of course considerably higher than for gas- 
filled tubes. 

A circuit for an integral discriminator employing vacuum tubes and 
producing uniform output signals is shown in Fig. 30 (El). Normally 
only the right-hand tube T 2 is conducting, since the grid potential of T\ 
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is lower than that of TV A positive pulse of a magnitude equal to or 
larger than the difference of the two grid potentials will cause a complete 



Fig. 30. Discriminator of the Schmitt trigger-circuit type (El) (w.w. represents 

wire-wound resistors). 

transfer of the current to tube T Xt thereby producing a positive signal at 
the plate of TV This condition persists until the potential at T x is 



Fig. 31. Effect of hysteresis of discriminator circuit. 

lowered sufficiently to make T 2 conducting. Exponentially decaying 
input pulse, if not rejected, will produce output pulses of uniform height 
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and a width which depends on the excess voltage of the input pulse over 
the bias difference. It should be noted that the current transfer from 
f 2 to T\ occurs at a slightly higher grid voltage of T x , if this voltage in¬ 
creases, than for the transfer from T 2 to T x at decreasing grid voltage. 
A static characteristic of current / 2 versus the grid potential of T i will 
therefore exhibit a certain hysteresis determined by the plate resistor of 
f x . This hysteresis is necessary to avoid oscillations at the critical 
potential and should also be sufficiently large to prevent irregularities 



of the input pulses (noise) to cause multiple recording. As Fig. 31 
shows, the hysteresis should be larger than the “maximum” noise fluctu¬ 
ation. The resolving time of this circuit is of the order of 1 ^sec. 

(c) Differential Discriminators. A single-channel differential dis¬ 
criminator consists essentially of two integral discriminators operat ing in 
such a manner that coincidences of the two discriminators are rejected 
and only pulses triggering the discriminator of lower bias are recorded. 
Differential discriminators with as many as 48 channels selecting 
successive pulse height bands have been designed. The main difficulty 
with such an apparatus arises from the fact that triggering of the various 
discriminators occurs at different times, because the primary pulses have 
a finite rise time. Similarly, the return to the normal state differs usually 
even more, since the decay time is often longer than the rise time. In 
simple designs (Fig. 32), using gas-filled triodes, this difficulty is over¬ 
come in a crude manner by lowering the high-frequency response of the 
coincidence circuit and by the use of very long-lasting output pulses. 
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This obviously results in a severe loss of resolution. Thus the circuit 
of Fig. 32 has a resolving time of only 1 msec. A multichannel discrimi¬ 
nator using vacuum tubes and being free of this objection has been de¬ 
signed by M. Sands (El). The fundamental principle of its design is 
shown in a simplified and schematic manner for a single channel in Fig. 
33. Discriminators D and D' are of the type shown in Fig. 30. Both 
receive the same input pulses at “input,” but D' is biased lower than D 
by whatever channel width is desired. The inscriptions “on” and “off” 
and the values of the potentials refer to the quiescent state. T 2 T 3 and 
T 2 T 2 form a type of univibrator such that, upon quenching of T 2 , T 3 
becomes conducting for a certain time. The coincidence circuit C (see 
Section 3C5) is designed in such a way that its output changes its 
potential only slightly even if both tubes C, and C 2 are quenched, unless 
a positive signal makes T 4 conducting, whereupon the potential at the 
output drops markedly, provided that both tubes C\ and C 2 are non¬ 
conducting. If either one of the grids of C x and C 2 is at 300 volts, the 
common cathode will essentially also remain at 300 volts. Upon appli¬ 
cation of a positive pulse with finite rise time to D and D' both discrimi¬ 
nators may be triggered, whereupon the potentials of the grids of C x 
and C 2 are interchanged. If, after completion of the rise of the primary 
pulse, a positive “search” pulse is applied to T 4 , the potential of the 
output will be found unchanged. Contrariwise, if only D is triggered by 
the input pulse, both grids of C will be at 250 volts, both tubes of C will 
be non-conducting, and a positive search pulse applied to T 4 will result 
in a negative pulse at the output which can be directly applied to a 
scaler or recording instrument. In a multichannel circuit each dis¬ 
criminator is a member of two successive coincidence circuits. Every 
pulse, according to its size, will actuate a number of discriminators up 
to a bias corresponding to the size of the pulse. After occurrence of a 
pulse, the various coincidence circuits are tested by the search signal on 
their state of coincidence. The recorder of that channel which has a 
triggered and an untriggered discriminator is then operated. Finally, a 
second positive signal applied to T 5 and 7V restores every circuit to its 
original state. For the actual design of this circuit the reader is referred 
to the original publication and the article of Elmore (El). Although 
the circuit has been successfully used, it is rather involved and the 
proper control and maintenance require some attention. 

For the determination of pulse height distributions it is of course 
important to monitor, in some manner, the intensity of the source of 
radiation, unless a large number of simultaneously operating channels 
covering the region under observation is employed. Usually this is 
accomplished by recording the intensity of the source through an 
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integral discriminator the bias of which is kept fixed, while the bias of 
the other (differential or integral) discriminator is moved over the region 

in question. 

(d) Oscillographic Method. The most commonly used and actually the 
simplest way of determining a pulse size distribution consists in photo¬ 
graphing the deflections of the beam of a cathode-ray oscillograph on a 
moving film. This method is indeed almost unsurpassed in ease of 
operation. The power requirements of a cathode-ray tube are, because 
of the small input capacity of the deflecting plates, quite low. The 
resolution is essentially determined by the writing speed which still 
leads to recognizable photographic traces. To avoid excessive blackening 
of the film and burning of the screen, the cathode-ray beam is usually 
turned on only during the occurrence of a pulse. This is accomplished 
by applying a square wave of suitable duration (intensifier pulse), 
started by the pulse to one of the grids of the cathode-ray tube (Z axis). 
The pulse is then fed through a properly terminated delay line, from 
where it is applied to the deflecting electrodes of the oscilloscope. In 
this way the oscilloscope beam is already turned on before the deflecting 
pulse has reached its full height. The disadvantage of the photographic 
method lies mainly in the cumbersome task of measuring the photo¬ 
graphed pulses. An interesting method for determining pulse size dis¬ 
tributions from the blackening of a stationary photographic plate 
exposed to the pulses on the screen of a cathode-ray tube has been de¬ 
scribed by Maeder, Huber, and Stebler (Ml). 

2. Scaling Circuit. The development of “fast” ionization chambers 
using electron collection makes it possible to resolve pulses of individual 
particles occurring at very high rates. If mechanical registers are used 
for recording, it is necessary to reduce the rate of actual recordings to a 
level at which the mechanical device still resolves the individual events. 
Registers which are able to record 100 evenly distributed events per 
second are available. If, however, the events occur at random and the 
counting loss should not exceed 1 percent, the rate of occurrence of the 
pulses must be less than 1 per second (see Volume III, Part VIII, Sec¬ 
tion 3). Scaling circuits reduce the rate of recordings by operating the 
register only for every group of m events. Usually m is of the form 

m = 2 n 

but circuits based on m = 10 n have been designed (R3). It should be 
noted that the relative counting loss decreases very rapidly with in¬ 
creasing scaling factor m because not only does scaling cause a reduction 
of the rate of events but also the scaled-down events are more regularly 
spaced (\ olume III, Part V III). Basically, a scaler consists of a circuit 



96 Detection Methods [Pt. I 

with two stable positions. Pulses cause the circuit to flip from one posi¬ 
tion to the other, and only one of these transitions is either recorded or 
fed to the subsequent scaling circuit. Among the large number of circuits 
a design by Higinbotham (El), shown in Fig. 34, has proved highly 
satisfactory for speed as well as reliability. Its principle of operation is 
briefly: Suppose that tube T\ is conducting, T 2 is non-conducting. A 
negative signal of sufficient height, fed to the cathode of the twin diode 



Fig. 34. Higinbotham scaling unit. 


D will pass through only the upper half of D, since the anode of the lower 
half is at a potential much lower than the cathode. If the cross-coupling 
capacitor between the anode of T 2 and the grid of T x is sufficiently large, 
the signal will cause T\ to be momentarily cut off, thereby making T 2 
conducting, by way of the cross-feed capacitor between the anode of T\ 
and the grid of T 2 . Ty will then stay non-conducting. The perfect 
symmetry of the circuit shows immediately that the action of the next 
pulse consists in flipping conductivity from T 2 to T\. With the values 
for the various resistors and using 6SN7 tubes at a current of about 7 ma, 
in the conducting state, a resolving time of 5 ^sec is obtained. Using, 
instead of a 6SN7, a 6SL7 tube in connection with higher values of the 
resistors results in a reduction of the current to about 1.5 ma and a 
resolving time of about 20 Msec. It is therefore customary to employ 
6SN7 tubes for the first few sections of the scaler and 6SL7 tubes for 
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the later stages. The output of a stage can be directly connected to the 
cathode of the next input diode. Since the circuit is completely passive 
to positive signals, the next stage receives a signal only if T 2 becomes 
conducting. A neon flash bulb connected across the plate load resistor 
of T\ indicates the state of the system and thereby allows the determi¬ 
nation of the excess of counts over the next integer multiple of m. A 
reset switch S upon operation will reset the system to the zero position, 
i.e., T 2 conducting. 


C. Miscellaneous Circuits 

1. Sources of Power. Although the characteristics of well-designed 
feedback amplifiers depend only little on the value of the plate supply 
voltage, it is advisable to stabilize this voltage as much as possible. For 
amplifiers using no feedback this requirement is of course of prime 
importance in order to obtain constant gain. The d-c plate supply volt- 



Fig. 35. Voltage stabilization by glow tube. 


age is practically always derived from any of the conventional rectifier 
and filter circuits. 

If only moderate regulation of the supply voltage against line voltage, 
or load changes, is required, and if the total current drain from the supply 
is of the order of 50 ma, regulation by gas discharge tubes is quite satis¬ 
factory. The basic circuit for stabilization by glow tubes is shown in 
Fig. 35. The voltage current characteristic of these tubes is such that 
at a certain voltage conduction sets in, whereupon the voltage drops 
somewhat. From this point on the voltage versus current characteristic 
is rather flat. If r = dV/dl denotes the slope of this line, the stabiliza¬ 
tion factor S, i.e., the ratio of the fractional variation of the input volt¬ 
age E 0 to that of the output voltage E x across the glow tube, is given by 



(39) 
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where R is the value of the series resistor and where it is assumed that 
the external load impedance %o is large compared to r. If in addition 
R » r, the circuit represents a source of voltage E x with internal re¬ 
sistance r. 

It should be remembered that any number of glow tubes might be 
used in series whereby the value of r of the system is equal to the sum 
of the r’s of the individual tubes. On the other hand, glow tubes cannot 


T 



Fig. 36. Principle* of electronic voltage stabilization. 


be connected in parallel since the difference between the starting voltage 
and the operating voltage allows only one of the tubes to be conducting. 
A minimum current through the tubes must always be maintained, and 
the circuit should be designed so as to insure the necessary overvoltage 
for starting the current. If a smoothing capacitor C across the tube is 
used, care must be taken to make RC small enough to prevent relaxation 
oscillations. 

For larger currents and higher stabilization factors, electronic series- 
type regulation is usually employed. The basic circuit is shown in Fig. 
36. A fraction 0E j of the output voltage E\ is amplified, compared to 
a constant voltage V 0 , and the difference applied with the proper sign 
to the series tube T controlling the current flow. Analysis shows that 
for fiGn » 1 the stabilization factor is given by 

E 0 


(40) 





Electronic Instruments 


99 


Sec. 3C] 


where G is the gain of the amplifier and n the amplification factor of the 
series tube. The effective internal resistance for the output voltage 
Ei is 


r _ *o + r p 

0Gn 


(41) 


where r p is the plate resistance of the series tube and the internal 
resistance of the supply for E 0 . Figure 37 shows a circuit capable of 


100 



delivering 100 ma at 300 to 400 volts as supply for B+ voltage. In this 
arrangement the voltage &E X is compared to the constant voltage V 0 of 
a glow tube and the amplified difference applied to the series tube. The 



voltages. 
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resultant stabilization factor is about 1500, the effective internal re¬ 
sistance 0.55 ohm. The capacitor C allows the feeding back of the full 
ripple voltage, with 0 = 1, to the series tube. The a-c ripple is thereby 
reduced by a factor of about 0000. 

A similar arrangement, suitable for low-current, high-voltage stabili¬ 
zation and useful for supplying the collecting voltage for ion chambers 
and for proportional or Geiger counters, is shown in Fig. 38. The 
stabilization factor is about 200. Output voltages up to 3000 volts are 
obtained without difficulty. 

2. Circuit for Driving Message Register. Usually the actual record¬ 
ing of the output pulses of a discriminator or scaler is performed by a 
mechanical register requiring rather large current pulses of considerable 
duration. A suitable pulse can be obtained from a univibrator operated 
by a short voltage pulse from a discriminator or scaler. Care should be 
taken to insure recovery of the recording circuit in a time which is 
shorter than the recovery time of the register. 


Gciffer*Muller 

counter 



Fig. 39. Neher-Harper quenching circuit. 


3. Quenching Circuit for Geiger-Muller Counters. As pointed out 
in Section 2D, the discharge of a non-self-quenching Geiger counter can 
be stopped only by a sufficient lowering of the voltage across the counter 
after occurrence of the pulse. Originally, this was accomplished by 
inserting a high resistance into the counter circuits. As a result, the 
recovery time, i.e., the time to restore the full voltage across the counter, 
became very long and thus reduced the resolving time which otherwise 
would have been determined by the time required for the removal of 
the positive ions. A circuit suitable for quenching and quick recovery 
has been described by Neher and Harper (N2). Their circuit, of which 
many variations are known, is shown in Fig. 39. Originally the tube T 
is non-conducting because of its high negative grid bias. When current 
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flows through the counter, the bias of T becomes positive and the 
ensuing plate current through resistor R 2 lowers the voltage across the 
counter to a point where no further multiplication takes place. Con¬ 
duction through tube T ceases when the counter current has dropped 
sufficiently. The time constant of the grid circuit has to be large enough 
so that recovery does not take place before all the positive ions have 
been removed. Usually R X C 0 is made about 100 ^sec. 

4. Pulse Generator. For testing and calibration of amplifiers it is 
necessary to produce pulses, preferably of both signs, with a measurable, 
predetermined and reproducible amplitude. Such pulse generators are 
commercially available, and only a simple, but for most purposes 



Fig. 40. Pulse of pulse generator. 

satisfactory, circuit will be described here. Ideally a pulse generator 
should produce an infinitely sharp step voltage as shown in Fig. 40. In 
practice, a shape shown by the dotted line is suitable, provided that the 
rise time is still small compared to the rise time of the amplifier, that the 
flat part has a duration long compared to the clipping time, and that the 
decay time of the pulse is also long compared to the clipping time. The 
last condition prevents the occurrence of a pulse of opposite sign and 
considerable amplitude by differentiation in the amplifier. For amplifiers 
having rise times of the order of 1 M sec the circuit shown in Fig. 41 has 
proved satisfactory. The negative pulse produced at the plate by the 
discharge of the thyratron T x rises to its full value in about 10“ 8 sec. 
Its duration is determined by the values of R x and C, which together 
with the grid bias determine the repetition rate. The two triodes T 2 
and T 3 originally conduct a current the value of which can be set by 
means of their variable grid bias. These currents are completely cut off 
by the negative pulse. Since the negative signal exceeds many times the 
cut-off value of the triodes, the resultant pulses at the cathodes and 
plate, respectively, rise within a time determined by their RC value 
(«0.1 Msec). The duration of the flat portion and the decay of the pulse 
are then determined by the recovery time of the thyratron circuit. The 
main disadvantages of this simple circuit are the comparatively slow 
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Fig. 41. Pulse generator. 
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rise time and a certain amount of overshoot during the rise caused by 
capacitive feed-through of the initiating signal from the grid to the cath¬ 
ode. Both effects, however, are harmless provided that the amplifier to 
which the pulses are applied has a rise time which is larger than that of 
the pulses. The diode in the grid circuit prevents the grid voltage from 
overshooting upon recovery. 

For the absolute calibration of an amplifier the step signals of known 
voltage amplitude are most conveniently applied through a capacity C 
of exactly known value to the grid of the first amplifier tube connected 
to the collecting electrode of the ionization chamber or counter (Fig. 42). 



If the pulse rises in a time much smaller than the rise time of the ampli¬ 
fier, the output signal V t of the amplifier, upon application of a pulse 
of magnitude V 0 , will have an amplitude 


V 0 C 


C + C 0 


(42a) 


where r m is the maximum value of the response function of the amplifier 
(see Section 3A1), and where it is assumed that as usual the R 0 C 0 value 
of the input circuit is larger than any characteristic time of the amplifier. 
If, now, the rise of a pulse caused by an ionizing particle is similarly 
faster than the amplifier rise (without having to be otherwise identical 
with that of the calibrating signal) and if switch S is closed, the output 
pulse will be 



r mg 0 

C + C 0 


(42b) 


where q 0 is the total charge induced at the collecting electrode by the 
motion of the electrons or positive ions and electrons (see Section 2B3) 
It is obviously essential that the rise times of the output pulses are 
determined by the amplifier, i.e., that calibration and ionization pulses 
rise during a time short compared to the amplifier rise time. It should 
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be mentioned that quite often the high-voltage electrode of the counter 
may take the place of the capacitor C, if its capacity relative to the 
collecting system is known. Pulses may then simply be fed through the 
high-voltage lead after it has been disconnected from the high-voltage 
supply. 

6. Coincidence, Anti-Coincidence, and Delayed-Coincidence Circuits. 
In many experiments it is necessary to establish the simultaneous 
occurrence of two or more pulses from different detectors by coincidence 
measurements. The basic coincidence circuit by Rossi (R5) is shown 
in Fig. 43 for two detectors of which only the coincidence of two pulses 



will be recorded. The principle of operation is: Normally both tubes 
T x and T 2 (sharp cut-off tubes) are conducting, and R is made large 
compared to the plate resistance r of the tubes. If large, negative, non¬ 
coincidental pulses are impressed to the grid of one of the tubes, the 
current through this tube will be cut off. There will result a small 
voltage rise at the output of 


AF= V R 


r 

2 (R + r) 


Vrt_ 
2 R 


(43a) 


where V R is the drop across R when both tubes are conducting. If, 
however, both tubes are simultaneously cut off by two coincident signals, 
the voltage rise will be 

XV' = V* (43b) 

and can consequently be very much larger than AV. A simple dis¬ 
criminator will therefore select only coincidence pulses. 

The single pulse rises with a time constant 


r. 


r • R 
r+R 
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whereas for a coincidence pulse the time is 

t c = C P R 

where C p is the plate capacity. If square pulses of duration to = t 8 are 
applied to the grids, a single pulse will develop to within 1/e of its value 
(43a). The coincidence pulse will develop much less but still be larger 
than the single pulse by the ratio 

„ 2e 

F =-- = 3.17 

e — 1 


Consequently r, will be about the resolving time since a displacement 
of the two pulses by a fraction of r, will rapidly lower the value of F 

-1-t-+300 



toward 1. With a value of It = 0.2 megohm and r = 10,000 ohms, the 
resolution, if a plate capacity of 20 nni were assumed, would be about 
0.2 /isec. 

By a simple alteration this circuit can be greatly improved. In Fig. 44 
the common plate resistor of the Rossi circuit is replaced by a common 
cathode resistor. For this circuit, 


AV 


T s 


V* _ V<_ 

2(1 + gjt) ~ 2 gpR 
C c 

— T c = C c R 
9 * 


AV' = V c 
if g M R » 1 



where V c is the voltage drop across R when both tubes are conducting, 
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the transconductance of each tube, and C r the cathode-to-ground 
capacitance. For a 6SN7 triode one may have R = 10,000 ohms, 

= 2 ma/v, C c = 20 mm f, so that 


r = t„ = 10 8 sec 

Recently a variation of this circuit has been designed (SO) which uses 
diodes instead of triodes, as shown in Fig. 45. Positive coincidence 
pulses are derived from two cathode followers T x and T 2 and applied 



to the cathodes of two diodes D x and D 2 the anodes of which are con¬ 
nected through a common resistor R to a positive potential. If the 
potential of the cathode of T x rises while that of T 2 remains at its 
original value, the flow of current through D x ceases. Since the resistance 
r of D 2 is small compared to R , only a small pulse of approximately 
rV r/2R appears, where Vr is the potential drop across R. If, how¬ 
ever, both cathodes are simultaneously raised from a potential V x to a 
potential V 2 , the voltage rise at point A is approximately equal to 

V 2 - V t . 

The resolution is determined by the value of the capacitance between 
A and ground and its effective shunt resistance with one tube conduct¬ 
ing, which is the resistance of the diode in series with the reciprocal 
transconductance of the triode. Instead of thermionic diodes, germa¬ 
nium rectifiers (crystal diodes) are quite suitable for this circuit since 
their capacitance to ground is very small. 

A coincidence arrangement in which the usual amplifier is replaced 
by an amplifier of the distributed type (Section 3A) has been described 
by Wiegand (W10). Its resolution is about 10~ 8 sec. 
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It should be noted that all the coincidence circuits described above 
may be extended without difficulty to any number of coincidences by 
simply adding, in parallel, additional coincidence tubes, the limit being 
only the decrease in resolution caused by the added capacitance. 

In many experiments so-called anti-coincidences have to be recorded. 
Let us assume, as an example, that a parallel stream of charged particles 
impinges on two counters C x and C 2 such that each particle traverses 
first Ci and then C 2 . If an absorbing foil is placed between C\ and C 2 , 
it might be desirable to record all those particles which were stopped in 



the foil or, in other words, all those particles which traversed C\ but not 
C 2 . Such an event is called an anti-coincidence between C\ and C 2 . 
A simple circuit (H8, R6) for recording anti-coincidences is shown in 
Fig. 46. The pulses of the anti-coincidence counter C 2 are first inverted, 
to be of positive sign, whereas those of counter C x are negative. The 
pulses are then fed to a modified Rossi circuit in which the tube of the 
anti-coincidence counter is normally cut off by negative bias. If a pulse 
from counter 1 alone occurs, both tubes T x and T 2 will be cut off and a 
large pulse will appear across R. If, on the other hand, simultaneously 
T 2 is rendered conducting by the occurrence of a positive coincident 
pulse, no signal appears across R. A small signal will appear if the anti- 
coincidence counter alone delivers a pulse. 

Finally, it is often desirable to record delayed coincidences, i.e., the 
occurrence of pulses which follow each other systematically within a 
short time interval. Thus, for instance, a radioactive beta-decay might 
lead to an excited state of the final nucleus (isomer) with a subsequent 
transition to its ground state under emission of a gamma-quantum. The 
lifetime of the excited state may be quite short and consequently may 
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elude a direct determination. However, gamma-quanta, usually highly 
internally converted, are thus emitted in a short time interval following 
each emission of a beta-particle. By a measurement of the number of 
“coincidences” as a function of the delay between beta- and gamma- 
rays, the lifetime of the excited state can therefore be determined. For 
delays in excess of 10 Msec the simplest method (H9) consists in starting 
the square pulse of a univibrator by the first counter pulse. The positive 
square pulse can be differentiated by a simple RC network, and the 
delayed negative signal of the trailing edge is then fed, together with the 
pulse of the second counter, to an ordinary coincidence circuit. The 
delay is varied by varying the duration of the uni vibrator pulse. 

For shorter delays, of one to several microseconds, Rossi and Nereson 
(R7) have described a circuit which allows the recording of the time 
interval between the occurrence of a pulse in one counter C x and the 
occurrence of a subsequent pulse in a second counter C 2 . The output 
signal has an amplitude roughly proportional to this time interval. The 
basic circuit is schematically shown in Fig. 47a. Normally T x and T 3 
are conducting and T 2 is non-conducting. The occurrence of the primary 
pulse in counter C x will render T 3 non-conducting, whereupon the 
capacitance C is charged through R 2 and the diode D. Since point d is 
kept at ground potential by the diode, the potential of point c will rise 
exponentially, essentially with a time constant R 2 C t until T 2 is rendered 
conducting by the occurrence of the delayed pulse in counter C 2 . Since 
the negative charge induced at d cannot flow off instantaneously through 
the diode, the potential of point d will become negative by an amount 
equal to the change of potential at point c. Denoting by V 0 the potential 
difference across T 3 , in the quiescent state, by E the plate supply volt¬ 
age, and assuming negligible voltage drop across D, the potential V c of 
point c will, after occurrence of the primary pulse at t = 0, rise according 
to 


V c = E - (E - V 0 )e~ ,,R ' c 


If the second pulse occurs in C 2 at a time T, the potential at c will drop 
to V 0 and the pulse appearing at d will have a magnitude 

Vi = (E — F 0 )(l - e - it+T)/R ' c ) (45) 


and will therefore be approximately proportional to T for 8 T R 2 C. 
Figure 47b shows schematically the time dependence of the potentials 
of points a, b, c, d f and e. The individual time delays can therefore be 
simultaneously recorded by photographing the pulses displayed on an 
oscilloscope or by a multichannel differential discriminator. 
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6. Modulated Recorders. For the determination of the energy of 
slow neutrons the time-of-flight method is often used. For measure¬ 
ments of this type the source of neutrons is modulated in such a manner 
that particles are emitted only for a short time interval r. The neutron 
detector is likewise sensitive only for a similar short interval r (B2, Rl, 



Fig. 48b. Sequence of voltage pulses. 


B16). If a time T elapses from the instant particles are produced until 
the detector becomes sensitive, and if the detector is located at a distance 
L from the source, the recorded particles have a velocity v = L/T, with 
a relative uncertainty of approximately ±r/T. This sequence of events 
can be repeated at a suitable repetition rate. The repetition frequency 
v has to be chosen in such a manner that particles having originated 
during the previous cycles with times of flight equal to T + n/v are very 
much less numerous than those with a flight time T. The modulation 
of the source is usually obtained by applying square voltage pulses to 
the ion source or to an electrostatic deflector, if the neutrons are pro- 
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duced by accelerated charged particles (B2, HI). The various signals 
can be obtained in the following manner. First, the sinusoidal voltage 
with frequency v produces a sharp signal, which in turn operates two 
univibrators. The square wave of the first of duration r provides the 
modulation for the source. The square wave of the second univibrator 
of duration T is differentiated, and the sharp pulse caused by its trail¬ 
ing edge initiates a third univibrator. Its square wave of duration r 
provides the sensitive interval for the recording instrument. In order 
to record only those pulses from the detector with a time delay T, the 
output pulses of the amplifier and the second square pulse are fed to a 
coincidence circuit. A block diagram and the time sequence of the 
various events are shown in Figs. 48a and 48b. 


D. Integrating Instruments 

Quite frequently it is of interest to determine the rate of emission of 
particles. Instead of observing the number of individual pulses in a 
given time interval, a counting rate meter may perform this operation 
or the average ionization current over an extended period of time may be 
measured by means of an amplifier with a very low cut-off frequency 
(d-c amplifier). The input of the amplifier is connected across a resistor 
between the electrodes of the detector. This resistor should be of such 
magnitude that the R 0 C 0 constant of the input circuit is small compared 
to the time interval during which the rate of emission of particles is 
determined. Electrometers, instead of d-c amplifiers, have been widely 
used and are often still preferred. 



1. Counting Rate Meter. The counting rate meter determines the 
rate of occurrence of pulses, irrespective of their size, after they have 
been amplified by a conventional amplifier. The output pulses of the 
amplifier are transformed into square pulses of exactly equal magnitude 
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and roughly equal duration. Usually these square pulses are derived 
from a uni vibrator. The basic circuit (El) of the counting rate meter 
itself is shown in Fig. 49. It will be assumed that the plate resistance 
of the diodes D x and D 2 and the internal resistance of the square pulse 
generator are so small that the final value of the voltage difference across 
capacitors C\ and C 2 is always reached in a time short compared to the 
duration T of the square pulse. The pulse height V 0 shall be large com¬ 
pared to the output voltage V across C 2 , which shall be much larger than 
Ci. The rate of occurrence of pulses n 0 will be small compared to 1/7*. 
Each square pulse will produce a voltage V at the output of the form 




-i/RCt 


If no is the rate of occurrence of pulses, the average value of V and its 
rms fluctuation will be 


V - noCtRVo (l ± ^===) 


(46a) 


or the average current through R 


7 ~n°C>V 0 (l±^==) 


(46b) 


Thus the measure of 7 by a current meter or the measurement of V by 
a high-impedance voltmeter will determine the counting rate. 

2. Direct-Current Amplifiers. The construction of multistage d-c 
amplifiers offers one particular difficulty caused by the direct coupling 
of the grid to the plate of the preceding stage, if the usual design of RC 
coupled amplifiers is carried to the limit of zero low-frequency cut-off. 
This difficulty, which would make separate plate voltage supplies for 
each stage necessary, can be overcome by a modification of the coupling 
scheme or the conversion of direct into alternating voltage. 

(a) Direct-Coupled Amplifier. The basic circuit for direct coupling 
of Brubaker and of Ginzton (B19, G2) is shown in Fig. 50. The voltage 
supply Ei -f E 2 , common to all stages, has an intermediate tap point 
connected to all the cathodes. The resistor network RiR 2 R 3 is designed 
in such a manner as to make the grid voltage of the subsequent stage 
equal to the desired negative bias for the quiescent state. It should be 
noted that a loss of gain is incurred, since the voltage change at the 
grid of the subsequent stage is smaller than the voltage change at the 
preceding plate. For pentodes the plate resistance can be assumed to 
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be very large, and the amplification G of one stage becomes 



0M 


RiRt 


R\ + #2 + R 3 


(47) 


where g p is the transconductance of the tube. For a conventional RC 
coupled amplifier using the same plate load and grid resistors, R x and 
R3, respectively, the gain would be 


G 


R1R3 

°“ * 1 + r 3 


Let V p be the quiescent plate voltage, I p the plate current, E 0 = E x -f 



E 2 the total supply voltage, and V B the bias voltage of the grid. The 
value of R 2 is then given by 


and 


R _ (ft, + ft 3 )-Op- Vb) 

Eo — V p 4 - Vb — IpRi 

Ei = Ri(E 0 + V B ) + R 3 (V P + I P R X ) 
Eo E 0 (Ri + R 3 ) 


(48) 

(49) 


These two relations determine the bridge circuit for a given set of tube 
constants and given values of plate and grid resistor. 

For very small input voltages a considerable difficulty in the operation 
of d-c amplifiers is caused by drifts of the first tube. These drifts are 
the result of random changes of the cathode characteristics, heater 
current fluctuation, and the like. DuBridge (D4) has described a 
circuit in which two identical tubes form two arms of a Wheatstone 
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bridge and thus eliminate any drifts affecting both tubes alike and 
simultaneously. Miller (M4) obtains the same result by some sort of 
feedback arrangement, using a double triode as shown in Fig. 51. If the 
emission current of both tubes changes b} r Ai 0 , analysis of the circuit 
shows that the actual variation of the plate current of the first tube is 
proportional to 

Aio-(l - g M R 2 ) 

where g? is the transconductance of T 2 and T x . For R 2 = l/g? the drift 



Fig. 51. Miller compensation circuit. 


can be completely compensated. The incorporation of the Miller circuit 
involves a small loss in voltage gain. 

For the amplification of very small currents, /„ g l(r 10 am Pj ordinary 
amplifier tubes are not suitable because difficulties arising from positive 
grid currents are encountered. Moreover, input resistors have to be 
used which are much larger than the leakage of the grid terminal in 
ordinary tubes. Specially built so-called electrometer tubes, such as 
the General Electric pliotron FP54 or the VX41A of Victoreen, are 
suitable for the amplification of very small currents. DuBridge (D4) 
was able to detect currents of 5 X KT' 8 amp. Electrometer tubes 
operate at plate voltages below the ionization potential of any remaining 
gas in the tube. Low filament temperature prevents emission of photo¬ 
electrons from the grid. Noise considerations for such amplifiers are the 
same as outlined in Section 3 *2, and the noise level can be reduced only 
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by narrowing the band width of the amplifier. Negative feedback is 
also usually incorporated in d-c amplifiers, mainly to insure stability of 
amplification. A complete two-stage d-c amplifier (G2) with a voltage 
gain of about 70, based on the Brubaker circuit and employing the 
Miller input circuit and negative feedback, is shown in Fig. 52. 

(b) Vibrating-Rced Electrometer. Direct coupling in d-c amplifiers can 
be circumvented by the conversion of the d-c voltage into a-c voltage. 
Devices of this type, which were developed by Palevsky, Swank, and 


/ Vo 



Grenchik (PI) and by Scherbatskoy, Gilmartin, and Swift (Si), are 
known as vibratmg-reed electrometers. The conversion from d-c to 
a-c voltage is accomplished by a condenser the capacitance of which is 
changed periodically by mechanical vibration of one of its plates The 
vibrations are excited by a solenoid fed with alternating current and 
acting on one of the condenser plates made of steel. 

The alternating voltage developed across the variable condenser C 
(Fig. 53) is amplified by a conventional RC coupled amplifier and can be 
reconverted to d-c voltage, for instance, by a so-called phase-sensitive 
detector consisting of a mixer tube operating similarly to the mixer in 
heterodyne c.rcuits (Fig. 54). The two control grids receive alternating 
voltages of the same frequency, one being the voltage which is to be 
converted; the other, of same frequency, can easily be derived from the 
source driving the condenser reed. The zero frequency beat amplitude 
is then proportional to the amplitude of the a-c signal. Since the size 
o the signal depends on the amplitude of vibration of the condenser 
plate, it is advisable to use the vibrating-reed circuit as a null instrument 
as shown schematically in Fig. 53. The compensating voltage V, is 

adjusted to zero output signal. Then the voltage across C is zero, and 
consequently 1 

Vi = IRo = V 0 
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The compensation of V e to nearly zero can also be accomplished by a 
negative feedback circuit, shown schematically in Fig. 55. The d-c volt¬ 
age Vi for unit feedback is 

Vi = GkV e 

where G is the a-c-d-c gain of the amplifier and mixer, V c the d-c con¬ 
denser voltage, kV e the alternating voltage across C. 


60 K 



and therefore 



kG 

~ 1 + kG IR ° 


and 



IRo 

1 + kG 


(50) 


For large values of kG, V x and V e approach the situation of complete 
compensation. If a charge q 0 instead of the current I has to be measured, 



Fig. 55. Compensation of vibrating-reed electrometer by negative feedback (PI). 


the input circuit has to be essentially capacitive. The irfyut resistor 
Ro should be large enough to prevent leakage of charge until the measure¬ 
ment is completed. If C 0 (Fig. 55) is the input capacity and q 0 the charge 
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y o - fr = g 0 = + q 2 

Co C 

Vi = kGV e V C =V 0 - Vi (51a) 

__ y = q ° 

C 0 + C/( 1 + kG) c C + C 0 (l + kG) 

V\ =-fi"_ 

c + Co(l 4- *G) 


and the effective input capacitance is 



C 0 + 


C 

1 + kG 


(51b) 


The variable capacitance C of a vibrating-reed electrometer has to 
be extremely carefully constructed. Changes in contact potential are 
avoided by gold-plating the highly polished steel plates and by sealing 
the unit into an air-tight container filled with argon. For the first 
amplifier tube a large grid leak is required to make the time constant 
of the coupling circuit large compared to the inverse driving frequency. 
Since this frequency is usually rather low, suitable non-microphonic 
tubes have to be selected and operated at low heater and plate voltages. 

Instead of a vibrating reed, a vibrating membrane, located opposite 
an anvil, may be used as variable condenser. For a reed-type instrument 
Palevsky et al. (PI) give the following characteristics: 


Driving frequency 60 cps 
Input resistance > 10 15 
Input capacitance = 40 nni 
Background current < 10 -16 amp 
Noise level 50 mv 

Sensitivity drift less than 0.2% in 24 hr 
Smallest voltage range: 0-10 mv it 0.1 


3. Electrometers. Electrometers for measuring ionization are still 
frequently used for rapid determination of radiation intensities and for 
the measurement of accumulated ionization, mainly in health survey 
instruments. One of the most simple, rugged, and nevertheless rather 
sensitive instruments is the Lauritsen electroscope (L2). It consists of 
an L-shaped wire mounted on an insulator and carrying a metalized 
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quartz fiber a few microns in diameter, as shown in Fig. 56, which is 
deflected if the system carries an electric charge. The assembly is 
enclosed m an aluminum container which also serves as ionization 
chamber. Ions produced within this volume will be moved by the electric 
hold between fiber and wall and will thus discharge the system. The 



16 -mm objective Window 



Fig. 56. Lauritscn electroscope (L2). (a) Suspension of fiber, (b) Electroscope 

with ion chamber. 


deflection of the fiber is observed through a microscope with a 16-mm 
objective and five-fold magnification eyepiece. The system is charged 
through a contactor to about 100 volts. Its capacity is about 0.2 g M f, 
the voltage sensitivity about 1 v/div. Sensitivity and position of the 
fiber depend only little on the orientation of the instrument. The 
leakage is so small that when protected from ionizing radiation the 
instrument retains its charge for months. The small physical size of 
the electrometer unit allows its use in connection with small thimble- 
type ionization chambers of 0.5-cm 3 volume as used in radiation do¬ 
simeters. 
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SECTION 4. TYPICAL CONSTRUCTIONS AND METHODS OF 
OPERATION OF COUNTERS AND CLOUD CHAMBERS 

A. Counters for Alpha-Particles and Protons 
1 . Determination of Number and Energy of Particles. If the source 
of alpha-particles or protons is a solid, the rate of emission and the 
energy of the particles can conveniently be determined with an ioniza¬ 
tion chamber of the plane parallel plate type. If it is desired merely to 
determine the number of particles, the chamber can be operated with 
electron collection without further complication, provided that the gas 
is sufficiently pure so that electron capture does not decrease the size of 
the pulse by a large amount. If only the part of the pulse due to the 
motion of the electrons is recorded, a monochromatic group of particles 
will produce pulses spreading in size over a certain region, as shown in 
Section 2B. The finite thickness of the source material will result in an 
additional spread of pulse size. For accurate quantitative determination 
of the number of particles, corrections for thickness of source and for 
back scattering of the particles should be considered. For thickness 
correction it will be assumed that a layer of thickness t deposited on one 
of the electrodes emits isotropically particles of equal energy at a uni¬ 
form rate. It will further be assumed that the active volume of the 
chamber, laterally bounded, for instance, by a guard ring as shown in 
Fig. 6, has a diameter large enough so that no particle traverses the 
lateral boundary. The recording instrument will be biased in such a 
way that all particles will be recorded which lose an energy larger than 
B within the active volume. The chamber will be so deep and the thick¬ 
ness t so small that all particles emitted perpendicularly to the surface 
will be recorded, irrespective of the depth x at which they originate. 
Effects due to electron collection will be neglected. If No is the number 
of particles emitted per unit time, the number of recorded particles N is 



•o(x> 

sin 0 dO 


where 6 0 (x) is that angle under which a particle can emerge from a depth 
x and still be recorded. If Sb is the range (measured in the active 
material) of a particle with energy B, and S 0 the full range of the particle 
(also measured in the material), 

x 


Sb = S 0 — 


cos 0 O 
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N 


irfi-—I 

2 L 2(So-Sb)J 


(52) 


The back scattering of the particles in the active material and its 
support causes an increase of the counting rate because particles are 
re ed into the ac,lve counlln g volume by multiple Rutherford scatter- 

mg The correction for this effect depends on the initial range .S' 0 , the 
residual range S B , and on the atomic number of the material of the 
e ectrode carrying the source. Values of this correction for heavy 
elements (gold) are found in (Nl). 

If not only the number of particles but also their energy distribution 
has to be determined, the depth of the chamber has to be larger than the 
maximum range °f the particles in the gas of the chamber. If electron 
collection is used, the pulse size distribution does not immediately give 
the energy distribution of the particles, since each monoenergetic group 
furnishes a band of pulse sizes. The effect of electron collection can be 
avoided by the insertion of a screen grid. The active material should 
be deposited on the negative electrode, and the screen should be located 
at such a distance from this electrode that no particle can reach the 
grid. A typical construction by Staub and Nicodemus of such a grid- 
type chamber is shown in Fig. 57 (CM). To avoid contamination of 
the gas, all insulators are made entirely of glass. The diameter of the 
active volume is limited by the guard ring of the collecting electrode to 
2 in. The grid electrode is located K in. from the collector and consists 
of a system of parallel copper wires 0.003 in. in diameter, spaced 0.06 in. 
apart and earned by a metal ring. The negative high-voltage electrode 
is located / 2 in. from the grid. Mechanical controls operated through 
sylphon bellows allow either one of the two carriers of active material 
to be put on the high-voltage electrode. Thus, comparison measure¬ 
ments or blank tests can be taken without opening the chamber. The 
lead-through insulators are standard Kovar-glass seals, and the stand¬ 
off insulators are sections of pyrex tubing, the ends of which are plati¬ 
nized and soldered to metal caps. The normal gas filling of the chamber 
consists of argon, krypton, or xenon at a pressure up to 10 atmos. Al¬ 
though the absence of organic materials probably prevents contamination 
of the gas, the chamber is usually operated in connection with a calcium 
punfier of the type described in Section 2A5. A maximum voltage of 
about 4000 volts is applied to the high-voltage electrode. The grid is 
kept at a maximum of about 2000 volts. 
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Fig. 57. Grid chamber (C4). 


uranium (Nl). The chamber was filled with argon to a pressure of 7.5 
atmos. The potentials for high-voltage and grid electrode were 2500 
and 1250 volts, respectively. The observed pulses were counted in 
intervals of a width indicated in the figure. Figure 58 shows clearly the 
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two alpha-particle groups of U 23 < and U 238 (energies 4.74 Mev and 4.18 
Mey respect, ve |y) extremely well resolved. It should be mentioned 
at the resolution of the two alpha-particle groups with this method is 
superior to that obtained by range measurements. It is also noteworthy 
that the intensities of the two groups are very closely the same, as 
would be expected from the fact that in the sample U 234 was in equi- 



Relative pulse height 

Fig/58. Distribution of pulses caused by uranium alpha-particlos as measured by 

chamber of Fig. 57 (Nl). 

librium with U 238 . The effect of the grid electrode is clearly shown by 
Fig. 59. In this figure the pulse size distribution of the monoenergetic 
alpha-particles of a very thin polonium deposit is shown. The chamber 
shown in Fig. 57, with the grid electrode removed, was used. The two 
distributions were taken with different gas pressures corresponding to a 
stopping power relative to air of 3.1 and 4.8, respectively. The figure 
shows how at the higher stopping power the decrease of the ratio of 
range-to-chamber depth results in a narrowing of the pulse size distribu¬ 
tion, as one expects from Eq. (15a). Since the alpha-particles are emitted 
isotropically and since, according to Eq. (15a), the pulse size P is pro¬ 
portional to 1 - const cos e, the distribution N(P) within the group 
should be constant: 


N ( 9 ) dO = N(P) dP « N(P ) sin 0 dO « N 0 sin 0 dd 

N(P) = const 



Constructions and Methods 


125 


Sec. 4A] 


The finite slopes of the band limits are caused by the finite resolution 
of the recording instrument. 

2. Range Measurements. Frequently the energy of heavy particles 
is determined by measuring their range. From the now rather accu¬ 
rately known range-energy relations the energy can be found from the 
range if the nature of the particle is known. Range measurements are 
usually made as comparison measurements with some known standards 



Fig. 59- Distribution of pulses caused by polonium alpha-particles in chamber of 

Fig. 57 with grid removed (Nl). 


such as U 238 (range in air at 15°C and 760 mm pressure, 2.68 cm), 
Po (S 0 = 3.84 cm), ThC' (S 0 = 8.53 cm), the ranges referring to “mean” 
range (cf. Part II). In a comparison measurement the pulses of the 
unknown sample and the standard are recorded as a function of the 
amount of material, usually a gas, interposed between source and 
detector. The two measurements are taken with the two samples at 
the same distance from the detector. The unknown sample and the 
standard should both be thin, i.e., their thickness should be very small 
compared to the range of the particles in the material, and the area of 
the sources should be approximately equal and its linear dimensions 
small compared to the distance between source and detector. Similarly, 
the detector should have dimensions such that the particles lose only a 
small fraction of their full range in the active volume. A typical arrange¬ 
ment (Nl), which uses as detector a very shallow ionization chamber, 
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(b) 

Fig. 60. (a) An arrangement for measuring the range of alpha-particles (Nl). 

(b) Counting rate versus gas pressure measured with apparatus of Fig. 60a. Polonium 
alpha-particles. Distance from source to chamber 2.84 cm. 
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is shown in Fig. 60a. The high-voltage electrode of the chamber con¬ 
sists of a highly transparent grid. Source and ionization chamber can 
be moved on a track to insure reproducible setting of their relative 
distance. The whole arrangement is enclosed in an air-tight container 
filled with argon and connected to a precision mercury pressure gauge. 
A typical curve of the counting rate versus pressure in the container is 
shown in Fig. 60b. If a comparison to a known standard is made, the 
mean range S x is obtained from the mean range So of the standard by 


High-voltage Aluminum High-volUge 

electrode 2 foil electrode 1 



comparing two similar points of the two curves. These points might, 
for instance, be the pressures p 0 and p x in mm Hg at 15°C for which 
the counting rate for standard and unknown sample have dropped to 
one-half of their respective maximal values. If d is the distance between 
sample and detector, the unknown mean range is 

S x ^So + d — - ^ 8 (53) 

760 

where s is the average stopping power of the gas at normal temperature 
and pressure, relative to air, for a range of the particle midway between 
S 0 and S x . Argon is particularly suitable for this type of range measure¬ 
ments because its stopping power is rather independent of the range of 
the particle over a considerable region. 

If the radiation of the sample under investigation contains particles 
of different ranges, it is convenient to use a differential detector, sche¬ 
matically shown in Fig. 61. In this arrangement, consisting of two 
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adjacent shallow ionization chambers with a common collecting elec¬ 
trode, a sizable pulse is obtained only if the particle is stopped in 
the front chamber. If with the arrangement of Fig. 60 the dependence 
of the counting rate on the distance D is measured, it will have the 
character of a differential curve, exhibiting groups corresponding to the 
various ranges present in the source. 



Fig. 62. Plane parallel plate chamber for observing reactions in gas volume (H13). 


3. Disintegrations in the Gas of the Detector. Heavy particles may 
often originate in the gas of the detector, and the number and energy 
of these particles have to be determined. This might, for instance, be 
necessary in investigating reactions of the (n, <*), (n, p), or ( 7 , p ) type, 
whereby the particles originate in the gas filling of an ionization cham¬ 
ber or proportional counter, irradiated by neutrons or gamma-rays. 
The advantage of this method is found in the fact that the thickness 
of the source, i.e., the active volume of the detector, can and should be 
very large compared to the range of the particles. Ionization chambers 
for this purpose may be of the plane parallel plate type or of the cylindri¬ 
cal type. A typical ionization chamber of the plane parallel plate type 
used in the study of (n, a) and (n, p) reactions (H13) is shown in Fig. 
62. The chamber can be filled to pressures of about 15 atmos. In order 
to obtain reasonably fast-rising pulses with ion collection, collecting 
potentials up to 10 kv are applied. More recently (M3) a similar 
chamber has been described which can be used at high temperatures 





Constructions and Methods 


129 


Sec. 4A] 


(« 300 °C) to obtain a dense atmosphere of vapors of small vapor 
pressure at room temperature, as for instance CC1 4 . 

For the determination of the rate of emission of particles from the 
counting rate and the energy determination from the pulse size, cor¬ 
rections have to be made for the wall effects and for the effects of electron 
collection if the detector is operated in this manner. Let it be assumed 
that a chamber has an active cylindrical volume of length L and radius 
b and is used to determine the number of particles from the number of 
pulses above a certain size. The effects of electron collection will be 
disregarded by assuming that positive ions and electrons are collected 
or by assuming that the detector is a proportional counter, since for 
sufficiently large gas multiplication the pulse size is independent from 
the point of origin of the ionizing particle. The counting rate N is smaller 
than the rate of emission N 0t because some of the particles will impinge 
on the boundary of the active volume without producing sufficient 
ionization to be counted. If it is assumed that the range S 0 of the 
particles is small compared to the linear dimensions of the detector and 
that the distribution of particles is isotropic, the counting rate N is 
given by 


N 



—) 
2 L) 


(54) 


where Sb is that portion of the initial range S 0 which must lie within 
the active volume of the detector in order to produce a pulse equal to 
the bias energy B of the discriminator. Thus, if Uq is the initial energy 
of the particle and S(U) its range for an energy equal to U, 

Sb = So — S(Uo — B) (54a) 

Of the two correction terms in Eq. (54) the first represents the loss at 
the lateral boundary, the second the loss at the end faces. If the lateral 
boundary of a plane parallel plate chamber is formed by a circular guard 
ring, an additional correction of opposite sign, accounting for particles 
entering from the guard ring volume, is necessary. If electron collection 
in detectors of the above type is used, the counting rate is further de¬ 
creased, since pulses caused by ionization in the neighborhood of the 
positive electrode may be too small to be counted. If the range of the 
particles is very small compared to the linear dimensions of the chamber, 
the ionization by a particle can be assumed to be concentrated in a 
point. Let N 0 particles of equal energy originate uniformly in the 
active volume of a plane parallel plate chamber. The discriminator will 
record all pulses of a size larger than P B . If P 0 is the maximum pulse 
size caused by particles originating in the immediate vicinity of the 
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negative electrode, the number of recorded pulses N is 


[Pt. I 


(55a) 


if only the effects of electron collection are considered. It should be 
remembered (cf. Section 2B4) that, if the lateral boundary of the 
chamber is formed by a circular guard ring, additional effects are intro¬ 
duced by electron collection. For a cylindrical chamber with an outer 
negative electrode of radius b and an inner positive electrode of radius 
a, operated with electron collection, the counting rate is 


if Pb/Po « 1. 


l P 0 (b 2 /a 2 ) - 1J 


Collecting: electrode 1 


(55b) 
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Fig. 63. Coincidence proportional counter for high-energy particles (Nl). 
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4 . Coincidence Counter for High-Energy Particles. For the detection 
of highly energetic charged heavy particles a coincidence arrangement, 
shown in Fig. 63, is frequently used (Nl). It consists of two or more 
proportional counters or ionization chambers in coincidence. This 
arrangement is highly directional, since a particle can be recorded only 
if its path lies within the solid angle delineated by the openings of the 
counters. If, for instance, high-energy protons have to be detected in 
the presence of a strong radiation of neutrons, it is often found that the 
pulses caused by neutron recoils in the gas of the detector might be 
considerably larger than those of the protons. If, however, a heavy gas 
like argon is used in the detector, the range of the recoils is very much 
smaller than that of the protons and an absorber interposed between the 
two coincidence counters will eliminate pulses caused by recoils. By 
increasing the thickness of the absorber until the coincidences disappear, 
the range and thereby the energy of the protons can be determined. The 
two counters should be well shielded against each other and the absorber 
by grounded foils or screens placed between counter and absorber. 


B. Neutron Detectors 

Since neutrons do not ionize directly when passing through matter, 
their detection has to be accomplished indirectly, i.e., by detecting the 
ionization caused by secondary particles. The secondary particles 
might be recoils projected by elastic impacts of neutrons on nuclei, 
charged disintegration products resulting from (n, p) or (n, a) reactions, 
fragments of neutron fission processes, or beta-particles emitted by nuclei 
after having undergone a neutron reaction. 

1. Recoil Detectors. If a neutron of energy U 0 in the laboratory 
system collides elastically with a nucleus of mass number M originally 
at rest in such a manner that the recoil is emitted under an angle 0 with 
respect to the original direction of propagation of the neutron, the 
energy U of the recoil particle is 

4 M 

u = Uo lFTT ? cos29 (56) 

This expression is non-relativistic, i.e., it holds if U is small compared 
to the rest energy of the neutron. If <r c (<t>) is the differential cross section 
per unit solid angle in the center-of-mass system for an elastic collision 
in which the particles in the center-of-mass system are deflected by an 
angle </>, the number dN of recoils projected by N 0 neutrons between 
the angles 0 and 0 + dd in the laboratory system is given by 
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where n is the number of scattering nuclei per unit area. For an elastic 
collision the angles 0 and 0 are related (non-relativistically) by 


x - 0 

9 = — (57) 

By observing the number dN of recoils having energies between U and 
U + dU one obtains, by combining the three relations above, 

dN = N(U) dU = irNonocd) ^ (58) 

where Up' is the maximum energy which the recoil obtains in a head-on 
collision in the laboratory system: 


w -<ir+ W v ° "-‘'"'“I 

The observation of the energy distribution ol recoils, i.e., the number of 
recoils of energy U per unit energy interval, therefore gives directly the 
angular dependence of the scattering cross section in the center-of-mass 
system. 

Most neutron recoil counters are operated with protons as the recoil 
particles. The reason for this is that, first, the scattering of neutrons on 
protons is isotropic in the center-of-mass system (a c independent of 0 ) 
for a large range of neutron energies up to about 10 Mev; second, the 
energy of the proton recoils is larger than for any other particle, since 
M = 1 and therefore U 0 ' = Uq\ third, the dependence of the cross 
section on the energy is very well known (cf. Volume II, Part VII), and 
the cross section itself is relatively large. If raonoenergetic neutrons of 
energy U 0 < 10 Mev impinge on a hydrogenous substance, the distribu¬ 
tion of proton recoils is given by 


N(U) = 


N 0 rur 

~u7 


where a is the total scattering cross section. The recoils are therefore 
uniformly distributed over the energy range from zero to Uq. If the 
neutrons are not monoenergetic so that N 0 (U 0 ) neutrons per unit energy 
interval have an energy Uq, the distribution of the recoils is given by 


N(U) 




iU 0 )N 0 (U 0 ) 


dU 0 

Up 


(59) 
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and the neutron spectrum is obtained from the proton recoil spectrum 
by the relation (B3) 


N 0 (Uo) = 


dN U 0 
dU 0 na(Uo) 


(59a) 


Another, more direct, method (B13) for determining the neutron energy 
consists in observing only proton recoils scattered in a small solid angle 
in the forward direction 0 = 0. Multiplying their distribution by 
\/a(Uo) gives the neutron spectrum directly. 

The hydrogenous material, yielding the proton recoils, can be used in 
gaseous or solid form, and electron or ion collection can be employed if 
the effects of target thickness, wall effects, and effects of electron collec¬ 
tion are properly taken into account. Recoil ionization chambers are 
suitable for the detection of neutrons with energies from about 0.5 to 
3 Mev. By using gas multiplication, neutrons with energies as low as 
35 kv have been detected by the recoil method (F6). 



Fig. 64. Pulse distribution of proton recoils from monoenergetic neutrons of 0.8 Mev 
and 1.3 Mev measured with chamber of Fig. 57 (Nl). Solid curve calculated by 
taking into account finite thickness of radiator and finite resolution of discriminator. 


A detector suitable for use with a solid recoil radiator is the plane 
parallel plate chamber with grid shown in Fig. 57. The solid radiator is 
placed on the negative high-voltage electrode. The dimensions of 
radiator and chamber should be such that no proton enters the part 
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below the grid or approaches the lateral boundary formed by the guard 
ring. The radiator should be very thin compared to the range of the 
forward recoil protons. If operated with electron collection, the recoil 
spectrum should be of the form given by Eq. (59), except that the pro¬ 
tons lose a fraction of their energy in the passage through the radiator, 



0 0.2 0.4 0.6 0.8 1.0 


Pulse height (Mcv) 

Fig. 65. Pulse distribution of proton recoils projected by monoencrgetic neutrons 
from a thin hydrogenous foil placed on the negative electrode of a plane parallel 
plate ehamber and using electron collection. Depth of chamber 1.4 cm. 6.7 atmos 
of argon, 173 Mg/cm 2 glycerol tristearate. Dotted curve is calculated by neglecting 
finite resolution of discriminator; solid curve calculated by taking into account 

resolution as indicated (Nl). 

depending on their point of origin and direction. It is therefore im¬ 
portant also that the neutrons have a somewhat defined direction of 
incidence essentially perpendicular to the plane of the radiator. As 
materials for the radiator, paraffin, glycerol tristearate, and polyethylene 
are suitable. Thin layers of the first two substances can be obtained by 
evaporation; polyethylene is available in very thin foils, which might 
have to be thinly coated by a conducting layer of Aquadag or evaporated 
metal. For the computation of the effects of the finite thickness of the 
radiator, accurate values of the stopping power of the various com¬ 
ponents are found elsewhere (cf. Part II). A typical recoil proton dis¬ 
tribution curve obtained with the chamber of Fig. 57, irradiated by 
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monoenergetic neutrons of about 0.8 and 1.3 Mev, is shown in Fig. 64. 
The solid lines are distributions calculated by taking into account the 
known radiator thickness and the finite interval width of the recording 
discriminator. It should be particularly noticed that the finite thickness 
of the radiator reduces preferentially the number of recoils of low 
energies scattered at large angles. 

If the grid in a chamber of the above type is omitted, the recoil dis¬ 
tribution is changed by the effects of electron collection. Forward 
recoils are mostly affected while recoils emitted at large angles change 
their size but little, since their entire track length is located close to the 
negative electrode. If it is merely desired to determine the number of 
incident monoenergetic neutrons, this value can be obtained by inte¬ 
grating the recoil distribution curve after correcting for radiator thick¬ 
ness. The total number of recoils is not affected by electron collection. 
A typical distribution curve taken with a plane parallel plate chamber 
without grid and a radiator of 173 ji^/cm 2 , irradiated perpendicularly by 
neutrons of 1.0 Mev, is shown in Fig. 65. The effect of electron collec¬ 
tion, which consists essentially in moving the largest pulses toward 
smaller size, can be seen very clearly. The directional sensitivity of this 
chamber is very marked. If the chamber is oriented with the active 
volume instead of the radiator facing the neutron source, the counting 
rate is reduced to about 2 percent. These counts are presumably 
caused mostly by hydrogenous contamination of the metal parts. 

If the hydrogenous material is contained in the gas filling of the detec¬ 
tor, the efiects of electron collection complicate the recoil distribution 
considerably, unless ionization chambers with cylindrical electrodes 
with very large ratio of diameters (cf. Section 2B3) or proportional coun¬ 
ters are used. In addition, wall efiects have to be considered. Since 
the wall effects depend on the ratio of the particle range to the dimensions 
of the chamber, the gas should have as high a stopping power as possible. 
This might be accomplished by the use of some heavy hydrogenous 
organic compound, ethane or methane for example. If ion collection is 
employed, these gases are not satisfactory, since the mobility of positive 
ions, particularly at very high pressures, is quite small. It is therefore 
preferable to use a mixture of hydrogen and a heavy noble gas like 
argon, krypton, or xenon. An ionization chamber of this type with ion 
collection used for detection of recoils projected by neutrons of 2.5 Mev 
(B5) is shown in Fig. 66. The active volume, 8 cm in diameter and 8 cm 
in height, is subdivided by three electrodes. Two of these electrodes are 
of the guard ring type and connected in parallel to serve as collecting 
electrodes, and the third one, together with top and bottom plate, forms 
the high-voltage electrode. The three inner electrodes are screen 
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structures of high (92 percent) transparency. They are made of 0.25-mm 
fuse wire, 6 mm apart. The chamber is filled with a mixture of 5 atmos 
of krypton and 4 atmos of hydrogen. A proton of 2.5-Mev energy has 
a range of 1.2 cm in this mixture, and the wall effects are therefore quite 
small. Although the spacing of the electrodes is only 2 cm and although 
a potential of 7500 volts is applied to the high-voltage electrode, the 
collection time for positive ions is so large that the clipping time of the 
amplifier has to be sec to avoid distortion of the pulses. A proton 



E0 Iron 

Fig. 66. Gas recoil ionization chamber (B5). 


recoil distribution curve, obtained with this chamber, is shown in Fig. 
67. The crosses represent measured points; the bars indicate the same 
points corrected for wall effects and finite transparency of the inner 
electrodes. 

Gas recoil chambers for high-energy neutrons always have to be 
enclosed in very substantial containers to withstand the high gas 
pressure. It should be emphasized that proper consideration should be 
given to the effects of these large masses upon the spectral distribution 
of the neutrons, primarily caused by inelastic collisions. A construction 
similar to that of Barshall and Kanner, but with considerably shorter 
collection time, is described in (Nl). The shorter collection time is 
obtained by using less transparent screens and a larger number of inter¬ 
mediate electrodes at smaller distance. The reduced transparency, 
however, results in a bigger distortion of the recoil distribution. Nu¬ 
merical values for wall effect and transparency correction for this 
chamber are also presented in (Nl). 

The gas recoil detectors so far discussed have one disadvantage in 
common. If it is desired merely to determine the flux of neutrons 
impinging on the detector from the rate of recoil protons, the measure¬ 
ments have to be corrected for wall effects caused by particles which 
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strike the boundary of the active volume and thereby produce pulses 
within this volume which are too small to be counted. On the other 
hand, additional pulses arise from recoils originating in the gaseous 
volume around the guard ring. An interesting method which circum¬ 
vents this disadvantage was developed by the British T.A. Project 
(Nl). The detector is an integrating ionization chamber (Fig. 68) filled 
with ethylene, C 2 H 4 . The walls of the chamber are coated with poly¬ 
ethylene, (CH 2 )n» a polymer of the gas. This layer is made conducting 
by a thin coating of silver. The ionization current per unit volume of 



Fig. 67. Pulse distribution of proton recoils measured with chamber of Fig. 66 
irradiated with monoenergetic neutrons of 2.56 Mev (135). 


gas for a given flux <f> of monoenergetic neutrons of energy £/ 0 impinging 
on the detector is given by 

1 = y Z tuVMUo) (60) 

Jo i 

where n* is the number of atoms of kind i per unit volume of the gas; 
Vi the average energy of the recoils of this kind; <r*(C/ 0 ) the total cross 
section for scattering of neutrons of energy U 0 on nuclei of kind i; I 0 
the average energy spent in the production of one ion pair. Since wall 
and gas filling have the same chemical composition and since n, is simply 
proportional to the density of the material, whereas the path of a recoil 
per unit energy loss is inversely proportional to the density, it follows 
that the ionization current per unit volume of the gas is the same for a 
chamber of finite dimensions as for an infinitely large chamber. The 
detector is therefore free from wall effects. Since ethylene contains 
carbon in addition to the hydrogen, the ionization current is caused by 
recoil protons and recoil carbon nuclei. Moreover, neutron radiation is 
very often accompanied by intense gamma-radiation causing additional 
ionization. The current caused by gamma-rays and carbon recoils can 
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be eliminated if an identical chamber filled to the same pressure with 
deuterium ethylene and coated with deuterium polyethylene is connected 
to the hydrogen chamber in such a manner that the difference of the two 
ionization currents caused by the same radiation flux is measured. 



Fig. 68. Integrating gas recoil ionization chamber without wall effects (Nl). 

Since <t >, /o, and the currents caused by gamma-radiation are equal for 
both chambers, the difference of the currents per unit volume is 

71 H _ 

A/ = e<t> — IUh<th(L o) — Ud(7d(Uo)] (60a) 

Jo 

where the subscripts H and D refer to hydrogen and deuterium, respec¬ 
tively. The total cross sections <j\\ and a n are well known for neutron 
energies up to 6 Mev (cf. Part VII of Volume II). If the scattering is 
isotropic in the center-of-mass system, for protons and deuterons C7 h 
and V d are 

V H = -Uo Ud = -Uo 

h y 
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and the difference in ionization current is therefore a direct measure for 
the neutron flux. 

Although the scattering of neutrons on protons is isotropic up to 
energies of 10 Mev, this is by no means true of deuterons. In fact, it 
is known that neutrons of energies as low as 2.5 Mev show a considerable 
anisotropy of scattering, which should be taken into account. If no 
ionization by radiation other than that of neutrons occurs, the value of 
<f> might be deduced from the ionization current /» of the hydrogen 
chamber alone. The scattering cross section of carbon is known to be 
much smaller than that of hydrogen, and anisotropy of scattering on 
carbon will therefore affect the measurements less seriously. 

2. (n, a) and ( n t p ) Neutron Detectors. The determination of neutron 
energies from the energy of recoils requires, as shown in Section 4B1, 
either the selection of recoils within a narrow angle—usually around 
0 = 0 or the differentiation of a differential bias curve. In principle, 
the observation of the energy of the disintegration products of an (n, a) 
or (n, p) reaction would yield the desired result more directly. Let U 0 
be the energy of the incident neutron and Q the reaction energy, and let 
the reaction take place in the gas of a chamber with ion collection. If 
wall effects are neglected and if /„, the average energy for the production 
of an ion pair, is independent of the energy and nature of the ionizing 
particle, every disintegration process will yield a charge q on the collect¬ 
ing electrode which, if a single Q value is assumed, is given by 

Q = f (U 0 + Q) (61) 

independently of the direction of the incident neutron and the direction 
of the emission of the reaction products. If a(U 0 ) is the total cross 
section for the reaction and No(L 0 ) is the number of neutrons of energy 
Uo per unit energy interval, then N(P), the number of pulses of size P 
per unit pulse size interval, is proportional to 

N(P) * N 0 (Uo) a(U 0 ) 

The pulse size is directly proportional to U 0 if the absolute value of Q 
is sufficiently small. For the determination of a neutron spectrum it is 
therefore necessary to know <r(t/ 0 ) accurately. The cross section should 
not exhibit any rapid variations with energy, as, for instance, sharp 
resonances, and should be reasonably large. Unfortunately, as Table 
10 shows, none of the commonly known reactions satisfies all these 
requirements. Consequently none of them has been used for the purpose 
of neutron spectroscopy. 
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TABLE 10 



Q 

Thermal 
Neutron 
Cross Section 

Reaction 

(Mev) 

(10- 24 cm 2 ) 

3 Li 6 + on 1 — 2 He 4 + X H 3 

+4.63 

860 

5 B 10 + 0 n> - 2 He 4 + 3 Li 7 

+2.78J JV 

?N U + on 1 — jH 1 + e C M 

+2.34( (B14 > 

3830 

+0.63 (H14) 

1.75 

?N 14 + on 1 -* 2 He 4 + 5 B n 

-0.26 (B4) 



Neutron 

Resonance 

Energy 

(Mcv) 

0.27 

1.85 

0.49 

0.64 

1.43 

1.77 (B4) 
2.19 (Hi5) 
1.43 
1.77 
2.19 


For the detection of neutrons, however, particularly at low energies, 
where recoil methods fail, (n, a) and (n, p) reactions are highly suitable. 
Most commonly the reaction 5 B 10 (n, a) 3 Li 7 is used. Its cross section 
at thermal energies (neutron velocity 2200 m/sec) is 3830 X 10” 24 cm 2 
for pure B 10 and 740 X 10 -24 cm 2 for the ordinary isotopic mixture. 
The cross section has been shown to obey the l/v law up to energies of 
about 250 ev (Rl). The reaction is not monoenergetic (B14); the great 
majority of the disintegrations lead with a Q value of 4-2.31 Mev to an 
excited state at 0.48 Mev of the lithium nucleus, and only about 10 per¬ 
cent lead to the ground state of Li 7 with a Q value of +2.78 Mev. For 
thermal neutrons the range of the alpha-particle is about 0.8 cm, that 
of the lithium nucleus about 0.4 cm. Gaseous boron trifluoride usually 
is used as a filling for the detector. Brass, aluminum, and iron are 
suitable construction materials for a boron trifluoride chamber. How¬ 
ever, organic insulators should be avoided, glass or porcelain being very 
durable and satisfactory. If gaskets have to be used, neoprene is only 
slowly affected by boron trifluoride if as little gasket surface as possible 
is exposed to the gas. According to the figures given in Section 2A2, the 
electron mobility in BF 3 is very high, and proportional counters with 
large gas multiplication can easily be constructed. The probability of 
electron capture is unfortunately quite large, but it seems probable that 
the attachment is caused mostly by impurities. As a result of electron 
capture it is somewhat difficult to obtain with boron trifluoride pro¬ 
portional counters integral bias curves which show a wide plateau if the 
counter is large or filled to pressures of the order of 1 atmos. 
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For absolute measurements of neutron flux it is therefore more con¬ 
venient sometimes to use solid boron radiators in chambers filled with a 
noble gas. The operation of such a detector and the determination of 
the neutron flux follows the procedure outlined in Section 4A1. If a 
low bias is used, it should be kept in mind that the lithium particles 
might also be counted. Thin boron layers can be prepared by thermal 
decomposition of borane (B 2 C 6 ) on heated tantalum foils. 

A conventional boron trifluoride proportional counter useful for 
measuring the intensity of thermal neutron beams is shown in Fig, 69. 
No organic materials are used in the counter. The insulators carrying 



the high-voltage electrode consist of procelain, and the leads to the 
electrodes are introduced through the grounded shell by commercial 
Kovar-glass seals; a single fuse wire gasket seals the back plate to the 
outer shell. The active length of the counter is about 10 in., the diameter 
of the high-voltage electrode 2 in., and that of the collecting electrode 
0.007 in. The neutrons pass axially through the detector. The gas filling 
consists of purified boron trifluoride at a pressure of >4 atmos. Operated 
at a potential of 2600 volts, the gas multiplication is about 20. The 
bias curve does not show a very marked plateau if the pulses are amplified 
by an amplifier with a clipping time of 15 ^sec. This indicates a rather 
large probability for electron capture, since neither wall effects nor end 
effects are very large, although no particular care has been taken to 
define the counting volume by a suitable guard ring arrangement on the 
central electrode. If the counter is filled with boron trifluoride of the 
natural isotopic composition, its sensitivity to neutrons of thermal 
velocity (2200 m/sec), passing axially through the counter, is about 
0.22 disintegration per incident neutron. If the gas consists of isotopi- 
cally pure B F 3 , the sensitivity is about 0.72. Normally the counter 
is surrounded by a layer of boron carbide and cadmium and embedded 
in a large block of hydrogenous material, with the exception of an 
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opening at its front end. In this manner it is sensitive only to neutrons 
entering in an axial direction. 

A boron trifluoride ionization chamber of very high sensitivity (Xl) 
is shown in Fig. 70a. The cylindrical electrodes have diameters of 
234 in. and G in., respectively, and the active volume has a length of 
about 5H in. The chamber is filled to a pressure of about 1 atmos with 
highly purified boron trifluoride and operated at a potential difference 
of 4000 volts. A further increase of this voltage increases the size of 
the pulses only slightly. The bias curve obtained with this chamber in 
connection with an amplifier of 0.2 M sec rise time and 20 /isec clipping 
time is shown in Fig. 70b. The measured points agree very well with 
the integral bias curve which was calculated from Eq. (lob), perfect 
electron collection having been assumed and wall effects having been 
neglected. The chamber can be used as a highly sensitive detector of 
fast neutrons if it is embedded in a block of paraffin of about 20 by 20 
by 20 in. The sensitivity depends rather strongly on the location of 
the source and the energy of the fast neutrons, being highest if the 
source is placed on the axis of the chamber inside the hollow central 
electrode. Then the sensitivity is about 4.5 X 10“ 2 counts per neutron 
for a beryllium-yttrium source (E n = 0.16 Mev), 1.9 X 10“ 2 for radium- 
beryllium neutrons, and 1.3 X 10“ 2 for polonium-beryllium neutrons. 
Moving the source away from the axis into the paraffin decreases the 
sensitivity for low-energy neutrons more rapidly than for fast ones. 
If the source is placed at a distance of 5 in. from the axis, the sensitivity 
is equal and about 7 X 10 -3 counts per neutron for all three sources. 
This behavior is to be expected if one considers that neutrons of higher 
energy will be thermalized at distances closer to the chamber than those 
of low energies. The thermalized neutrons of originally higher energy 
will therefore have a better chance of entering the chamber, partly 
because the solid angle subtended by the chamber is larger and partly 
because the thermal neutrons have a smaller probability of being cap¬ 
tured. If the source is placed at still larger distances, the dependence 
of the sensitivity on the energy of the primary neutrons is inverted, being 
larger for higher primary energies. 

A detector for neutrons, which has a sensitivity essentially independent 
of the neutron energy over a wide range from 0.1 Mev to several Mev, 
has been developed by Hanson and McKibben (H3). It consists of a 
boron trifluoride proportional counter 12 in. in length and y 2 in. in 
diameter. The inner electrode has a diameter of 0.01 in. The counter 
is filled to a pressure of 40 cm Hg of boron trifluoride. At a potential of 
2700 volts the gas multiplication is about 10. The uniform sensitivity 
to neutrons of different energy is obtained by embedding the counter in 
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Fig. 70. (a) High-sensitivity boron trifluoride chamber (Nl). (b) Bias curve of 

chamber shown in (a) (Nl). 
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a paraffin block of suitable shape and dimensions, as shown in Fig. 71a. 
The neutron source is placed at a distance of 1 meter from the front end 
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Fig. 71. (a) Uniform sensitivity neutron detector (H3). (b) Sensitivity of detector 
in (a) for neutrons of different energy (H3). 


of the apparatus, as far away from scattering materials (floor and walls) 
as possible. The front of the counter is protected from direct thermal 
neutrons by a cadmium shield. The outer layer of paraffin and the 
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boron trioxide shield prevent stray neutrons from reaching the detector. 
Neutrons entering the paraffin block in front are thermalized in the 
paraffin, and they diffuse laterally into the detector. If the detector and 
the paraffin block are sufficiently long and the source sufficiently far 
away, all the neutrons regardless of their initial energy are eventually 
thermalized and contribute to the counting rate in proportion to their 
primary intensity. This does not hold for neutrons of very low initial 
energy, since they are thermalized very closely to the front end and 
therefore have a better chance of escaping through the front face of the 
paraffin block. If, on the other hand, the counter is relatively short, 
the sensitivity is smaller for high-energy neutrons. By a suitable choice 
of the length and an arrangement which offers neutrons of low energy a 
better chance to enter the detector, the desired uniform response for 
neutrons of different energies is obtained. The sensitivity for neutrons 
of low energies is increased by drilling a set of eight holes 1 in. in diameter 
and 3 Vi in. deep into the paraffin, as shown in Fig. 71a. Figure 71b 
shows the dependence of the sensitivity on the neutron energy for such 
an arrangement with a small source placed on the axis of the detector 
1 meter from its front face. The sensitivities were measured with 
sources of accurately known strength. The data at 0.023 and 0.16 Mev 
were obtained with monochromatic photoncutrons from antimony- 
beryllium and yttrium-beryllium sources, at 1.2 Mev from the Li(p, n) 
reaction. For the points at 0.4 and 2.2 at 5 Mev complex neutron spectra 
were used, and the average energy ascribed to them might be somewhat 
doubtful. This is particularly true for the average energy of 5 Mev of 
the radium-beryllium neutrons. Figure 71b shows, however, quite 
clearly that the sensitivity of such a detector is rather uniform for 
neutrons of energies ranging from about one-tenth to several Mev. 

3. Fission Detectors. Often the detection of neutrons by fission 
processes offers considerable advantages over the methods based on 
(n, a) or (n, p) reactions. In the first place, the ionization pulses caused 
by fission fragments are very large and of relatively short range, and 
consequently gas multiplication or a large amplification of the signals is 
unnecessary and rather shallow detectors can be used. Secondly, the 
different “thresholds” of fissionable materials allow, to a certain extent, 
differentiation between neutrons of different energies. In Table 11 some 
materials suitable for fission detectors, their threshold values, and, 
if the materials are alpha-active, their half-lives, the range and energy 
of the alpha-particles, and the rate of alpha-particle emission are listed. 
For very high neutron energies (25 to 80 Mev) bismuth, lead, thallium, 
mercury, gold, and platinum were shown to be fissionable (K2). Of 
these materials bismuth shows the highest yield, which, however, for a 
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group of neutrons of 84 Mev average energy is still only about one- 
fiftieth of the yield of thorium. In connection with the values of the 
threshold energy given in Table 11 it is worth while to remember that a 


TABLE 11 


Materials for Fission Detectors (Nl, K2) 


Fissionable 

Fission 

Threshold 

Half-Life 

Itange of 
as (cm air 

Energy 
of a’s 

Number of 
a’s (fM*r 

Material 

(Mcv) 

(years) 

X.T.P.) 

(Mev) 

mg sec) 

wPu 239 

0.0 

2.4 X 10 4 

3.70 

5.16 

2.31 X 10 6 

98 Xp 2 * 7 

0.4 

2.2 X 10 6 

3.27 

4.77 

2.55 X 10 4 

92U 238 

1.1 

4.5 X 10 9 

2.68 

4.18 

12.4 

wl' 235 

0.0 

7.1 X 10* 

3.02 

4.52 

80.2 

9.Pa 231 

0.4 

3.2 X 10 4 

3.58 

5.05 

1.8 X 10 6 

90Tb 232 

1.17 

1.4 X 10 10 

2.77 

4.27 

4.15 

wBi 209 

>20 



• • • • 

The maximum range of a 

fission fragment in 

air at N.T.P. 

is about 2.5 cm. 


fission threshold does not represent a perfectly sharp limit. Energeti¬ 
cally the fission process is still possible for energies of the incident parti- 
cal below the threshold, but the probability for its occurrence decreases 
very rapidly below this point. 

The sensitivity of a fission detector in which the fissionable material 
is present in solid form is limited by the relatively short range of the 
fission fragments. Increasing the amount of material increases the 
sensitivity only if the material is spread into a layer of thickness smaller 
than the range of the fragments. Attempts to use gaseous fissionable 
compounds have so far been unsuccessful. Uranium hexafluoride, for 
instance, is an extremely corrosive gas, and it was found that free 
electrons are quite easily captured. In a fission detector in which the 
fissionable material is alpha-active this is a serious drawback, as the use 
of electron collection is imperative to insure high resolution. Solid 
material is therefore usually deposited in the form of a thin layer on a 
metal foil which commonly is directly attached to the negative electrode 
of an ionization chamber. Frequently such a chamber is of the multi- 
electrode type in order to obtain a large area over which the material 
can be spread. If the layer is of a thickness small compared to the range 
of the fragments and if the active volume of the chamber is sufficiently 
large so that all the fragments are stopped within this volume, reasonably 
flat bias curves can be obtained. For high values of the bias the curve 
will always drop off rather gradually, since the energies of the fragments 
spread over a considerable range. In order to determine from the 
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observed number of counts N the actual number of fissions No the loss 
of fission fragments in the material of thickness t has to be considered. 
If, as in Eq. (52), *S 0 is the average range of the fragments in the material 
and Sb is the range of a fragment of energy equal to the bias energy B, 


N = N 0 1- - - 

2(So - S B ) 


The factor 2 in Eq. (52) is omitted, since for each fission process two 
fragments are emitted in opposite directions. 

The amount of active fissionable material which can he distributed in 
a fission detector is ultimately limited by the resolution of the detecting 
system. If the rate of emission of alpha-particles becomes very large, 
a sufficient number of alpha-particle pulses will pile up within the resolv¬ 
ing time r of the detector and thereby produce a pulse the size of which 
becomes comparable to that caused by a fission fragment. If N 0 is the 
number of alpha-particles emitted per unit time, the rate of output- 
pulses N(n) containing n unresolved pulses is given by 


NM 


No (Npr )- 1 
1 -f N 0 r (n — I)! 6 


(03) 


where it is assumed that the pulses are of square shape. If it is merely 
desired to count the rate of fission pulses without measuring their ampli¬ 
tude, the piling up of alpha-particle pulses can be reduced very effectively 
by using a shallow chamber the depth of which should be a fraction of the 
range of the fission fragments. Since, contrary to the behavior of alpha- 
particles, fission fragments ionize most densely in the beginning of the 
range, a reduction of the depth of the chamber will reduce very mark¬ 
edly the ratio of the size of a pulse caused by an alpha-particle to that 
caused by a fission fragment. In such a shallow chamber more alpha- 
particle pulses have to be unresolved in order to produce a pulse of size 
equal to that of a fragment. In addition, eollimation of alpha-particles 
and fission fragments in a direction perpendicular to the active surface 
also favors the fission pulses. The eollimation can be obtained by plac¬ 
ing a suitable grid structure over the surface of the active material. 

A fission detector of very high sensitivity was developed by the Man¬ 
hattan Project (Nl). The two electrodes of its ionization chamber are 
lormed by two strips of aluminum foil coated with the fissionable 
material and rolled into two coaxial spirals. The two spirals are sepa¬ 
rated by insulating material at the edge of the metal strip to a distance 
of 0.01 to 0.02 in. The foils are coated with uranium oxide on both sides 
by applying with a brush a solution of uranyl nitrate in alcohol with 
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Fig. 72. Spiral fission chamber. The figure shows the components and the assembled chambers of different size (XI). 






Sec. 4C] Constructions and Methods 149 

some zapon lacquer added as a binder. After the coating has dried, the 
foils are heated for 3 hr to a temperature of 550°C. Thereby the lacquer 
is burned off and the uranyl nitrate converted into U 3 0 8 , which forms a 
hard and durable layer. The two coated strips, together with the in¬ 
sulating separators, are wound to a tight spiral. The separators might 
be removed after winding and the spiral be supported by applying a 
layer of sulfur or sealing wax to its ends. A detailed description of the 
procedure for preparing the spirals is found in (Nl). The completed 
spirals are mounted in a small container which, after thorough out- 
gassing, is filled with argon to a pressure of 5 to 14 atmos. The com¬ 
ponents and a completed spiral chamber are shown in Fig. 72. The 
capacitance of a spiral chamber is, of course, very high, usually about 
500 titf- Owing to the very small spacing of the electrodes, the necessary 
collecting potential is only about 135 volts. Electron collection is used, 
and the observed pulses have a rise time of about 0.2 ^sec. The pulse 
duration can therefore be made quite small. This is, of course, essential 
to avoid piling up of alpha-particle pulses, which are very numerous 
since large amounts of material are used in this type of chamber. 

C. Detectors for Beta- and Gamma-Rays 
1. Geiger-MUUer Counters. These are the most commonly used de¬ 
tectors for beta- and gamma-rays, although they tend to be replaced, 
especially for gamma counting, by scintillation detectors. A counter for 
moderately hard gamma-rays is the simplest instrument of this type. 
Its walls can be quite thick without absorbing a noticeable fraction of 
the gamma-quanta. A typical construction (Nl) is shown in Fig. 73. 
The metallic wall of the active volume is insulated, without a guard 
ring, from the inner electrode by a glass section. No gaskets or wax 
joints are used, and before filling the assembled tubes can be outgassed. 
This procedure removes practically any contaminating gas, and after 
being filled and sealed off such counters show constant properties. If 
the counter is of the self-quenching type its lifetime is finite, owing to 
the depletion of the organic vapor. A typical filling of such a counter 
consists of argon at 90 mm Hg pressure with an addition of ethyl alcohol 
at 10 mm pressure. The central wire of 0.005-mil diameter can be made 
of tungsten or Kovar, the latter being preferable because it can easily 
be sealed to glass. The operating potential is about 900 volts, and a 
good counter shows a plateau of 160 volts over which the counting rate 
should not increase by more than 3 percent. Similar all-glass-metal 
constructions are commercially available. 

For the detection of beta-rays it is usually important to make the 
walls of the counter quite thin, unless the active material is directly 
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admitted to the counter, for instance in gaseous form (B18). Metal or 
glass envelopes can he used. In the beta-ray counter shown in Fig. 74 
(Nl) the envelope is made from round Dural rod. After its inside has 
been bored out to the proper diameter, the cylinder is held on a mandrel 



and the outer central part machined to a wall thickness of 0.004 to 
0.005 in. («30 mg/cm 2 ), which is still sufficient to withstand an outside 
pressure of 1 atmos. The central wire is Kovar with a diameter of 0.005 
in. The spring clip inserted at the bottom of the counter keeps the 
central wire, to which it is attached by a small pyrex bead, under tension. 



0.004 to 0.005 
/ Dural 


Glass 

insulator 


Kovar wire Neoprene 

\oh— g r ket 

\\ , k u£*sXj 


0,005 Kovar 
/wire 


Spring clip 


Sealed here 
after filling 


1 » l . 1 . I . I 
0 12 inches 

Fig. 74. Beta-ray counter with thin aluminum walls (Nl). 


Gas filling and operating characteristics are the same as for the counter 
in Fig. 73. The vacuum-tight seal between the Dural cylinder and the 
brass end plate is made by a small neoprene gasket inserted in such a 
way that as little of its surface as possible is exposed to the counting 
volume. The presence of this gasket, of course, prevents outgassing of 
the tube. 
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A typical beta-ray counter with glass envelopes is shown in Fig. 75. 
The central part of the envelope is made as thin as possible (*»25 
mg/cm"), and its inside is rendered conducting by metalizing or coating 
with Aquadag. The efficiency for high-energy gamma-rays is extremely 
low, since the wall thickness is much smaller than the range of most 
secondary electrons. This type of counter is very practical if the beta- 
active source has the form of a hollow cylinder which can be slipped over 
the tube and if the energy of the beta-particles is not extremely low. 

For flat, disk-like beta-ray sources and very low beta-ray energies a 
counter with a flat thin window is preferable. A construction of this 
type is shown in Fig. 76 (Xl). The bell-shaped copper anode is closed 
on its flat end with a mica window as thin as 1.5 mg/cm 2 , sealed to 

Anode 



Fig. 77. Bubble window counter. (Courtesy of Herbach & Rademan.) 


the flange of the copper tube by wax (picein or other cement). The 
cathode wire carries on its open end a small pyrex glass bead to reduce 
the very high fields which would otherwise be present in the neighbor¬ 
hood of the end of the wire. Filling and operation characteristics of this 
counter are similar to those previously described. Another type of thin 
window is the so-called glass bubble window shown in Fig. 77. The end 
face of the glass cylinder is blown into a very thin, semi-spherical con¬ 
cave surface, just sufficiently strong to withstand the atmospheric 
pressure. The bubble can be made so thin that this counter can also be 
used for the detection of most alpha-particles. 

2. Integrating Gamma-Ray Chamber. Figure 78 shows a very simple 
and practical construction of an integrating ionization chamber for 
gamma-rays with a quantum energy of the order of 1 Mev (XI). Its 
outer electrode consists of a brass tube 2 in. in diameter and 29 in. in 
length; the inner electrode, protected by a grounded guard ring, is a 
Kovar wire 0.025 in. in diameter. The chamber is filled with a mixture 
of 96% argon and about 4% carbon dioxide, to a pressure of 4.5 atmos. 
The gas filling is purified by circulating it over hot calcium (cf. Section 
2A5) at 150°C for 4 hr before the chamber is sealed off. This process 
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reduces the carbon dioxide content only slightly, and the gas treated in 
this manner shows no detectable electron attachment even several 
months after having been sealed off. If a radium source of 1 curie 
strength is placed at right angles to the axis of the chamber at a distance 
of 1 meter, the total ionization current is about 6 X 10 amp. *or 
this current saturation is reached with a potential of -400 volt at the 
outer electrode and multiplication starts at about -3000 volt. The 
usual operating potential is -2000 volt. Because of the cylindrical 
geometry most of the ionization current is caused by the motion of the 



Fig. 78. Integrating gamma-ray ionization chamber (Nl). 


electrons (cf. Section 2B2), and, since the transit time of the electrons is 
only about 0.G /isec, the chamber is also extremely suitable for the obser¬ 
vation of rapidly varying gamma-ray intensities. Measurements of the 
response of the chamber upon a sudden interruption of the irradiation 
showed that, in agreement with calculation, 88 percent of the ionization 
current produced by uniform irradiation of the chamber is carried by 
electrons. 

D. Cloud Chambers 

1. General-Purpose Cloud Chamber for Moderate Pressure. A typi¬ 
cal construction of a general-purpose cloud chamber is shown in Fig. 79a. 
It follows closely a design by Crane (C6). The expansion of the active 
volume, 6 in. in diameter and 1 in. deep, is obtained by the motion of 
the base plate which is attached to the cylindrical side wall through a 
rubber diaphragm. Since the rigid bottom plate extends almost fully 
to the walls, a grid-like structure for obtaining uniform flow of the gas 
is unnecessary. Particular care should be taken to allow a sufficient 
slack of the annular rubber diaphragm, which should not be stretched 
in its two extreme positions. The base plate is supported by a metal 
rod from the outside through a sylphon bellows. The lower part V 2 of 
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the chamber is filled with the same gas as the main chamber F, to a 
pressure slightly lower than the pressure of the expanded main volume. 
This pressure difference controls essentially the speed of the motion of 
the piston. A dash pot with adjustable leakage prevents oscillations of 
the piston, which have to be avoided carefully. Compression of the gas 
is achieved by raising the piston rod through increasing the pressure in 
the compression chamber F 3 which is closed by an elastically attached 
top plate. V 3 is permanently connected to a source of compressed air. 
An adjustable pressure valve limits the maximum pressure. The expan¬ 
sion is initiated by a sudden opening of the main valve of F 3 by an 
electromagnet. The expansion ratio is determined by an adjustable 
stop limiting the degree of compression of V\. A few cubic centimeters 
of liquid for the condensable vapor are deposited in the fold of the 
diaphragm in l ,. The top surface of the piston is covered with black 
felt or rayon velvet to present a sufficiently dark background. The 
electric sweeping field is provided by an insulated brass ring ]/ 2 in. wide 
inserted between two rubber gaskets \4 in wide, and clamped between 
the top glass plate and the glass cylinder. A potential of 100 volts with 
respect to the grounded metal parts of the chamber is applied to the 
ring. A normally open relay removes the field during the expansion. 
The chamber can be operated at a maximum pressure of the compressed 
gas of about 3 atmos and a minimum pressure of the expanded gas of 
about 0.1 atmos. 

Four 250-watt incandescent lamps flashed for a short time at twice 
their rated voltage provide sufficient light to photograph tracks of heavy 
particles in air or argon at about atmospheric pressure with a photo¬ 
graphic objective of / = 3.5 on Super XX film with an exposure time of 
about 0.2 sec. The light of the lamps, arranged in pairs at the side of the 
cylindrical glass wall, is focused by two cylindrical lenses. Figure 79b 
shows a photograph of proton recoil tracks of 2.5-Mev neutrons obtained 
with this chamber filled with 1.4 atmos of methane. For fast beta-ray 
tracks 1000-watt lamps, flashed at overvoltage, or a pair of Edgerton 
gas discharge or flash tubes filled with xenon provide sufficient illumi¬ 
nation. The most sensitive film used in conjunction with flash lamps is 
Kodak Linagraph Ortho. 

A simple metal frame which can be attached to the base plate of the 
chamber carries the camera and a surface-aluminized mirror for stereo¬ 
scopic photography. This frame can be readily dismounted and placed 
above a screen for reprojection of the films, illuminated by a small light 
source, which can be attached to the back of the camera. The shutter 
of the camera is operated by a simple plunger-tvpe electromagnet. 
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Fig. 79a. Automatic cloud chamber for low pressure. 








150 


Detection Methods 


.... |Pt. I 

1 lie cloud chamber is timed partly mechanically and partly electri¬ 
cally. The electrical circuit and tin* cams are shown in Fig. 79c. An 
induction motor, operated during one expansion cycle for several seconds, 
turns through a reducing gear a shaft carrying six cams operating, at 
appropriate time intervals, six Microswitches labeled .S, to.S' r> . Between 



Fig. 79b. Typical photograph of proton recoils produced by 2.5-Mev neutrons. 
Arrow indicates their direction of incidence. Chamlx-r tilling expanded: 1.1 atmos 


methane, ethyl alcohol-water mixture. / = 3.5 Super XX panchromatic film. 


expansions cams I to 1 press the plungers of the switches, which are 
thereby opened. They are closed when the contact point reaches the 
discontinuity of the* cam. Switch 5 is of the normally open type and is 
therefore closed between expansions by cam 5. Cam (> operates its 
normally open switch for a very short time. The timing of the various 
operations can he varied by rotating the cams attached to the shaft by 
set screws. The repetition of the expansion is controlled by the leakage 
time of an HC circuit controlling a relay R, through a power tube T\ 
the relay closes and opens the motor circuit. The repetition rate is 
about one to five expansions per minute. W hen R r is closed, a short 







Fig. 79c. Timing circuit for automatic cloud chamber. 
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time is allowed for the motor to pick up its final speed. Cam 1 operates 
the illumination, cam 2 the expansion valve and the removal of the 
sweeping field, cam 3 admits particles to the chamber by either removing 
a shutter from the source or operating the ion source of an accelerator. 
Cam 4 opens the shutter of the camera; cam 5 finally restores the original 
situation by disconnecting all the circuits from their common power 
supply. Further rotation of the cam shaft resets the six switches; care 
has to be taken that the closing of switch 5 occurs well after switches 
1 to 4 have been opened. Finally, the cog of cam fi connects momentarily 
a negative voltage to the grid of the power tube, whereby the motor is 
stopped. Its inertia, however, should be sufficient to move cam 0 
beyond contact position. If perfectly uniform tracks are desired, the 
admission of ionizing particles should be stopped before closing of the 
camera shutter by an additional cam and switch. 

Magnetic fields for the determination of electron energies from the 
curvature of their tracks can be obtained by a set of Helmholtz coils 
surrounding the chamber. A water-cooled jacket should he provided 
between the coils and the chamber. For a chamber G in. in diameter 
fields up to 3000 gauss can be obtained in this manner (C6) if the field 
current is turned off between expansions, which repeat at a rate of 2 per 
minute. An additional cam turns on the field about 1 sec before ex¬ 
pansion. The field is sufficiently homogeneous and large enough for 
accurate measurements of electron energies up to 15 Mev. 

If the expansions of a cloud chamber are counter-controlled, i.e., 
initiated by the particle, the track of which will be photographed, the 
expansion mechanism must be made considerably faster than in the 
construction described above. In addition, the magnetic field has to he 
on continuously and, if it is produced by a set of Helmholtz coils, cannot 
be maintained at a very high level. Details of a fast expansion mechan¬ 
ism and the design of magnets suitable for continuous operation at high 
fields can be found in references (Dl, C2). 

2. Pressure Cloud Chamber for Neutron Recoils. A somewhat smaller 
cloud chamber, described by Brubaker and Bonner (B20), suitable for 
operation at pressures up to 25 atmos, is shown in Fig. 80. It was 
primarily designed for the detection of high-energy neutron recoil 
particles and widely used for neutron energy determination. The 
cylindrical glass wall is H in. thick and the top plate 1 in. Its construc¬ 
tion is similar to the one shown in Fig. 79a, with the exception that, 
instead of the diaphragm, a moving piston P closes the expansion volume. 
The piston is carried by a rigid plate, held in turn by a sylphon bellows 
Si. This particular construction makes extremely tight fitting of the 
piston unnecessary. The space V 2 between piston and sylphon is filled 
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with the fluid, providing the condensable vapor, to such an extent that 
at any time during the expansion of volume V, the relation dv\/a\ 2 
V x /V 2 is maintained. If this is exactly true, there exists at no instance 



Fig. 80. High-pressure cloud chamber (B20). 


during expansion a pressure difference between V x and V 2 . In practice 
a reasonably tight piston requires only a moderate degree of accuracy 
for this relation. The amount of fluid can be changed through plug //. 

Illumination for this chamber is provided by a single 2000-watt flood 
lamp operated at its rated voltage. The light is focused into a beam and 
passes through the cylindrical glass wall. By using a camera with a 
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3.5 aperture and panchromatic Super XX film, tracks of heavy particles 
and fast electrons can be photographed. An automatic timing mecha¬ 
nism of the type shown in Fig. 79c is suitable for the operation of this 
chamber. 

Several attempts have been made to construct cloud chambers for 
very high pressures in order to increase their sensitivity and the effective 

Low-pressure 



range of the particles spent within the chamber (K4, W6). The principal 
limitation in the use of conventional cloud chambers at high pressures is 
set by the breaking strength of the glass parts, primarily the flat top 
plate. A cloud chamber in which all glass parts, with the exception of 
a narrow window, are kept under uniform hydrostatic pressure has been 
described by Johnson, de Benedetti, and Shutt (J3) and is shown in 
Fig. 81. In this construction the chamber itself is entirely surrounded 
by oil kept at the pressure of the gas in the chamber. The liquid itself 
is contained in a large steel vessel which carries a small glass window 
which has to withstand the full pressure and through which photographic 
pictures are taken. The maximum allowable pressure is 200 to 300 atmos. 
The chamber itself is very similar to those described before. Its diame¬ 
ter is 30 cm, its depth 9 cm. The bottom plate is elastically attached to 
the side walls. The expansion is accomplished by allowing a predeter- 
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mined amount of oil to flow through the expansion valve V. The valve 
is normally kept closed by a large piston under moderate air pressure. 
Release of this pressure opens the valve and permits oil to flow into the 
expansion vessel. Before the expansion this vessel is partly filled with 
oil its level being determined by the adjustable drain pipe F. fcince 
the remaining part is evacuated, the height of the drain pipe determines 
the amount of oil which is forced from the main vessel. After comple¬ 
tion of the expansion, the expansion valve is closed and oil is forced back 
into the main vessel by a high-pressure pump. The degree of com¬ 
pression is indicated electrically by a contact sliding on a resistor. The 
contact moves with the piston plate, and the pressure pump is stopped 
automatically when the piston returns to its original position. For the 
illumination two capillary flash tubes filled with krypton and backed 
by parabolic mirrors are arranged inside the pressure vessel. The front 
part of the chamber is actually supported by water instead of oil, but 
it is kept under the same pressure by communicating with the oil. 

The equivalent path length in air at N.T.P. of the chamber diameter 
for a filling of 200 atmos of argon is about 80 meters for high-velocity 
electrons. The sensitive time [cf. Eq. (24)1 is many times longer than 
for a chamber operating at normal pressure. However, for the same 
reason a longer time interval has to be allowed between expansions. 
The higher pressure also reduces somewhat the expansion ratio. For 
argon and a mixture of n-propyl alcohol and water the ratio is about 
1.07 at atmospheric pressure and only 1.04 at 110 atmos. 
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PART II 


Passage of Radiations 
through Matter 1 

HANS A. BETHE 

Cornell University 

JULIUS ASHKIN 

Carnegie Institute of Technology 

SECTION 1. THE PASSAGE OF HEAVY PARTICLES 

THROUGH MATTER 

A. The Range-Energy Relation 

1. Theory. Heavy charged particles in their passage through matter 
lose energy almost entirely through inelastic collisions with the bound 
electrons in the atoms of the stopping material. This process leads to a 
practically continuous attenuation of their energy as they progress 
through the stopping medium. The rate of energy loss decreases when 
the particle energy becomes low enough for it to capture electrons, but 
the slowing down will continue until the energy is reduced to the thermal 
energies of the atoms of the medium. The first part of the slowing down 
process, i.e., the slowing down during the time that the particle is 
charged, can be adequately treated from a theoretical point of view 
(B12); the results of these calculations will be discussed below. However, 
when the charged particle is slow enough to capture electrons, i.e., below 
1 Mev for alpha-particles and 0.1 Mev for protons, the theoretical prob¬ 
lem becomes extremely difficult; it has not yet been solved. However, 
reasonably adequate experimental information is available [cf. (Kl, 
RIO, R12)), and therefore, in what follows, the effect of such capture 
and loss of electrons on the ultimate range of a charged particle is taken 
empirically from the existing data. 

Bethe’s theoretical treatment of the energy loss is based on the Born 
approximation applied to the collisions between the heavy particle and 

•This material was closed as of December 31, 1951. There are only occasional 
references to later work. 
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Sec. 1A] Passage of Heavy Particles through Matter 

the atomic electrons. In this theory the differential cross section for a 
process in which the heavy particle transfers a given amount of energy 
to the atomic electrons is essentially given by the square of the matrix 
element of the Coulomb interaction between appropriate initial and 
final states. Plane waves are used for the wave functions of the incident 
and scattered heavy particle, the kinetic energies being E and E ' < E } 
respectively. The condition of the atom is described initially by the 
unperturbed atomic wave function for the ground state and finally by 
the wave function for one of the excited states. Multiplying the cross 
section for a given energy loss by the energy lost and summing over all 
possibilities gives the final expression for the average energy lost per 
centimeter of path. 

Use of the Born approximation requires that the amplitude of the 
wave scattered by the field of the atomic electron shall be small com¬ 
pared to the amplitude of the undisturbed incident wave. As is well 
known [cf. Williams (W13)), the criterion for this is that 


ze 2 

— « 1 
fu> 


( 1 ) 


where ze and v are the charge and velocity of the primary particle, 
respectively. This condition is well satisfied for large velocity and small 
charge of the incident particle. Equation (1) is also essentially the 
condition for the particle to have its full charge; when Eq. (1) is not ful¬ 
filled, the particle begins to capture electrons. The calculation of the 
stopping power is made much simpler if the velocity of the incident 
particle not only fulfills Eq. (1) but is, in addition, large compared with 
the velocities of the electrons within the atom, i.e., if 

M 

E» — E tl (2) 

m 


where E is the energy of the incident particle, E e i the ionization potential 
of the electrons, and M and m the masses of the incident particle and 
the electron, respectively. 

Under these conditions and for non-relativistic velocities the average 
energy loss per centimeter of path is 


dE 4t€ 4 z 2 


B = Z log 


2 mv 2 

~T~ 


(3) 

(3a) 


with 
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Here 0 is the velocity and ze the charge of the incident particle, N the 
number of atoms per cubic centimeter of the material, Z the nuclear 
charge, and I the average excitation potential of the atom (cf. Sections 
1A2 and 1A4). The term - dE/dx is called the “stopping power” of the 
material traversed, and the dimensionless logarithmic term B the “stop¬ 
ping number.” 

For relativistic velocities of the incident heavy particle it is shown 
by Bethe (B13) and M0ller (M14) that 


R = Z jlog - log (1 - 0 2 ) - 0*j (4) 

where 0 = v/e. We shall discuss the relativistic case in Section 1A5. 

On the basis of classical mechanics, Bohr (B40) derived a formula for 
the stopping power which contained essentially an additional factor 
tw/ze ,n the argument of the logarithm in Eq. (3a). The reason for this 
discrepancy between classical and quantum mechanics has been investi¬ 
gated by Bloch (B34) and Williams (W13), who have shown that the 
classical expression is correct if ze 2 /hv » 1. The conditions for the 
validity of the Born and the classical approximations are therefore 
complementary to one another. By approximating the perturbation of 
the wave functions of the atomic electrons due to the incident particle, 
Bloch arrived at a formula which contains the quantum-theoretical 
formula (3a) and the classical formula of Bohr as limiting cases for 
small and large values of the parameter ze 2 /fu>. Bloch’s result is 


dE 

dx 


4ire 4 z 2 

mv 2 


NZ log 


2 ma 2 


+ *0) - ft* 



(5) 


where * is the logarithmic derivative of the gamma-function and ft* 
denotes the real part of *. For ze 2 /ht> = 0 this is Bethe’s formula. For 
ze 2 /hi>» 1, since *(1) = -0.577 and ft*(l + ize 2 /hv) « log ze 2 /hr, 
Eq. (5) reduces to Bohr’s formula: 


dE Are*# 1.123 mu 3 

~^‘~^r NZlog -^r < 6 > 

where w = I/h is inserted for some average oscillation frequency of the 
electrons in the atom. 

In deriving Eq. (5) Bloch made the assumption (2) that the velocity 
of the incident particle is large compared to the electronic velocities. 
If Z is the nuclear charge of the atoms of the stopping material, the 
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velocity of the K electrons in the atom is of the order Ze 2 /h, so it must 
be assumed that 



(7) 


Since ze 2 /hv = ( Ze 2 /hv)(z/Z ), it is clear that Born’s approximation is 
valid provided that the charge z of the incident particle is smaller or at 
least not much larger than the nuclear charge Z. In this case Bloch s 
correction is not significant. The only important exception occurs for 
the stopping of fission fragments in light stopping materials. Then the 
charge of the fragment may be much larger than the nuclear charge, 
with the result that the Born approximation is to be replaced by the 
classical one. This case is discussed briefly below in Section 1AG. For 
all other practical cases Bethe’s formula (3) or its extension (13a) below 
is applicable. 

Condition (2) is quite a serious restriction of the validity of the 
stopping formula (3). For oxygen for example, the ionization potential 
of the K shell is about 540 volts, and therefore the right-hand side of 

(2) is almost 4 Mev for alpha-particles. This means that condition (2) 
is never very well fullfilled for alpha-particles, even with a stopping 
substance as light as oxygen. While we may expect the stopping due to 
L electrons of oxygen (valence electrons!) to be correctly represented by 
Eq. (3) down to quite low energies (less than 1 Mev for alpha-particles), 
this will not be true for the stopping by the K electrons. If the theo¬ 
retical formula for the stopping is to be used for obtaining a range- 
energy relation of any precision, the stopping by the K electrons must 
be taken into account more accurately. 

Fortunately, it can be shown that the general principles of Born’s 
approximation method can be applied to the collisions of heavy particles 
with atoms down to velocities much lower than that of the atomic elec¬ 
tron, and that only some minor approximations made in deriving Eq. 

(3) are no longer justified. The validity of Born’s approximation was 
first proved by Mott (M16). He points out that the motion of the 
incident heavy particle (proton, alpha-particle, etc.) may be treated by 
classical mechanics since its wavelength is very small compared to 
atomic dimensions. The incident particle will then be equivalent to a 
perturbing potential whose center moves with constant velocity. Mott 
then shows that the transitions caused by such a potential are exactly 
the same as those found by the Born method provided that the incident 
particle (if considered stationary at a given place inside of the atom) 
does not greatly distort the wave functions of the atomic electrons. This 
condition will be fulfilled when the charge of the incident particle is 
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small compared to that of the atomic nucleus, i.e., in all cases when the 
velocity of the K electrons of the atom is high. Thus we get the some¬ 
what paradoxical result that the Born method as such is the better 
justified the less condition (2) is fulfilled. 

The same result was obtained by Henneberg (H14), who used a more 
analytical argument. Henneberg also used the Born approximation to 
calculate the probability of ionization of atoms in the K shell by slow 
protons and alpha-particles and found good agreement with experi¬ 
mental data of Gerthsen and Reusse (G7) and of Bothe and Franz (B50). 
More recent experiments of Livingston, Genevese, and Konopinski 
(L19), who used higher intensities, also agree well with Henneberg’s 
theory. 


According to the Born method, the contribution to the “stopping 
number” B [cf. Eq. (3a)] due to excitation of the two K electrons is 
(cf. H14) 


B* = f « d< f ♦(«. Q) % 


( 8 ) 


Here < is the energy given to the atomic electron divided by Z e „ 2 Ry, 
where Ry is the ionization potential of the hydrogen atom and Z,„ = 
Z - 0.3 is the effective nuclear charge in the K shell. The kinetic energy 
of the ejected K electron is thus 


#kin = «£ c ir 2 Ry — £* = (« — 0)Z tsn 2 Ry (9) 

where E K is the (observed) ionization potential of the K shell and 


0 



(9a) 


is the ratio of E K to the “ideal ionization potential” in the absence of 
“outer screening,” Z cff 2 Ry (cf. B14, p. 478). Q is defined by 


Q 


(P - P') 2 
2wZ eff 2 Ry 


( 10 ) 


where p and p' are the momenta of the incident particle before and after 
collision. Qo(«) is the smallest value of Q possible for a given energy 
transfer «; from energy and momentum considerations, we find easily 


with 


c 2 

Qo(«) = - 
4i; 

mv 2 Em 

2Z eff 2 Ry = MZ c f 2 Ry 


(10a) 


1 = 


(10b) 
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0 is the transition probability from K shell to a state of energy (9): 


0(«, Q ) 


- 1 f 


+k( r)^.(r) exp 


[, ( p - pi. j] 


dr 


(ID 


where \Pk and & are the wave functions of a K electron and an electron 
of energy (9), respectively. For not too low nuclear charge (a condition 
which we have always assumed to hold), Coulomb wave functions may 
be taken for \J/k and \p t , and we find (B12) 


<t>(Q) 


2 7 «? + JO 


[(? + k) 2 + 1] 3 [(? - k) 2 + l] 3 

exp I — (2/A:) arc tan 2 k/(q 2 - k 2 + 1)] 


with 


Q* 


1 - e~ 2rlk 
(« - 1) H 


(Ha) 

(Hb) 


For a given value of the energy of the incident particle [or of Eq- 
(10b)], the energy loss, Eq. (8), can be calculated by numerical inte¬ 
gration. The result is given in Fig. la for three values of 0 , i.e., 0.7, 0.8, 
and 0.9. The first of these is veiy nearly correct for all elements from 
carbon to aluminum, which are the most important elements for range 
measurements. The second value, 0 = 0.8, is valid near Z = 30 (Zn), 
the high value, 0 = 0.9, near uranium. (See Table 1.) 


TABLE 1 


Effective Values of e, Oscillator Strength, and X 


Air 

Si 

Ca 

Zn 

Mo 

Nd 

W 

U 

Z 7.22 

14 

20 

30 

42 

60 

74 

92 

Q 0.665 

0.724 

0.761 

0.797 

0.828 

0.858 

0.869 

0.880 

/ 1.79 

1.54 

1.41 

1.30 

1.22 

1.14 

1.12 

1.09 

X 0.967 

0.944 

0.937 

0.929 

0.926 

0.923 

0.922 

0.921 

For high energies (»?»1), the stopping 
calculated from Eq. (8), takes the form 

power 

of the K 

shell, 



where f{0) is the total oscillator strength of all optical transitions from 
the two states in the K shell into the continuous spectrum. Honl (H22) 
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Fig. la. Stopping power of K electrons. Stopping number Bk, defined in Eq. (3), vs. energy variable v, defined in Eq. (10b). 
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has calculated the values of / as a function of 0; his values for various 
substances are given in Table 1. It should be noted that the factor in 
(12), i.e., 1 4- Yif, differs from the factor / given by Livingston and 
Bethe (L18) which was in error, as pointed out by Bethe, Brown, and 
Walske (B19). 

The denominator in the logarithm of (12), X(0), defines the average 
excitation potential of the K shell: 


Ik = mZ'a 2 Ry 

(12a) 

Thus (12) is equivalent to 


f 1 1 2 rnv 2 

(12b) 

B*-[l +-/(*)] In & 


For hydrogen, / is 2 and X = 1.105. For other substances typical values 
of X are given in Tables 1 and la; they were calculated by L. M. Brown 
(B54). Brown also made accurate numerical calculations of the oscillator 
strength/(0) and of the next term in an expansion of Bk in inverse powers 
of i). Walske (Wla) has calculated the following term. They write 

C(0) D 

B k = A(e) In rj + B(0) -—-= (13) 

v v 

The constants A , B , and C for various values of 0 [cf. Eq. (9a)J are given 
in Table la. Z> is equal to about 2. 

TABLP; la 

Constants in Stopping Power Formula (13) 


0 

A 

B 

C 

*! 

X 

H atom 

2 

2.579 

1.000 


1.102 

0.7 

1.813 

2.598 

1.067 

0.799 

0.953 

0.75 

1.722 

2.495 

1.100 

0.812 

0.939 

0.8 

1.646 

2.402 

1.120 

0.826 

0.929 

0.9 

1.525 

2.240 

1.131 

0.850 

0.920 

1.0 

1.435 

2.110 

1.119 

0.870 

0.918 


In the next-to-last column of Table la is listed the oscillator strength 
/ = 2A — 1, multiplied by 0 2 , because, as may be seen from the table, 
this quantity is nearly constant and therefore suitable for interpolation. 
The mean ionization potential X, listed in the last column, is also nearly 
independent of 0; the only value which falls out of line is that for the 
complete hydrogen atom (first row of Table la). It is interesting to 
note that X decreases slightly with increasing 0; the higher the actual 
ionization potential (in units of Z 2 Ry), the lower is the effective ioniza- 
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tion potential. The reason for this effect is that the transition probability 
0(«. Q) decreases less rapidly with Q for higher energies «, so that the 
contribution to Eq. (8) from higher * is greater than it would be if it 
were exactly proportional to 0) = /(«). The coefficient C(0) of the 
term in I/77 is also nearly independent of 6 . 

The determination of d is straightforward from Eq. (9a) for atoms 
with Z ^ 12, say. For very light atoms the ionization potential of the 
A shell is not observed; moreover it is more accurate and satisfactory to 
calculate the oscillator strength / directly from Hartree wave functions. 
1 his is best done by calculating the oscillator strength to the occupied 
discrete states and subtracting the result from the total given by the 
sum rules, namely 2. From Hartree’s wave functions for oxygen (H9), 
an oscillator strength of 0.15* is found for the transition of one K electron 
to the 2p shell. Since four of the six substates of the 2 p shell are oc¬ 
cupied, the oscillator strength from both K states to occupied states 
is (^)-2 0.15 5 = 0.21, and the/to all unoccupied states is 1.79. From 
Table la the value of 0 is then 0.665, which agrees exactly with the value 
deduced from the binding energy of the K electron if the latter is taken 
to be 39.4 Ry. (Ihe Ka line is 38.4 Ry, and the distance from the 
occupied 2 p level to the first completely empty level is about 1 Ry.) 

The range-energy relation for air, given in Figs. 2 and 3, is based on 
earlier calculations (L18) in which 0 was assumed to be 0.7, which, 
according to the above, is not quite correct. Livingston and Bethe give 
as the asymptotic behavior of Bk 


B k 


1.81 In 


4*7 

1.102 


(13a) 


According to Table la, the value 1.81 is correct for the factor A, Eq. (13), 
for the assumed value of 0 = 0.7; but it was incorrectly interpreted by 
Livingston and Bethe as indicating an oscillator strength / = 1.813 
whereas the correct value is 1.626. Furthermore, the value of X was 
incorrectly assumed to be the same as for hydrogen, namely 1.102 
instead of 0.953. The calculations are therefore not quite correct. How¬ 
ever, at energies above 5 Mev for alpha-particles, Eq. (15) was used with 
values of Ck which agree reasonably well with the recalculated values 
given in Fig. lb. For energies below 5 Mev the range-energy relation 
must be based essentially on experiments (Section 1A3). 

If rj is large but not large enough to make the asymptotic formula (13) 
valid, we write 

B k = ^1 + -fj In — C K (v, 0) 


(14) 



Sec. 1A] Passage of Heavy Particles through Matter 


175 


sHsasssaisssssssss;;:ss;sss:ssss::ssss: 

:::aaaa:::a:a:aaa:ar;a:::s:aaai 


VI 


aaaaaaaaaaaaaaaaa:!iaaaaaaaaaaaaaaaaaa^ 


mi 

mil 


laaaaaaaasaa aaaaaaiisgaaaaaaaaaaaaaaaaaasi 




■■■■■■■■■■■■■■■■■■ iiiiaaiiiiliiiiiiiiiiiii 

■■■■■■■■■■■■■■■■■■■ MMMMBHSiaBIimKBHHERSaH 


88B8B8aaS8888B888KSS88888Sas:S5asaaESS 
83888888838838883388^^ i 88883888888M 


ISSSW 


o © 

C* rl 


~ ® 3 2 

w* w *■” © O o 


r « ^ ^ 




Fig. lb. Correction to the asymptotic formula for the stopping number for K electrons. The correction C* is defined in Eq. (14). 
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where the correction term C K is plotted in Fig. lb. For large rj, C K goes 
to zero as C/t] (cf. Eq. 13). To the stopping power of the K shell we now 
have to add that of the outer shells, so that the total becomes 

„ / 1 \ 2 mv 2 

Bss \ z "iV In ~ +Bk (14a) 

where /' is the average ionization potential of all electrons outside the K 
shell. Using Eq. (14) we may also write more conveniently 

2 mv 2 

B = Z\n— - C K (15) 

where / is the average of the excitation potential over all electrons, given 
by 

In / - ^1 2^0 ln 1 + ~ ^Z^ log Ik ( I5a ) 

As can be seen from Fig. lb, Ck is positive for high energies rj. This 
means that the K electrons are less effective in stopping than would be 
expected from the simple formula (3), (3a). The deficiency in stopping 
power Ck increases as the energy decreases down to about 1.5 times the 
“critical energy” (AT/m)Z cff 2 Ry, then remains almost constant down to 
0.8 times the critical energy and decreases from then on. Finally for ij 
less than about} 4>Ck becomes negative. For very low energies (tj « 1), 
the stopping B K due to K electrons becomes negligibly small. It will, 
of course, never become negative. For rj « 1, the stopping number B 
is simply given by the first term in (14a), i.e., the effective number of 
stopping electrons as well as the average excitation potential is smaller 
than for high energies. 

Walske (Wla) has calculated the stopping number B L , and the cor¬ 
rection term Cl, for the L shell. The theory for this shell is somewhat' 
less straightforward than for the K shell because of the large outer 
screening (0 « 1) which occurs especially for small Z(< 30), and which 
makes the use of hydrogenic wave functions questionable. The correc¬ 
tions for the binding of L electrons will therefore not be so reliable as 
for K electrons, except in the (most important) case of heavy elements. 
Otherwise, the theory is similar to that for the K shell. 

2. Determination of Constants in the Stopping Power Formula. Once 
the average excitation potential I is known for the stopping substance in 
question, the range for a decrease of the energy of the incident particle 
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(mass M, charge ze ) from E x to E 2 is obtained from Eq. (3) by direct 

integration: 

r E ‘ dE Mm f vl v 6 dv 

R,.m(E i -> e 2 ) = — - - = - 77 - 77 ; I — (16) 

— dEdx z 4*e N 


B(v) 


Since -dE/dx is the average energy loss per centimeter, the range as 
calculated in Eq. (16) is the mean range for reduction of the energy from 
E\ to E 2 . Owing to the discrete rather than continuous nature of the 
energy loss process, the members of an initially monoenergetic group of 
particles will have their ranges distributed about the mean range with a 
certain small natural spread which will be discussed below (cf. Section 
1C). 

From Eq. (16) we see that the theory predicts that for the slowing of 
the incident particles from velocity v x to v 2 (both large enough to minimize 
capture and loss of electrons), the range is given by 


Rs.m ( v i 0) — Ri.m( v 2 —* 0) 


-ASM -SM | 

Z £ 


(17) 


where f(v) is a function of the velocity v, independent of the mass and 
charge of the incident heavy particle, and given essentially by the 
integral in the last member of Eq. (16). This fact enables us to obtain 
the range-energy relation for a given heavy particle if the relation is 
known for one. Thus between alpha-particles and protons we have the 
relation 


*hW 


Mu / Za 

M a W 


) *.(») - 


(17a) 


where the constant c must be added to take account of the capture and 
loss of electrons at low energies, c is small but not zero, since alpha- 
particles are affected differently from protons. For air at 15°C temper¬ 
ature and 760 mm Hg pressure we find, from the experiments of Blackett 
and Lees (B26), c = 0.20 cm. Thus 


Rn(v) = 1.007 R a (v) - 0.20 cm (18) 

or 

Ru(E) = 1.007fl a (3.972E) - 0.20 cm (18a) 


The range-energy relations for the ions of the other hydrogen and 
helium iostopes (H 2 , H 3 , He 3 ) may be obtained immediately from those 
of the proton and alpha-particle. Since capture and loss of electrons 
are the same for all hydrogen isotopes (or helium isotopes), we have 
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quite accurately 




(19) 


Similarly for /i-mesons, if we assume a mass of 210 electron masses we 
obtain 

*.n«o n (E) = 0.114tf„(8.8E) (l 9a) 

I his equation also holds for other mesons, so that 



where /? H is the proton range, and m and M the masses of meson and 
proton, respectively. 

Recently there has been some discussion whether the energy loss is 
really determined by the velocity alone for all particles of the same 
charge (e.g., all hydrogen isotopes and mesons). In particular, Wilcox 
(W12) has reported differences up to 10 percent between the energy loss 
of protons and deuterons of the same low velocity (about 5 X 10 8 cm/sec) 
in gold. However, Hall and Warshaw (H3), working with the same 
apparatus as Wilcox, have shown that his results are probably in error. 
The same conclusion was reached by Huus and Madsen (H31). Cren¬ 
shaw (C20) found the same stopping, within experimental error, for 
protons and deuterons in H 2 and D 2 at velocities in the same range as 
Wilcox. Results such as those of Wilcox would be unexplainable on the 
basis of present theory (H3). We therefore believe that, within a 
percent or less, the energy loss depends indeed only on velocity, and 
that Eqs. (19) and (19b) are correct. 

To obtain an accurate estimate of the average excitation potential on 
purely theoretical grounds is very difficult. The alternative is to 
determine / from the available experiments. Since air as the stopping 
substance is the most thoroughly investigated experimentally, Bethe 
(L18), using Eq. (14), made an evaluation of I for this material. Choos¬ 
ing / so that the difference between the ranges of ThC' long-range alpha- 
particle and a Po alpha-particle agrees with experiment, I comes out to 
be 80.5 volts for air. The effective number of electrons per “air” atom 
is taken as Z = 7.22. With these values /' is found to be 40.3 volts. 
This is reasonable for the average excitation potential of the L shell of 
nitrogen and oxygen. 

The determination of / is not sufficient to fix the absolute ranges for 
any given energy, because the theory outlined in the preceding section 
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reases to be valid at low energies for the reasons described below (begin¬ 
ning of Section 1A3). The integral, Eq. (16), giving the range can 
therefore not be extended down to zero, and the integration constant 
in Eq. (16) must be determined empirically so as to obtain agreement 
with the best available experiments. These are the experiments on 
natural alpha-particles whose energies have been determined very 
accurately by magnetic deflection experiments in the Cavendish Labora¬ 
tory and whose ranges are also very well known from work in the same 
laboratory. [For a complete survey of this work, see (R14, LIT).) The 
absolute ranges of the Cavendish Laboratory have been corrected up¬ 
wards by 0.037 cm, following Holloway and Livingston (H21); this 
correction is not important for most of the accurate experimental work 
on ranges because commonly range differences are measured. 

These experimental data, together with the theory, lead to a satis¬ 
factory range-energy relation for alpha-particles from 5 Mev up. 
Between 5 and 12 Mev this relation is probably correct within 10 kev. 
The relation is shown in Fig. 2 up to 15 Mev; it agrees substantially with 
the curves given by Livingston and Bethe (L18). For energies above 
15 Mev the proton curves (Fig. 3) in conjunction with Eq. (17) may be 
used. 

To obtain the integration constant in the range-energy relation in air 
for protons we may use relation (18); the resulting relation should be 
reliable from 1.25 Mev up. It is given in Fig. 3 from 0 to 1000 Mev 
(cf. Section 1A5), and the part up to 15 Mev agrees with the curves of 
Livingston and Bethe; for higher energies the relation is based on the 
calculations of J. H. Smith (SlG). The curves are believed to be accurate 
to about 20 kev below 4 Mev, and to Vi percent at higher energies. 

There is an experimental check on these curves at 7 Mev: Dearnley, 
Oxley, and Perry (Dl) have measured the energy of protons from the 
Rochester cyclotron, both by magnetic deflection and by range. The 
first method gave 7.1 ±0.1 Mev, the second 6.99 ± 0.04 Mev. The 
agreement is satisfactory. 

Recently Mather and Segrfc (M9) have measured the range and the 
absolute energy of protons from the Berkeley cyclotron (340 Mev). The 
energy was measured by the Cerenkov radiation; the range was de¬ 
termined in aluminum, copper, and lead. In aluminum very close agree¬ 
ment was found with the range predicted theoretically, an average 
ionization potential of 150 ev being used. This is precisely the value 
which Wilson (W20) found for aluminum (see page 203) by comparing 
its stopping power with air and using for air the ionization potential 
adopted here. Therefore the range-energy relation has now been checked 
in an absolute way up to very high energy. 
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Fig. 3. Range-energy relation for protons 
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Fig. 3. Range-energy relation for protons 
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Einrgy (Mcv)-eurxe VII 



(e) 

Fig. 3. Range-energy relation for protons 


For rough calculations for protons between a few Mev and 200 Mev, 
an approximate formula, which was proposed by Brobeck and Wilson 
(W21), is very useful: 


»-(£ 


1.8 


(19c) 


where E is the energy' in Mev and R the range in meters of air. According 
to Eq. (19c), the range is proportional to the 1.8th power of the energy. 
At lower energies this exponent decreases, and for natural alpha- 
particles it has a value of about 1.5 [Geiger’s relation (G3)]. More 
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in air (15°C, 760 mm) up to 10,000 Mev. 


accurate analytical approximations have also been given by Wilson 
(W21). 

Having obtained the energy as a function of the range, we can find 
the stopping power at any given energy by taking the slope. Since in 
the evaluation of some experiments it is desirable to know the stopping 
power more accurately, we include in Fig. 4 a curve of the “stopping 
cross section” a for protons in air as a function of the energy. We give 
the stopping cross section a in units of Mev per g/cm 2 ; for the energies 
most important in nuclear reactions <j is of the order of 100 units and 
does not depend strongly on the stopping medium. 
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Fig. 4. Energy loss in air, in Mev per g/cm 2 . 
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3. The Problem of the Low-Energy Region. The range-energy rela¬ 
tion for low energy (alpha-particles below 5 Mev, protons below 1.25 
Mev) is difficult to construct and has been subject to many changes in 
the last twenty years. The theory outlined in Section 1A1 is no longer 
applicable in this region. The main reason for this is the capture and 
loss of electrons by the particle; this effect reduces the energy loss in a 
way for which no adequate quantitative theory has yet been developed. 
However, a start in this direction has been made by Warshaw (W2). 
He calculates the energy loss of neutral hydrogen atoms, using the 
Born approximation, and finds that, in beryllium for example, this 
energy loss is very nearly a constant fraction, 0.46, of that of protons of 
the same energy. 

(a) Capture and Loss of Electrons. It is then necessary to know the 
probability that the proton has captured an electron. The extensive 
experimental and theoretical literature on this problem of capture and 
loss of electrons has been listed by T. A. Hall (H5). The general theo¬ 
retical principles are discussed thoroughly by N. Bohr (B43), who shows 
that the process is essentially different in light and heavy media. If the 
medium is heavy enough so that some electrons in the medium already 
have a speed as large as that of the proton, v, these may be simply cap¬ 
tured by the proton. From the Fermi-Thomas model, Bohr estimates 
the probability that an electron will have the correct velocity and finds 
for the capture cross section 

<r c ~4 (20) 

where v 0 = c 2 /h is the velocity of an electron in the first Bohr orbit of 
hydrogen and a 0 is the Bohr radius. (The formula is valid only for 
v » v 0 .) For media which do not contain electrons as fast as v, a more 
complicated mechanism is required to account for capture; in this case, 
however, the Bom approximation may be expected to be valid. Brink- 
man and Kramers (B53a) have calculated the capture cross section in 
Born approximation and find 

Thus the capture cross section falls off even more steeply with v in this 
limit. However, because of the large numerical factor (160,000), this 
formula cannot be expected to hold until v/v 0 is very large, perhaps 10 
or greater. 

The theoiy of loss of electrons by the proton is much more straight¬ 
forward. The problem is simply that of ionization of a hydrogen atom 
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by the atoms of the medium which it traverses. The cross section can 
therefore be expected to he of the order of 7ra<> 2 = 10“ 1G cm 2 when the 
velocity of the proton is about i>o* i.e., its energy about 25 kev, and the 



Fig. 4d. Cross section for capture and loss of electrons by protons in hydrogen and 

air, as a function of proton energy. 


cross section will fall off rather slowly with increasing proton velocity, 
in a manner similar to the ordinary energy loss as given in Fig. 5. 

T. A. Hall (H5) has measured the average charge of protons of 20 to 
400 kev traversing foils of beryllium, aluminum, silver, and gold. He 




193 


Sec. 1A] Passage of Heavy Particles through Matter 

gives the ratio of loss to capture cross section, R = oi/<r c , which is also 
the ratio of protons to neutral hydrogen atoms. For all foils, this ratio 
is equal to 1 at about 25 kev, corresponding to a proton velocity Vq } 
which is reasonable. The ratio rises with increasing proton energy, first 
about proportional to E, then increasingly rapidly, and reaches about 
100 at -100 kev for gold, and about 200 for all the other foils investigated. 
All the lighter elements, beryllium, aluminum, and gold, seem to have 
very similar curves for R vs. E, and even the curve for gold does not 
differ very much. 

To compare his results with theory, Hall makes plausible assumptions 
about the cross section for loss and thus deduces the energy dependence 
of the capture cross section. This turns out to be as v~ u for beryllium, 
and v~ 7 for gold, near 350-kev proton energy, with intermediate ele¬ 
ments giving exponents between 11 and 7. Thus the lightest element 
approaches the law (20a) of Brinkman and Kramers, and the heaviest 
approaches Bohr's law (20), in satisfactory agreement with theoretical 
expectation. 

A direct measurement of the capture cross section a c was recently 
carried out by Allison, Kanner, Montague, and Ribe (A4a, KO, M14a, 
R4a) for protons in air and hydrogen. The main results are shown in 
Fig. 4d. As expected theoretically, the cross section for electron loss 
decreases slowly with increasing proton energy, similarly to the stopping 
power, Fig. 5. The capture cross section, on the other hand, decreases 
very rapidly with energy, in agreement with the results of Hall and with 
the theory. Similarly to Hall, a e = <r t at about 25 kev. It is evident 
from Fig. 4d that <r c decreases much faster with energy for hydrogen 
than for air, again in agreement with Bohr’s theoretical expectations 
(see above). However, the capture experiments stop at 150 kev, and it 
is therefore not surprising that the asymptotic behavior, according to 
formula (20) or (20a), is not yet reached. 

Allison has also considered the contribution of capture and loss of 
electrons to the energy loss of the proton, and has found this to be about 
20 percent at energies around 50 kev. 

For alpha-particles, effective capture of the first electron will take 
place at energies about 16 times higher than for protons because the 
velocity of an electron bound to He is twice that for H. The second 
electron will be captured at perhaps one-half the energy required for the 
first. There exist old measurements by Kapitza (Kl) on this process. 

(b) Other Problems at Low Energy. An additional problem in the 
theory of stopping for low energies is that a correction C L , similar to C K 
in Eq. (12), must be applied to the stopping by the L electrons, and this 
can only be calculated for heavy elements. Finally, the validity of the 
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Born approximation becomes questionable, since the Mott condition, 
i.e., that the particle must not appreciably disturb the electrons in the 
stopping atom when the particle is considered stationary, is no longer 
well fulfilled for the valence electrons of any atom. For all these reasons 
the energy loss at low energies is essentially not calculable. 

The experiments in this region also gave conflicting results for a long 
time. Only in the last two years has this subject been clarified by a 
combination of evidence from many different techniques. Jesse and 
Sadauskis (J4) and Bethe (B20) have analyzed this evidence and 
obtained a range-energy relation which seems to agree with all the 
evidence which is well established. The resulting relations are given in 
Fig. 2 for alpha-particles and in Fig. 3 for protons. 

The principal data used in constructing these curves are the following: 

(1) Disintegration Data. Five nuclear reactions, yielding low-energy 
charged particles, have been well investigated with regard to energy 
release and ranges of the emitted particles. These reactions are sum¬ 
marized in Table 2. A large number of investigators contributed to the 


TABLE 2 


Reactions Useful for the Range-Energy Relation t 


Reaction 

Q 

References 

Particle 

Energy 

Range 

References 

D +■ y - H + n 

RSH 

(B8) 

H 

130 ±30 

0.18 ±0.01 

(C8) 

D + y - H + n 

-2230 ±5 

(B8) 

H 

190 ± 20 

EEE! 

(C8) 

He* + n - H* + H 

764 ±2 

(T3. T5) 

H 

573 ± 1.5 


(H27) 

N 14 + n - C 14 + H 

626 ±3 

(T3. C12. 
S13) 

H 

584 ±3 

0.99* ±0.01 

(B35, H27) 

Li* + n - He 4 + H 1 

4788 ± 23 

(T6) 

H a 

2730 ± 13 

6.00 ±0.00 

(B39) 

Li* + n - He 4 + H* 

4788 ±23 

(T6) 

He 4 

2052 ± 10 

1.04 ±0.02 

(B39) 

B'° + n - Li 7 + He 4 

2316 ± 0 

<C6) 

He 4 

1474 ± 4 

0.720 ±0.01s 

(B51.B20, 
Ol, B36) 


t The reaction energies given here agree within experimental error with those of Tollestrup, Fowler, 
and Lauritaen (T7). 


results, with the group at California Institute of Technology most 
prominent in the determination of particle energies. (Some of the 
particle energies were deduced indirectly from other nuclear reactions.) 
The range experiments for all except the first reaction were done with 
thermal neutrons (essentially zero energy) originating the reactions. 
From the results on the triton emitted in the Li 6 (n, a) H 3 reaction, we 
conclude that a proton of one-third the energy, i.e., 912 ± 5 kev, would 
have one-third of the range, i.e., 2.00 zt 0.02 cm. Comparison with 
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Figs. 2 and 3 shows that our final range-energy relation passes through 
or very close to all the fixed points listed in Table 2. Further nuclear 
reactions of lesser accuracy have been analyzed by Clarke and Bartholo¬ 
mew (C8), who also measured the ranges reported in the first two lines 
of Table 2. 

(2) Ionization Data. Holloway and Livingston (H21) have measured 
the total number of ions produced by an alpha-particle in air as a 
function of its range. When these measurements were made, it was 
believed that the ionization in air was proportional to the energy of the 
particle. This was shown to be erroneous by Jesse et al. (J3, J4, J5), 
who also showed that the ionization in argon is proportional to the energy 
(see Section 1B2). The energies given by Holloway and Livingston can 
therefore be corrected to true energies if the ratio of the ionization in 
argon to that in air is known as a function of the alpha-particle energy. 
This ratio can be deduced from various experimental data [see (J5, B20) 
and Section 1B2J; the result is given in Fig. 13. 

The energies found by Holloway and Livingston were multiplied by 
these ratios to get the alpha-particle relation in Fig. 2. The proton 
relation, down to 0.5 Mev, was then obtained from Eq. (19). 

Measurements of ionization versus range for alpha-particles were also 
made by Stetter (S25). For protons similar measurements were made 
by Kirchner, Neuert, and Laaff (K7) up to 0.6 Mev; by Schmidt and 
Stetter (S7) between 0.6 and 1.8 Mev; and by Jentschke (J2) up to 
7.6 Mev; Jentschke gives a complete curve for protons which could be 
translated into a range-energy curve by applying a correction factor 
similar to that applied to Holloway and Livingston’s results. Recently 
Kimura et al. (K4a) have repeated the experiments of Livingston and 
Holloway. Although their results are slightly different, this does not 
change the conclusions reached here on the range-energy relation. 

(3) Direct Measurements of Energy Loss. Such measurements were 
made by Crenshaw (C20) for deuterons between 60 and 340 kev; he 
used a gas target without solid windows. In using Crenshaw’s results 
we assume, in accord with theory, that the energy loss of protons and 
deuterons is.the same if they have the same velocity [see the discussion 
after Eq. (19) above). Between 170 and 500 kev, the proton range- 
energy relation was found by interpolation. 

The curve given for protons in Fig. 3 is not in agreement with the 
direct range-energy measurements by Parkinson, Herb, Bellamy, and 
Hudson (P2), which, with a slight modification (B20), have been the 
basis of the widely used “1937 revised Cornell range-energy relation.” 
The ranges in this relation are consistently about 1 mm shorter than those 
given in Fig. 3 (the original ranges of Parkinson et al. are even shorter). 
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Energy (Mcv)—curve II 



(a) 


Fig. 5. Range-energy relation of 


Range (cm)—curve II 








Range (meters)—curve I 


Sec. 1A] Passage of Heavy Particles through Matter 


197 



(b) 


protons in hydrogen (15°C, 760 mm). 


Range (meters)—curve II 
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The reason for this discrepancy is not known, but the weight of evidence 
in favor of the relation in Fig. 3 is overwhelming. 

We believe that the new range-energy relation for alpha-particles is 
correct within about 25 kev. The relation for protons is probably 
correct within 15 kev below 200 and above 500 kev, and within 20 kev 
in between. The range-energy relation in the low-energy region is thus 
much more satisfactory than it was in 1937, or even as late as 1948. 
However, a more direct measurement of the relation for slow protons 
and alpha-particles, preferably by studying the energy loss when they 
traverse given layers of air, would still be desirable. 

From the theoretical point of view the most suitable stopping sub¬ 
stance to study is hydrogen, or possibly helium. For these substances 
the theory should hold down to rather low energies, and at still lower 
energies (below 340 kev) Crenshaw’s experiments may be used for 
hydrogen. At the lowest energies (below GO kev) there are available 
the canal-ray data of Rtkchardt (Hi 1), who has shown that the stopping 
power of hydrogen in this region is 0.4. Calculations have been made by 
Ashkin (A7) and by Hirschfelder and Magee (H18) at low energies, and 
by J. H. Smith (S16) at high energies. Unfortunately, in the existing 
calculations at low energy the stopping number B was taken as B K /\ 81, 
with B k given by Fig. 28 of reference (L18), which is not really appro¬ 
priate for hydrogen. A direct calculation for hydrogen would be 
desirable. However, the main term in (L18, p. 756), i.e., log 3.63?;, 
becomes asymptotically correct as the proton energy' increases, and the 
error in B is probably small for energies above 200 kev. M. C. Walske 
and L. Evges have combined the available information on hydrogen to 
obtain the curves of Fig. 5. In combining the data, it was found that 
Crenshaw’s experiments do not join very smoothly to the theoretical 
results, the latter giving a higher stopping power near 200 kev. 

This point and others have been largely cleared up by French and 
Seidl (FI2), who made a very careful analysis of the available data in 
the region of very low energies (0 to 340 kev protons). They combine 
the experiments of Crenshaw with the canal-ray experiments of Gerthsen 
(G8, G9), Eckardt (El), and Reusse (R4). Although at first sight there 
appear to be contradictions between these data, these are resolved and 
a consistent range-energy' relation is obtained for air, hy'drogen, cellu¬ 
loid, and ice. However, French and Seidl have to assume a surprisingly 
low stopping power for water, in comparison with that for hydrogen 
and air. Otherwise, their results are compatible with our Fig. 3 for air 
and have been taken into account in Fig. 5 for hydrogen. 

In many neutron experiments hydrogen is used in the form of an 
organic compound. Therefore, to supplement Fig. 5, we are giving in 
Fig. 6 the range-energy' relation in glycerol tristearate, according to 
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Energy (Mev)—curve I 



Fig. 6. Range-energy relation in glycerol tristearate, C 57 H 110 O 6 . From calculations 

by Hirschfelder and Magee. 


calculations by Hirschfelder and Magee. French and Seidl (F12) have 
given a relation for water (ice). 

Returning to the theory, a rough formula was developed by Fermi and 
Teller (F8) for very low energies. In this theory the particle, of mass 
large compared to that of the electron, is assumed to move through a 
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Fermi electron gas, with a velocity a small compared to that of the 
fastest electron in the Fermi gas, i> w . In this case the rate of energy loss 


dE 

dx 


4 mv h» m 

= 5“ Ry T ln ~T 

3ir h c 


(20b) 


where Ry is the Rydberg energy. The density of electrons in the stopping 
medium drops out, except in the logarithm, because it cancels a factor 
depending on the electron velocity. If v m is determined from the total 
number of electrons per cubic centimeter, according to the usual formula 

obtained'(W 2 ) IStiC8 ’ surprisinBly good “S^mcnt with experiment is 

4. Stopping Power of Substances Other than Air. Since air is not 
always the most convenient stopping substance, it is important, to 
examine the energy loss in other materials. 

(a) Variation of Relative Stopping Power with Energy. In general, the 
stopping power of any substance relative to that of a standard substance 
e.g., air, is not a constant but rather a function of the energy of the 
incident particle. Using formula (3), we define the relative stopping 
power s by 

_ B Z log 2 mv 2 — log I 

Ro Zo log 2mv 2 - log I 0 


where the subscript 0 refers to the standard substance. We see that s 
is an increasing or decreasing function of u according as / is larger or 
smaller than /„, or, what is the same, as the atoms of the stopping 
substance are heavier or lighter than those of the standard substance. 

The variation of the relative stopping power with energy is clearly 
shown by the many measurements of relative stopping power at various 
energies which are now available. Some of the results are listed in 
Table 3. In most of the recent measurements the range of the particles 
is first determined in a standard substance, e.g., aluminum. Then the 
front portion of the standard absorber, i.e., that portion in which the 
particles have almost the initial energy, is replaced by a suitable thick¬ 
ness of some other substance X , such that the particles are again com¬ 
pletely stopped. In this way it is possible to find out how many grams 
per square centimeter of substance X are equivalent in stopping power 
to 1 g/cm 2 of aluminum at some mean energy of the particles traversing 
the absorber X. 

The most recent experiments are those of Bakker and SegrS (Bl), who 
used the 340-Mev protons from the Berkeley cyclotron. Because of the 
high energy of the particles the effects of electron binding (Section 1A1) 
are small; consequently these experiments are especially suitable for a 
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determination of average excitation potentials .[see (b) below]. The 
protons were slowed down to about 200 Mev in substance X , so that 
their mean energy was 300 Mev. At somewhat lower energies the 
experiments of Stephan and Thornton (private communication) are 
available. They were carried out with deuterons of 190 Mev, also from 
the Berkeley cyclotron. These experiments are not very precise because 
the slabs of the various stopping materials were very thin—less than 
1 percent of the total range of the deuterons and thus not much more 
than the straggling of the range. Stephan and Thornton (private com¬ 
munication) also measured the total range of the same deuterons in 
various materials; their results give average stopping powers over the 
entire range from 0 to 190 Mev. The evaluation of these experiments is 
somewhat more involved, because binding effects have to be taken into 
account at lower energies; however, they have the greatest experimental 
accuracy, because it is not necessary to measure small range differences. 
At considerably lower energy Teasdale (T4) used 12-Mev protons and 
observed the amount, of material required to reduce the energy by about 
1 Mev. The next lower velocity region is covered by the experiments of 
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ley'cyiloUon' th alpha ' particles of 33 and 21 Mev f ™"> the 60-in. Berke- 

Wilson's experiments on protons (W20) between 2 and 4 Mev follow 
-Next, there are the old experiments by Kosenblum (R7) and Mano (M<>) 
on natural alpha-partK-les (around 6 Mev), and finally the recent experi- 

“ y '' arsha "' (W2) on protons in the energy region around 100 
kev , Warshaw observed the actual energy loss when traversing a thin 
oil. several other experiments, involving the comparison of fewer 
substances, will be mentioned below. 

(I A ?r! S r' dent fr ° m , Table 3 ' for any sul,stan, ' e heavier than aluminum, 
the thickness equ.valent to 1 g/cm 2 A1 decrease, substantially with in¬ 
creasing particle energy. This corresponds to an increase of the stopping 
power, in conformity with Eq. (21) for / > /„. For example, for gold 
the equivalent thickness decreases from 4.8 g/cm 2 at 0.1 Mev to only 

matter h h T ^ ,nter P olalion >- At an y energy, of course, no 
matter how high, more grams per square centimeter of gold will be re¬ 
quired than of aluminum. For light elements such as beryllium or 
carbon, the reverse ,s true; i.e., the stopping power relative to aluminum 
decreases with increasing energy. 

Because of the considerable variation of the relative stopping power 
with energy ,t ,8 not legitimate to use foils of materials, and especially 
of heavy materials such as gold or silver, for the stopping of particles 
and to assume that they are equivalent to a given thickness of air 

(6) Mean Excitation Potentials. The stopping power of a substance 
can be calculated, at least for fast particles, when the average excitation 
potent .a / is known. Of course, at low energy, the binding corrections 
discussed in Section 1A1 must be applied; this case will be considered 
below. To determine the value of / the stopping power at some energy 
must be measured. It is most convenient to do this at high energy 
because then the binding correction is smallest; therefore the experi¬ 
ments of Bakker and Segrt (Bl, see Table 3) are the most suitable for 
the purpose. However, the experiments determine the relative stopping 
power only; it is therefore necessary to know the absolute stopping 
power for at least one substance, or to know its value of I. Fortunately, 
the values of / have been determined, by experiments at lower energy! 
for two metals of low atomic weight, beryllium and aluminum, by two 
different methods. 


For beryllium, Madsen and Venkateswarlu (M5) determined the 
energy loss of protons near the resonance of the A1 -f H reaction at 
986 kev. In order to obtain the nuclear resonance reaction behind 
certain thicknesses of beryllium, they measured, by a Van de Graaf 
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accelerator, the energy which had to be given to the proton. From their 
experiment they conclude that / for beryllium is 64 ± 5 ev. 

For aluminum Wilson (W20) has determined the stopping power 
relative to air, using protons of 2 to 4 Mev from the Princeton cyclotron. 
For air the constants of Section 1A2 were used. Taking into account 
the binding effects for the electrons in aluminum according to the theory 
of Section 1A1, Wilson obtains / A i = 150 ± 5 ev (error estimated by 
us). This determination has greater precision than that for beryllium 
above, but it has, of course, the drawback of being less direct since it 
involves the theoretical analysis of the stopping power of air as an inter¬ 
mediate step. 

To obtain the mean excitation potentials we have calculated the 
absolute stopping power of aluminum for 300-Mev protons, using the 
relativistic formula (4) and Wilson’s value / A i = 150 ev. The experi¬ 
ments of Bakker and Segr& (last column of Table 3) give the relative 
stopping powers per electron of various elements (Table 4, column 3). 

TABLE 4 


Mean Excitation Potentials from the Experiments of Barker and Seor& 

(340-Mev Protons) 


z 

Element 

Stopping Power 

/ 

/ 

Corrected 

for 

Binding 

K - I/Z 

K (from 
Mathe 
and 

SegrS) § 

Relative f 

Absolute X 

1 

H || 

1.28o 

R1 

15.6 

15.6 

15.6 


3 

Li 

I.I 84 

9.44 

34.0 

34.0 

11.3 


4 

Be 

1.11 3 

8.87 

60.4 

60.4 

15.1 


6 

C 

I.O 84 

8.64 

76.4 

76.4 

12.7 


13 

Al 

1.000 

7.97 

150 

150 

11.5 


26 

Fe 

0.94i 

7.50 

243 

241 

9.3 


29 

Cu 

0.924 

7.36 

279 

276 

9.5 

10.7 

47 

Ag 

0.873 

6.96 

422 

418 

8.9 


50 

Sn 

0.85 9 

6.85 

472 

463 

9.2 


74 

W 

O. 8 I 4 

6.49 


655 

9.2 


82 

Pb 

O. 8 O 4 

6.41 

737 

705 

8.6 

9.9 

92 

U 

0.786 

6.26 

853 

811 

8.8 



t Stopping power per electron, relative to Al. 
t This column gives the value of In |2mofy(l - /J 2 )/) - 0 2 . 

§ Not corrected for binding effects, these may reduce K by about 1 ev for Pb and 
? ev for Cu. 

H Deduced from the stopping powers of CH 2 and C by subtraction. 
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From these we can calculate the values of the absolute stopping power 
per electron: K 

B 2 mv 2 

~z = In (1 _ 02 )7 " & l cf - equation (4)) 

These are given in column 4 of Table 4 . Equation ( 4 ) can then he solved 
for /; the result is given in the fifth column of Table 4. It is very satis- 
actory that the value of / for beryllium determined in this way, 60 ev, 
agrees within experimental error with the direct determination of 
Madsen and Venkateswarlu, 64 ± 5 ev. This also gives further support 
to Wilson s value for I Al . 

For the heaviest elements, even at 340-Mev proton energy, binding 
effects are not completely eliminated. Correction for these effects, 
using Eq. (13), gives the results in the sixth column of Table 4. The 
next column gives the value of l/Z, which is seen to be nearly the same 
for all elements, in accord with the theory of Bloch (see below). The 
last column of Table 4 gives the value of I/Z deduced from the total- 
range measurements of Mather and Scgrd. In evaluating these experi¬ 
ments binding effects were not taken into account. 

Bloch (B33) has developed a theory of the average excitation potential 
on the basis of the Fermi-Thomas statistical model of the atom. Ac¬ 
cording to this the mean excitation energy should be proportional to 
the atomic number Z The coefficient of Z must be deduced from experi¬ 
ment, and, since the Thomas-Fermi model is most accurate for heavy 
atoms, it is desirable to use experiments with stopping materials of high 
Z. However, for heavy elements binding effects remain important up 
to quite high energies, so that only the recent experiments using the 
Berkeley cyclotron can be used for a satisfactory determination of their 
average excitation potential. Therefore, until recently, the only usable 
determination of the Bloch constant came from the value of I for alumi¬ 
num, 150 ev. This gives for the Bloch constant 

/ 

K = — = 11.5ev (forAl) ( 22 a) 

Z 

The heavy elements listed in Table 4 give lower values for the Bloch 
constant, and, since the Fermi-Thomas model is best for these, we find 
as the best present value 

K = 8.8 ± 0.3 ev (22) 

It is remarkable how constant K is for all elements of Z > 47 (see 
Table 4). It is also evident that K increases slowly toward lower atomic 
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number. Many individual fluctuations are superposed, especially at 
low Z, as might be expected. Thus beryllium has an especially high 
value of AT, whereas carbon and lithium have low values. I he high 
value for beryllium was predicted by A. Bohr (B44) on the basis of the 
density effect, which in general is important only for relativistic energies 
(Section 1A5) but which, in the case of conductors, modifies the stopping 
power already at low energies (H7, B44), the modification being appre¬ 
ciable only if the atomic number is small, because otherwise the con¬ 
duction electrons contribute only a very small fraction of the stopping 
power. 

The question has often been raised whether the stopping power of 
compounds can be obtained by adding the stopping powers of the com¬ 
ponent elements (Bragg’s rule). Approximately, this is certainly true, 
but slight deviations must be expected. When a compound is formed, 
the wave functions of the outer electrons change somewhat, and therefore 
their average excitation potential will change; in general, the binding 
will become tighter. An increase of I for the valence electrons by 1 to 5 
ev (i.e., of the order of the chemical energies) appears not unreasonable; 
the resultant / for all the electrons in the substance will, of course, 
change less. For instance, for CH 2 or II 2 0 it might be expected that the 
binding energy of the hydrogen electrons would be raised from 16 ev 
(ionization potential of H 2 molecules) to something like 18 ev. This 
would increase the average ionization potential of all electrons in the 
compound by 2 to 3 percent and decrease the stopping power by to 
]/2 percent. For atoms other than hydrogen, and especially for heavy 
atoms, still smaller effects should be expected. Thus for most purposes 
the additivity rule may be expected to hold. So far, there is no reliable 
experiment on the additivity rule. However, there is indirect evidence 
from the experiments of Bakker and Segrfc (Bl), who deduced the 
excitation potential of hydrogen from the stopping powers of CH 2 and 
C. As the result, 15.6 ev (Table 4), is very close to the value expected 
for molecular hydrogen, the chemical effect is certainly not large, 
possibly even smaller than we have estimated. 

The Bloch theory, according to which I = KZ with K a constant, is 
very useful to predict the mean excitation potential of elements for 
which this quantity has not been measured. Most of the published 
range-energy curves for elements heavier than aluminum have been 
based on this theory, with K — 11.5 ev according to Wilson’s result for 
aluminum (see, e.g., Fig. 8). 

Recently the experiments of Mather and Segre (M9) have established 
the absolute value of / for aluminum, and hence, in combination with 
the relative measurements of Bakker and Segr£ (Table 4), also for other 
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materials Mather and Segrt measured (he velocity of the protons from 
the Berkeley cyclotron by means of the Cerenkov radiation, and in addi¬ 
tion the total range. Both measurements have probable errors of about 
1 part in 1000, but a correction for multiple scattering mav introduce a 
slightly larger error. The value of / deduced for aluminum is / = 150 ev 
exactly equal to Wilson’s value for 4-Mev protons. 

Mather and Segrt also determined the total ranges of their protons in 
beryllium, carbon, copper, tin, and lead. For beryllium and copper they 
found the same values for / as Bakker and Segrt within about 3 percent 
(see 1 able 4). For copper and lead their values for 7 are about 10 per¬ 
cent higher than those of Table 4, but at least for lead this difference is 
probably mostly due to binding effects, which are larger and more diffi- 
cult to calculate for total ranges than for stopping power at high energy. 
When these effects are calculated, the experiment of Mather and Segrd 
will probably give the most accurate determination of / 

Bloembergen and Van Heerden (B34a) also made an absolute measure¬ 
ment, using protons up to about 115 Mev from the Harvard cyclotron. 
To determine the energy they measured the radius of the orbit of the 
proton in the magnetic field inside the cyclotron. They measured total 
ranges and then compared their results with the theoretical curves of 
Aron el al. to deduce the value of /. For aluminum they found / - 
161 ± 5 ev, which is in fair agreement both with Aron’s assumption 
(149.5 ev) and with the experiments of Mather and Segrd. For copper 
and lead they found values of I about 30 percent higher than Bakker 
and Segrd, probably primarily because of binding effects. Their results 
are in good agreement with those of Stephan and Thornton on the total 
range of 190-Mev deuterons, as should be expected since the two meas¬ 
urements refer to very similar velocities: The ratio of the ranges of 
75-Mev protons in copper and aluminum is 1.221 as compared with 
Stephan’s 1.217 (Table 3), and for lead and aluminum it is 1.675 vs. 
1.689; the different numbers found by Bakker and Segrd (1.143 for cop¬ 
per and 1.515 for lead) are of course due to the variation of relative 
stopping power with energy. 

Hubbard and MacKenzie (H25a) made a very accurate measurement 
of the total range of protons of 18.00 =fc 0.02 Mev in aluminum and 
found 477.0 =b 0.5 mg/cm 2 , which is 1.9 percent higher than Smith’s 
theoretical value of 467.7 mg/cm 2 which was based on / = 150 ev. The 
experiment indicates / = 167 ev, more than 10 percent higher than the 
value of Mather and Segrd. Perhaps one-half of the discrepancy can be 
attributed to the correction for binding of the L electrons which has to 
be applied to the result at 18 Mev. 
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At the same energy, Sachs and Richardson (Sia) measured the energy 
loss in thin foils and found / = 157 =fc 7 ev in aluminum. For heavier 
elements they construct an empirical curve of the total correction 

Ck + Cl H- versus atomic number (cf. Sec. 1A1) which turns out to 

be rather smooth. 

(c) Low Energies. At low energies binding effects must be taken into 
account according to Section 1A1. Thus far, no complete calculation 
has been carried out, although enough experimental data are now avail¬ 
able (Table 3) to form a sufficient basis for a theoretical treatment. 
Experimentally the stopping power of various metal foils (Be, Al, Cu, 
Ag, and Au) for protons below 0.6 Mev has been accurately measured 
by Warshaw (W2); earlier experiments by Wilcox (W12) appear to be 
less reliable (H3, H31, W2). Figure 7a gives the energy loss in Mev 
per g/cm 2 for various substances. Figure 7b gives the energy loss per 
gram-atom/enr, in Bev, for the same energy range. [The values for 
hydrogen and air are from the work of Crenshaw (C20).] It is striking 
that at low energy a heavy atom does not have a substantially greater 
stopping power than a light one; see also Eq. (20a). This is also shown 
in Table 5 in which the atomic stopping powers relative to air are com- 


TABLE 5 

Energy Loss of Slow Protons in Various Materials 


Energy loss at 100 kev in Mev/(g/cm 2 ) 
Same in Bev/(gram-atom/cm 2 ) 

Stopping power relative to uir at 100 kev 
Same at 2 Mev 
Same at 1000 Mev 

Energy at maximum of energy loss (kev) 
Maximum energy loss in Mev/(g/cm 2 ) 
Same in Bev/(gram-atom/cm 2 ) 


H, 

Air 

Al 

Au 

2900 

620 

417 

87 

2.9 

8.9 

11.2 

17.1 

0.33 

1.00 

1.26 

1.92 

0.21 

1.00 

1.53 

4.64 

0.160 

1.00 

1.69 

8.35 

30 

100 

72 

160 

3400 

620 

440 

100 

3.4 

8.9 

11.9 

19.7 


pared at low (100 kev), medium (2 Mev), and high (1000 Mev) energy. 
The increase of the stopping power of gold from 1.92 to 8.35 is striking. 

For every stopping substance the energy loss reaches a maximum at 
some low energy and decreases for still smaller energy. This is shown 
in Figs. 7a and 7b. The last three lines of Table 5 give information 
relating to this maximum. It is expected that the maximum occurs at 
higher energies for heavier elements because of the increase of their 
relative stopping power with energy. This is generally true for the 
elements listed in the table and shown in the figure, although the maxi¬ 
mum for aluminum seems to occur at a relatively low energy; this is 
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unexplained. The energy loss at the maximum again demonstrates the 
v ery small dependence of atomic stopping power on Z for slow protons. 

arshaw and Hall (W2, H4) have also compared the former’s ex¬ 
perimental results with theory and have found good agreement with 
the theory of Section 1A1 for beryllium at about 500 kev. At. low 
energies, they find agreement with the “adiabatic” theory of Fermi and 
Teller [(F8) and end of Section 1A3). 

Madsen and \ enkateswarlu (M5) have measured the stopping of 
beryllium of about 1 Mev, and Huus and Madsen (H31) have made 
simi ar measurements on gold. The old alpha-particle measurements of 
Rosenblum (R7) on gold, going up to 9 Mev, are also in this energy 
region. 

To calculate the stopping power in the low-energy region it is necessary 
to take into account binding effects as described in Section 1A1. Binding 
effects for the A shell will be appreciable if the proton energy is less than 

M „ 

E p = —Z 2 Ry = 0.025Z 2 Mev (23) 

m 

For uranium E p is over 200 Mev; for silver, over 50 Mev; and even for 
copper over 20 Mev. On the other hand, of course, the contribution of 
the K electrons to the stopping power of uranium is only about 2 percent 
or less, so that a correction to this contribution is not very important. 
However, binding effects for the L, M, etc., shells will come in at some¬ 
what lower energies, and these shells contain appreciable numbers of 
electrons. 

It is convenient to apportion the stopping power to the various elec¬ 
tron shells n. According to Section 1A1 and (B12, B19) we may write 

^ 1 2 mv 2 

B = Z-(Z. + /„)ln —- (24) 

n * in 

where Z n is the number of electrons in shell n, /„ the total oscillator 
strength for all transitions from shell n to unoccupied levels, and /„ 
the average ionization potential. For any shell for which /„ is com¬ 
parable with Jmr 2 , the stopping power should be calculated as in Section 
1A1. However, such calculations have as yet not been carried out for 
shells other than the K shell; thus the best that can be done at present 
is to use the results for B K and Ck from Figs, la and lb for any shell. 
In this way L. Brown corrected the results of Stephan and Thornton 
(Table 3) for binding effects. 

As a still rougher approximation, those terms which would give a neg¬ 
ative (and therefore nonsensical) contribution, i.e., all shells for which 
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/„ > 2 mv 2 , may simply be omitted from Eq. (24). This procedure 
was followed by Aron and other members of the theoretical group of the 
University of California Radiation Laboratory in constructing nmge- 
energy relations for a large number of elements (see, e.g., Fig. 8). Of 
course, the average ionization potential of Bloch is defined to include 
the inner electrons: 

Z In / = £ In /„ ( 24a ) 

nil n 


If the inner electrons are omitted, the average of /„ over the remaining 
electrons will be smaller. In other words, for moderate velocities and 
heavy atoms a smaller value of / than that in Eq. (22) should be used. 
It is this correction which is not well known theoretically and which 
makes calculations of the stopping power in heavy substances inaccurate. 

N. Bohr (B43) has, however, given an approximate theory of stopping 
by heavy atoms in the energy region in which several inner electrons 
are ineffective. He points out that in the Thomas-Fermi model of the 
atom the number of electrons with velocity u less than a given velocity 
u, is approximately 



(25) 


Using this formula, and omitting all terms for which the log is negative, 
he can evaluate Eq. (24a) to get 


B = 2n(2v) 


4Z%v 


(25a) 


In this rough theory the stopping power is proportional to Z* t which is 
fairly close to the experimental results ( Z !i is a better approximation for 
natural alpha-particles). The velocity dependence of the energy loss is 
as B/v 2 ~ l/v , which gives a range proportional to v 3 . Thus Geiger’s 
relation (G3) should be fairly well satisfied for heavy materials and low 
velocities ( Ze 2 /hv » 1 ). 

Somewhat more complicated relations have been derived by Bohr for 
still lower velocities (e 2 /hv « l). For the same region the theory of 
Fermi and Teller (F8) is designed; see Eq. (20b). 

(d) Available Range-Energy Relations. The theoretical calculation of 
range-energy relations is most reliable for low atomic number. Thus in 
Fig. 5 we have given the range-energy relation for hydrogen, and in Fig. 
6 that for glycerol tristearate based on calculations of Hirschfelder and 
Magee (H18). Glycerol tristearate, C 57 H 110 0 6 , has been found useful 
as a radiator in fast neutron detectors, because it is more reproducible 
than paraffin. The molecular binding effects may, of course, alter the 
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stopping power of the compound since the moan ionization potential of 
the hydrogen in it is probablj' increased somewhat (see page 198); the 
range may thus be increased by 2 or 3 percent in the region covered in 
Fig. 6. From the tables of Hirschfelder and Magee the range-energy 
relation for any other compound of hydrogen, carbon, and oxygen can 
also be calculated easily. The range-energy relations for argon and 
xenon are also given by Hirschfelder and Magee. 

Range-energy relations for a large variety of elements, both light and 
heavy, have been calculated by Aron, Hoffman, and Williams (A(>a) of 
the University of California Radiation Laboratory. As described on 
page 211 , they considered electron binding effects by simply omitting 
those electron shells which would give negative contributions. 1 For the 
average ionization potential including all electrons, they used the Bloch 
theory, taking / = 11.5 Z % where the constant comes from Wilson’s alu¬ 
minum value. The curves of the Berkeley group have been republished 
by, and are obtainable from, the Oak Ridge National Laboratory. The 
curves for three specially useful materials, copper, silver, and lead, have 
been reproduced in Figs. 8a to 8c. 

For some elements, especially beryllium, aluminum, and gold, con¬ 
siderable experimental information is available. For beryllium the 
measurements by Madsen and Venkateswarlu (Mo) around 1 Mev join 
smoothly to those of Warshaw at lower energy and can be extrapolated 
to higher energy by theory. For gold the low-energy results of Warshaw 
may be combined with those of Huus and Madsen (H31) for protons 
around 1 Mev and with those of Rosenblum (R7) for alpha-particles up 
to 9 Mev; Wilcox (W12) has given a combined range-energy relation. 
For aluminum Wilson’s measurements go from 2 to 4 Mev; theory can 
be used above this energy range and Warshaw’s experiments below. A 
range-energy relation for aluminum is given in Fig. 9; however, it does 
not yet include the most recent experimental information but is based 
on the Livingston-Bethe curves at low energy and on the calculations of 
J. H. Smith above 15 Mev. Aluminum is one of the most useful sub¬ 
stances for range measurements at both low and high energy because it 
can be obtained, both in thin foils and in bulk, with high purity and good 
uniformity. It is an element, hence preferable to mica whose chemical 
composition varies, and it has at the same time sufficiently low atomic 
weight to permit the application of theory at relatively low energy. 

1 For substances up to argon, K shell binding was taken into account according to 
the theory of Sec. 1A1. For other elements, the omission of the corrections Ck, etc., 
tends to overestimate the stopping power while the use of too large a value for / 
tends to underestimate it. 
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Fig. 9. Range-energy relation in aluminum. 
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The range-energy relation in photographic emulsions has recently 
become of great experimental interest. The experimental information 
has been given by Lattes et al. (L10) up to 13 Mev, and by Bradner ct al. 
(B52) at higher energies. 

A particularly simple representation of the range-energy relation for 
all stopping materials and for particles of all masses, accurate to about 
2 percent, is given by the nomograph of Fig. 10, which is due to R. R- 
Wilson. To find, for example, the energy of a proton of range 2 g/cm 
in lead, point 2 on the left-hand scale is joined by a straight line with 
point Z = 82 on the p-scale on the right-hand side. This cuts the energy 
axis (middle scale) at 29 Mev. At non-relativistic energies the straight 
middle line is valid; this line is common to all masses; at high energies 
the curved portions, labeled by the names of the various particles, of the 
middle line must be used. This nomograph is based on the experimental 
results of McMillan and of Teasdale (see Table 3), rather than on the 
curves of Fig. 8. It is in agreement with the more recent results of 
Segr£, Bakker, and Mather (Bl, M9). 

6. Range-Energy Relation for Relativistic Energies. The Density 
Effect. The experiments to be performed with the very energetic heavy 
particles which will soon be available in many laboratories makes it 
essential to extend the range-energy relation up to velocities which are 
an appreciable fraction of the velocity of light. If it is assumed that 
nuclear phenomena like the production of mesons or the possible pro¬ 
duction of excited states of proton and neutron give only a small con¬ 
tribution to the stopping power compared to the ionization and excita¬ 
tion processes in the atoms, the stopping calculations may be readily 
performed. These assumptions may very well not be valid for proton 
energies above 1000 Mev. The most accurate calculations available 
are those of Smith (S16) and Serber, in which the proton range and rate 
of energy loss have been computed for air, aluminum, and other materials 
for proton energies up to 10'° ev, as shown in Figs. 3, 7, 8, 9, and 10. 

The calculations are based on the formula for the stopping power 
previously given in Eq. (4): 

dE \ire A z 2 N ( 2 mv 2 „ ,] 

- *-I 106 —- iog(i - ^ - n (26) 

where = v/c. This formula is not universally valid for arbitrarily high 
energies, as can be seen from the fact that no reference is made in it to 
the spin of the heavy particle. It can be shown that in the very high 
relativistic range the spin plays an essential role (Bhabha, B23; Massey 
and Corben, M8; Oppenheimer, Snyder, and Serber, 02; Rossi and 
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Greisen, R 8 ). The energy loss for particles of spin 1 especially is con¬ 
siderably larger than that for particles of spin £ (protons) or of spin 0. 
However, if the energy of the heavy particle is small compared to 

f k i " here ,S ! he mass of the heav T particle and m is the mass 
o the electron), the spin effect is unimportant and Eq. (26) applies. 
Inis can be seen in an approximate way by considering the collision in 
the Lorentz coordinate frame in which the heavy particle is initially at 
rest. The spin of the heavy particle will be expected to have only 
secondary importance provided that its recoil energy in this coordinate 
system is small compared to M<?. It is readily seen that this is the case 
it the heavy-particle energy is small compared with ( M/m)Mc 2 in the 
a )oratory system. For protons this limiting energy is 2 X 10° Mev 
for mesons 2 X 10 4 Mev. As long as the condition E « (M/m)Mc i is! 
satisfied, the range of the heavy particle is equal to Mz~ 2 times a function 
of the initial velocity characteristic of the stopping medium, as in Eq. 
(1/). If the condition is satisfied for two heavy particles (e.g., proton 
and meson) of the same initial velocity, the range-energy relation for 
one may be used as in Eq. (17a) to deduce the relation for the other. 

I he relativistic correction terms, - log (1 - 0 2 ) - p 2 t 0 f Eq (26) 
produce the very interesting effect that, at velocities close to the velocity 
of light, the energy loss per centimeter increases with increasing energy 
of the incident particle. The effect was first discovered in the classic 
papers of Bohr (B41), who derived an expression analogous to Eq. (26) 
valid in the classical limit and containing the same relativistic terms. 
One-half of the term - log (1 - 0 2 ) arises from the increase of the 
maximum energy which can be transferred to the electron, i.e., from close 
collisions, the other half from distant collisions. The physical origin 
of the latter increase lies in the Lorentz contraction of the Coulomb 
field of the heavy particle which makes possible energy transfers to 
electrons at greater distances from the particle’s path. From this expla¬ 
nation it becomes clear why the same relativistic terms should occur in 
the classical- and quantum-mechanical expressions. 

The formula for the ionization energy loss at high energies must be 
corrected for one more phenomenon which is of importance for very 
high energies, i.e., the effect of the density and dielectric properties of 
the medium on the energy loss. In the previous analysis the atoms of 
the stopping medium have been considered isolated from one another, 
no account being taken of the dielectric properties of the medium. 
This is a valid approximation for the close collisions with large energy 
transfers, but it is questionable for collisions at distances larger than 
atomic dimensions. The electric field of the incident particle at an 
atom far away from its path is decreased by the polarization of the 
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intervening atoms, and this condition causes a decrease in the energy 
transfer. Since, by virtue of the Lorentz contraction, the distant 
collisions become increasingly important as the energy increases, this 
negative correction to the energy loss increases with increasing energy. 
This effect was first considered qualitatively by Swann (S29) and then 
investigated quantitatively by Fermi (F6, F7), Wick (W10, Wll), and 
Halpern and Hall (HO, H7). A very nice general account is given by 
A. Bohr (B44), who stresses the connection with the Cerenkov radia¬ 
tion. Schoenberg et al. (S7a, Jla) have developed this point still further. 

The numerical results of the calculation depend to a considerable 
extent on the model used for representing the dielectric behavior of the 
stopping material. As shown by Wick and Halpern and Hall, a more 
realistic consideration of the dispersion frequencies of the medium leads 
to results for the density correction considerably smaller than those 
obtained by Fermi with a model containing only one dispersion fre¬ 
quency. For very high energies, however, the correction becomes 
independent of the dispersion law and takes the following form: from 
Eq. (26) representing the energy loss per centimeter, there must be 
subtracted 


2ir e A z 2 f 4ire 2 h 2 n 

-— NZ {log--— - 

mii 2 I m(l - 0 2 )I 2 (Z) 


(27) 


where n = NZ is the number of electrons per cubic centimeter in the 
medium, and I(Z) is the mean ionization potential. The correction is 
an increasing function of the energy of the incident particle. The 
limiting form, Eq. (27), is correct provided that the argument of the 
logarithm is large compared with unity. When the subtraction is per¬ 
formed, the contribution of the distant collisions becomes independent 
of the energy and the total energy loss is 


4.2 


2ir e'z 
me 2 


NZ 


me 2 /mc\ 2 1 1 ) 


*n( 1 - 0 2 ) 


(27a) 


This asymptotic formula depends only on the number of electrons per 
unit volume, n, and does not contain the mean ionization potential 
characteristic of the medium. 

It is often convenient (R8) to include only the energy loss due to colli¬ 
sions in which the secondary electron receives an energy less than a 
certain fixed amount rj which, of course, must be taken to be less than 
the maximum energy which can be transferred to the electron, 


W 


max 


2mir‘ 




(27b) 
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7 

Fig. 11. Effect of density on the stopping power of graphite and iron. The curves 
give the percentage reduction of the stopping power, -dE/dx, according to calcula¬ 
tions by Wick. Abscissa, y = total energy (including rest energyj/mc 2 . 

For lower energies the correction has been obtained more accurately 
by Wick and by Halpem and Hall. In Fig. 11 the results are given for 
the correction in iron and graphite expressed in percent of the total energy 
loss per centimeter given by the uncorrected formula (26), including 
the close collisions as well as the distant ones. The abscissa of the 
curves, y = (1 - 0 2 )~ H , is closely related to the kinetic energy, which 
is given by Mc 2 (y — 1). The correction is rather small for heavy 
particles, even for relatively high energies. Thus for a 1000-Mev proton 
(7 « 2) the effect is only of the order 3 percent for iron, 4 percent for 
graphite. On the other hand, for electrons the effect becomes appreciable 
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at energies around 1 Mev, since it depends essentially on the velocity of 
the particle. 

It should be noted that the calculations of Halpern and Hall difier 
appreciably from those of Wick for carbon, especially at low energies, 
because Halpern and Hall treat graphite as a conductor with two per¬ 
fectly free electrons per atom, whereas Wick treats it as an insulator. 
We believe that Wick’s assumption is more nearly correct, although 
Hereford (H15) has obtained some experimental evidence for the effect 
predicted by Halpern and Hall. 

Curves for the density correction in a number of other materials such 
as air, water, and lead can be found in the paper by Halpern and Hall 
(H7). 

Since the ionization normally measured in cloud chambers excludes 
the effect of high-energy delta-rays, it depends only on distant collisions 
and therefore ceases to increase at highly relativistic energies. The 
asymptotic value it reaches for a diatomic gas of atomic number 7, at 
atmospheric pressure is the same as would be reached without the density 
effect for an energy which is given approximately by 


E __ 1 

At? = Vi - a 2 


150 Vz 


(28) 


Hayward (H10) has shown (for electrons) that the relativistic increase 
of ionization is limited to about 40 percent in helium of N.T.P., in good 
agreement with the theory, especially Eq. (27a). In photographic 
plates no increase of grain density for relativistic velocities has been 
observed. Qualitatively, this is reasonable because the density of photo¬ 
graphic emulsions is much higher than of gases, so that the density 
effect must come in much sooner than for the ionization in gases. How¬ 
ever, quantitatively an increase of about 15 percent should still be 
expected. 

Very good observations of the density effect in solids have been made 
by Hanson, Goldwasser, and Mills (H8a) for electrons of 15.7 Mev 
passing through foils of beryllium, aluminum, and gold of about 1 g/cm 2 
thickness. They observe the probable energy loss (see Section 2A2) and 
find, for beryllium and aluminum, agreement within a few percent with 
formula (54c), which includes the density loss in its asymptotic form, 
Eqs. (27a) and (27c). Without density effect, the energy loss in beryl¬ 
lium should have been 25 percent greater than the observed one. 

The density effect has also been observed in photographic plates. 
Just as in the case of ionization in gases, the grain density in the plate 
is not affected by high-energy delta-rays because these will leave the 
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grain in which they are formed. Therefore only distant collisions are 
important, and, since the density of photographic emulsions is high, 
ony a very slight relativistic increase of grain density (10 to 15 per- 

Ce « t) ii eX £ eC,ed - Whether an * v increase exists at all is still controversial. 

b. The Range of Fission Particles. Aside from the experimental im¬ 
portance of the actual ranges of fission fragments in various materials, 
the stopping of such fragments is of considerable physical interest be¬ 
cause of the important differences from the usual stopping of alpha- 
particles or protons. For almost its entire range in the stopping material 
an alpha-particle or proton maintains a constant charge. The capture 
and loss of electrons is important only toward the very end of the range. 
\° r a fusion fragment, however, the initially large positive value of the 
charge, obtained when the fragment shakes off many of its electrons in 
its initial outward impulse, is continually decreased by the capture of 
electrons in the slowing-down process. This has a marked effect on the 
mechanism for the energy loss of the fragment toward the latter part of 
its range. In this region collisions between the fragment and the nuclei 
of the stopping material are more important than the electronic excita¬ 
tion processes. Experimentally this is observable in the large numbers 
of short, heavily ionizing recoil tracks coming off from cloud chamber 
tracks of fission particles (Bpggild et ai, B36; Corson and Thornton, 
Cw). Tracks of protons or alpha-particles show such nuclear recoils 
only rarely. In addition, the fission fragment tracks show considerable 
curvature due to the cumulative effect of less violent nuclear collisions. 

Qualitatively these characteristics may be explained as follows: 
from Eq. (3) the energy loss of the fragment to the electrons of the 
stopping medium is proportional to (Z^fZj/m, where Z,'" is the 
effective charge of the fragment shielded by the captured electrons sur¬ 
rounding it, Z 2 is the number of electrons in one of the atoms of the 
stopping material, and m is the electron mass. By analogy the energy 
loss due to nuclear collisions is proportional to Z X 2 Z 2 2 /M 2 , where M 2 is 
the mass of a nucleus of the medium. Here it is the full value of the 
nuclear charge Z\ of the fragment which enters, since the nuclear 
collisions are close enough for the screening to be neglected. For the 
same reason the dependence on the charge of the stopping nucleus is 
Z 2 . The ratio of the energy loss due to nuclear collisions to that due 
to electronic collisions for any value of the velocity of the fragment is 
therefore approximately (Z 2 mlM 2 ){Z,/Z^) 2 . As Z,'* decreases 
toward the end of the range, this ratio shows a marked increase and 
gives rise to the characteristic phenomena noted above. For a proton or 
alpha-particle the ratio is always very small and justifies neglecting the 
energy loss due to nuclear collisions. 
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Theoretical discussions of the energy loss of fission fragments have 
been given by Bohr (B42, B43), Lamb (LI), Brunings, Knipp, and 
Teller (B55, K9), and Beck and Havas (B 6 ). Apart from some differ¬ 
ences in the approximations used, their results are essentially the same. 
We shall give a brief summary of the results due to Bohr. For the energy 
loss due to electronic excitation processes the parameter Z\ e /hr = $ 
determines the extent to which the Bom approximation or the classical 
approximation is valid. Near the beginning of the range. Z x ,n is approxi¬ 
mately 20 and the fragment velocity v is about 1.4 X 10 9 cm/sec. This 
gives £ ~ 3. Near the end of the range, Z x ** is about 2 and v ~ 2 X 10 8 , 
giving £ ~ 2. Consequently, the classical approximation, Eq. ( 6 ), is 
fairly good over the entire range. The analogous parameter for the 
energy loss due to nuclear collisions is Z\Z^/tw. As this is very much 
larger than unity, the classical orbit description is a very good approxi¬ 
mation. The total energy loss per centimeter is therefore [cf. Eq. (6)1 


L — 

N dx 


4 ire 4 

mV 2 


( z :*) 2 z 2 log 


1.123 nuP 

a 


+ 


4 ire 4 


Zi 2 Z 2 2 log (-f 
\J71 


m x m 2 




-f- M 2 Z x Z 2 e‘ 


) 


(29) 


In the second term, which represents the nuclear collisions, the quantity 
0 | 2 * cr is the impact parameter beyond which the energy loss is effectively 
zero owing to the screening of the charges of the nuclei by the atomic 
electrons. a X2 "'’ may l>e estimated roughly from the Thomas-Fermi 
model of the atom. N is the number of atoms of the stopping medium 
per cubic centimeter, M x is the mass of the fragment; the other quantities 
have been defined previously. 

Theoretical calculations of the range based on Eq. (29) will depend 
very sensitively on the law chosen for the decrease of the effective charge 
Z i t,fI as the velocity of the fragment decreases. Bohr assumes as a first 
approximation that the fragment will shake off all those of its electrons 
whose orbital velocity in the atom is smaller than the velocity of the 
fragment itself. A rough estimate based on the Fermi-Thomas statisti¬ 
cal model gives 

Z i eff = (30) 

e 2 


Since hv/e 2 is about 5 at the beginning of the range and Z x * is close to 
4, this gives good agreement with the experimental results which show 
that the initial value of Z* is about 20 (P3, L 6 ). For the heavier 
fission fragments the variation of Zj eff with velocity is about v, as pre- 
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the variation of effective charge with the velocity of the fission fragment 
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the capture cross sect,on is larger for heavier gases because then the gas 

atom may contain electrons which are moving slowly relative to the 

ss.on fragment and thus may easily be captured (similar to Bohr’s 

9I) ‘ ’* ell ' s resul,s for the effective charge as a function 
of velocity are in good agreement with the experiments of Lassen for all 
gases except H, and He, for which the theory gives too small a capture 
cross sect,on; Bell gives reasons which may account for this discrepancy. 
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ange ~ a is assumed to hold for constant charge (see page 211 ) the 

t-elonty of the fission particle will decrease linearly with distance as 

r, . C 7 °! ,S dUC m ° Stly ,0 e,eCtronic collisions ( fi -t term 
in (2J)J. With the same assumptions Bohr obtains a relation be- 

tueen the range of a fission fragment and an alpha-particle of the same 
initial velocity v: 


Rf - 7 - A: /e 2 ^ 2 

Ra 7 (Z,'”)* ~ 7 Z,*\hv) (30a) 

where A x is the mass number of the fragment. 

This relation predicts that the stopping power of various substances 
for fission particles varies in the same way as for alpha-particles. This 
is in fair agreement with the experiments of SegrS and Wiegand (Si la) 
and Lassen (L 8 ). For very light stopping materials deviations appear 
and they have been discussed by Bohr (B43, p. 134). 

Equation (30a) also predicts the absolute range of fission fragments. 
In the most recent experiments by Katcoff, Miskel, and Stanley (K3) the 
range was measured for individual fission products by radiochemical 
methods. For the heaviest fragment measured, Eu 157 , the mean range 
in air was 1.79 cm; for the lightest, Br 83 , it was 2.65 cm. These results 
are in sufficient agreement with Bohr's theory, Eq. (30a). Older experi¬ 
ments are due to the Danish school (B37, B38, B45), to Joliot (J7) and 
Suzor (S28) in France, and to several others. In these experiments only 
the light and the heavy groups of fragments were separated. 

Figure 12 gives the range-velocity relation according to the experi¬ 
ments of Baggild et al. (B37, B38). The velocity of the fragments was 
determined by the distribution of nuclear recoils along the track in a 
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cloud chamber, and by a measurement of the lengths and angles of 
tracks of individual nuclear recoils. 

An interesting feature of the stopping of fission fragments is the large 
straggling which is due to the nuclear collisions in the last part of the 
range (when the velocity has decreased below e 2 /h = 2 10 8 cm/sec). 
Bohr (B43, p. 137) has calculated the straggling and finds satisfactory 
agreement with the experiments of Katcoff ct al. (K3). 



Fig. 12. Range of fission particles, from experiments by Boggild, Brostr0m, and 
Lauritson, Phys. Rev., 69, 273 (1941). 

B. Relation between Energy Loss and Ionization 
1. Primary and Total Ionization. An energetic heavy charged particle, 
in its passage through matter, produces the ionization contributing to 
its energy loss in two different ways. In the primary collision with the 
electrons in an atom, the most probable of the ionizing collisions are 
those .in,which a relatively slow secondary electron is ejected with 
kinetic energy smaller than the ionization potential. A small fraction 
of the ionizing collisions, however, produce secondary electrons of 
relatively high energy, the maximum energy’ being 4(m/M)E corre¬ 
sponding to a maximum velocity of twice the velocity of the incident 
heavy particle. For a primary proton of energy E = 10 Mev this gives 
secondaries of maximum energy around 20 kev. These so-called delta- 
rays are easily visible in cloud chamber photographs of the tracks of 
ionizing heavy charged particles, and they amount to a few per centi¬ 
meter near the beginning of the track. The delta-rays themselves then 
go on to produce further ionization in the atoms of the stopping material, 
leading to a secondary ionization. The energy distribution of the delta- 
rays is discussed below (Section ID). 
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We have, therefore, to distinguish between the primary ionization in 
which the number of ions produced is equal to the total number of 
secondary electrons, slow and fast, and the secondary ionization produced 
by the delta-ravs. The total ionization is the sum of the two. Experi¬ 
mentally, the total ionization is roughly three times the primary ioniza¬ 
tion. Both types of ionization can be observed in the cloud chamber. 
To observe the total ionization delayed expansions are used and thereby 
the tracks are permitted to diffuse in order to get all ions separated; by 
applying electric clearing fields at the same time, the positive and 
negative ions can be separated, and this allows a check on the condensa¬ 
tion efficiency. To measure primary ionization, sharp tracks are used 
and clusters of ions are counted rather than single ions. Under these 
conditions the secondary ions produced by a slow delta-ray will form 
part of the same cluster together with the primary ion formed when the 
delta-ray was emitted. 

Total ionization is generally measured in ionization chambers or pro¬ 
portional counters (see Section 1B4), whereas primary ionization can be 
measured, for instance, by using the efficiency of a Geiger counter 
(Hereford, H15). 

The calculation of primary ionization can be done, with any certainty, 
only for hydrogen [actually hydrogen atoms (B12)]. Experiments for 
hydrogen have been carried out in the cloud chamber by Williams and 
Terroux (W14, W15) for electrons of velocity 0.5c. They find 14.7 
primary ions per centimeter, whereas the theoretical prediction is 12.0, 
in satisfactory agreement. At higher energies, up to 13 Mev, Hereford 
(H15) also found reasonable agreement with theory; in particular he 
confirmed the theoretical prediction that the primary ionization, like 
the energy loss, increases with energy in the relativistic region (Sections 
1A5 and 2A1). This relativistic increase of ionization had previously 
been established for nitrogen by Corson and Brode (C16) and then con¬ 
firmed with greater accuracy by Hazen (Hll); in both cases total 
ionization was measured in the cloud chamber. (See also Sections 1A5 
and 2A1.) 

2. Energy Loss per Ion Pair (Total Ionization). The most remarkable 
experimental fact about the total ionization is that the energy loss per 
ion formed, w, is very nearly independent of the energy E of the primary. 
It is also nearly the same for alpha-particles, protons, electrons, etc. 
Moreover, the energy w is not very different for different stopping gases 
(see Table 0) and, contrary to naive expectation, is smallest for the rare 
gases whose ionization potentials are the highest of all atoms. 

These facts have been explained by a very reasonable semi-quantitative 
theory by Fano (FI). Instead of the energy of the primary particle, 
Fano considers the total energy available for ionization, whether it 
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resides in the primary particle or in a delta-ray. In a collision in which 
the atom is excited (cross section <j e ) by either the primary or a delta- 
ray, the available energy is reduced by the excitation energy W e . Like- 

TABLE 6 


Energy Loss w per Ion Pair 


Gas 

z 

u> for Po Alpha-Particles f accord¬ 
ing to reference: 

w for 
340-Mev 
protons 
(Bl) 

Ioniza¬ 
tion 
Poten¬ 
tial / 

u>/n 

(A3) 

(G16) 

<S6) 

(S25) 

Hydrogen 

1 


35.0 


35.1 

35.3 

15.6 

2.24 

Helium 

2 



.... 

• • • • 

29.9 

24.5 

1.23 

Nitrogen 

7 

36.3 ±0.4 

.... | 

36.2 

36.2 

33.6 

15.5 

2.34 

Oxygen 

8 


.... 

32.3 

ma 

31.5 

12.5 

2.58 

Neon 

10 


.... 

27.1 


28.6 

21.5 

1.26 

Argon 

18 


.... 

24.3 

27.7 

25.5 

15.7 

1.55 

Krypton 



.... 

22.3 

25.6 

• • • • 

13.9 

1.60 


54 


.... 

21.3 

22.9 


12.1 

1.76 


.. 

34.7 ±0.5 

35.6 

34.8 

35.7 

33.3 

.... 

.... 



34.7 

34.7 

34.7 

34.7 

• • • • 

• • • • 

• • • • 



• • • • 


29.3 





CjH« 


• • • • 







ecu 


26.8 ± 1.0 


n 





CO 


• • • • 







co 2 

• • 

• • • • 


ts 






f The absolute values for substances other than air have all been adjusted to the 
value of Alder, Huber, and Metzger (A3) for air, 34.7 ev. This standard value has 
been listed for all authors in the line “Air II.” The directly measured values for air 
of the various authors are listed in the line “Air I.” The adjusted values of Schmicder 
(S6) have been used, where available, in calculating w/I. 

wise, if the atom is ionized and the kinetic energy of the ejected electron 
is less than the ionization potential I (cross section an), the total energy 
given to the atomic electron Wn is lost from the available energy. How¬ 
ever, if a delta-ray of kinetic energy greater than / is produced (<r l2 ), its 
kinetic energy is still available for further ionization, and the expenditure 
of available energy is considered to be only the ionization potential /. 
The average amount of (available) energy spent per ion is then 


a e W e + <Ji\Wn -j- a i2 I 
w =- 


ff »l + a i2 


(31) 
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Now the ratio of the various cross sections, especially of <r e and 9iu does 
not change much with the energy of the ionizing particle; neither do the 
average energies W e and W ix . This explains in a qualitative way the 
constancy of w with energy. An important contributing reason for this 
constancy is that o i2 is small. In first approximation, then, Eq. (31) 
can be calculated by finding the total energy loss in all low-energy 
collisions (c and 1 1) and the cross section <r„. In second approximation 
Fano treats the contribution of the secondary electrons more accurately. 

The theory of Fano explains the experimental result that the energy 
spent per ion is nearly the same for all substances, irrespective of their 
ionization potential. To see this, consider on one side the rare gases, 
which have very high ionization potentials. Their excited states all lie 
m a very narrow energy region close to the ionization potential. There¬ 
fore the total transition probability to all discrete states a, [cf. also Eq. 
(11)) is small, and nearly every inelastic collision leads to ionization. 
Thus, while \V ix in Eq. (31) is large (since it must be greater than /), 
the energy “wasted” in excitation, <r e W e , is small, and w is only slightly 
greater than I . Conversely, for an alkali atom, for which the ionization 
potential is small, an overwhelming fraction of the collisions leads to 
the excitation of the first excited state (e.g., B14, p. 467) and a large 
amount of energy is “wasted” in excitation, so that w is very much 
greater than /. 

Fano made explicit calculations for hydrogen, which has an inter¬ 
mediate ionization potential, and helium, which has a large /. He found 
almost exactly the same values for w, namely 36 ev for hydrogen and 
38 ev for helium, whereas the ionization potential of helium is 1.8 times 
greater than that of hydrogen. The number for hydrogen is very close 
to the experimental value for H 2 (Table 6); on the other hand, the cal¬ 
culated value for helium is still too high, since the experimental result 
is only 30 ev, only 25 percent more than the ionization potential. 

It has already been stated that the energy loss per ion pair is nearly 
independent of the energy of the primary particle. There is clearly no 
theoretical reason for this rule to hold exactly ; it can at best be made 
plausible by the arguments of Fano. From his arguments it may be 
expected that w is most nearly constant for rare gases. In these the 
excitation energies are all very close to the ionization potential, and most 
of the ionizing collisions also involve energy transfers close to /, as 
shown by the experimental fact that the energy per ion, w y is only slightly 
greater than /. Therefore, even a considerable change in the distribution 
of collisions between various kinds will not change w very much. 

This conclusion is confirmed by the experimental fact that the ratio 
of the number of ions formed in the three gases helium, neon, and argon 
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is independent of the energy for alpha-particles up to 5 Mev. This 
result was deduced in a survey article by Gray (G16) from old experi¬ 
ments (1925) of Gurney (G18), carried out with alpha-particles from 
polonium stopped by various thickness of air. From the experiments it 
can be concluded that w either varies in exactly the same way with 
energy for the three gases (which is obviously unreasonable) or is 
constant for all three. 

A direct experimental proof that the energy w per ion pair is inde¬ 
pendent of energy in argon has been given by Jesse, Forstat, and 
Sadauskis at the Argonne Laboratory (J3, J4, J5). They have shown 
that, for a number of natural alpha-particles of energies between 5 and 
9 Mev, the number of ions formed in argon is proportional to the energy 
of the particle within 0.5 percent, which probably represents the accuracy 
of the ionization measurements (there is no trend of the small dis¬ 
crepancy with energy). They have obtained the same result (within 
0.3 percent) for the combined ionization and the combined energy of the 
two particles emitted in the reaction B 10 + n = Li 7 + He 4 . Franzen, 
Halpern, and Stephens (F13) have also obtained the same result for the 
combined ionization and energy of the two particles emitted in the 
reaction N 14 + n = C 14 + H, and in the reaction He 3 + n = H 3 + H, 
all of these reactions being produced by slow neutrons. Unless there is 
some strange and accidental compensation, we must conclude that the 
ionization in argon is exactly proportional to the energy, irrespective of 
the energy and of the kind of particle involved. 1 

On the other hand, for air Jesse et al. have shown that w varies 
appreciably with particle energy. They have analyzed the experiments 
on the ionization in air of Stetter (S25), of Holloway and Livingston 
(H21), and their own (J3) and have obtained the ratio of the ionizations 
in argon and air as a function of particle energy. If the ionization in air 
is multiplied by this ratio, a result proportional to the particle energy is 
obtained. In this way the measurements of Holloway and Livingston 
(H21), who measured the ionization of alpha-particles in air as a function 
of the range, can be corrected and thus converted into a range-energy 
relation. This procedure, suggested and carried out by Jesse and 

1 However, Leachman (Ll4a) has shown that for fission fragments the energy per 
ion pair in argon is greater than for protons, by about 12 percent for the lighter and 
5 percent for the heavier fragment. Knipp and Ling (K9a) have attributed this effect 
to a deficiency in ionization by the heavy recoil atoms projected by the fission frag¬ 
ments. Another reason may be energy loss associated with the capture and loss of 
electrons by the fragment (Section 1A6) which is not accompanied by the full amount 
of ionization in the medium. Finally, Jesse has pointed out that, in the case of the 
very heavily ionizing fission fragments, there may be lack of saturation in the ob¬ 
served ionization current due to columnar ionization, even in argon. 
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Sadauskis el al. (J4, J6; see also B20), was used in establishing the range- 
energy relation for slow alpha-particles in Section 1A3. 

Recently, Kimura el al. (K4a) have repeated the experiments of Hollo¬ 
way and Livingston with different electric fields applied to the ionization 
chamber. At moderate field (500 volts/cm) they reproduce the result of 



Fig. 13. Ratio of number of ions produced in argon and in air by particles of various 
energies. The ratio has arbitrarily been set equal to one for polonium alpha-particles. 
Since the energy w per ion pair is believed to be constunt for argon, the curve gives 

the variation of w for air with energy. 


Holloway and Livingston, but at high field (11,400 v/cm) they find a 
curve for ionization vs. distance which is more similar to the corrected 
curve of true energy loss vs. distance. They conclude that the true value 
of w in air may be more nearly constant with energy than the investiga¬ 
tions of Jesse el al. indicated, but that the heavy columnar ionization 
produced by slow alpha-particles makes it very difficult to collect all 
the ions in air unless extremely high electric fields are applied. This 
conclusion does not, of course, affect the conversion factor from the data 
of Holloway and Livingston to ionization in argon. 

In Fig. 13 we give the conversion factor from total ionization in air to 
ionization in argon. The conversion factor was arbitrarily set equal to 
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one for polonium alpha-particles. We have used the data of Jesse el al., 
supplemented by the old results of Gurney (G19). The value given for 
zero energy in Fig. 13 has been estimated on the basis of the experiments 
of Gerthsen ((58) with hydrogen canal rays. He finds that the energy 
per ion for slow protons (<50 kev) is about 10 ± 10 percent higher than 
for natural alpha-particles. There is no reason why there should be any 
difference between protons and alpha-particles (both being heavy) in 
the distribution between exciting and ionizing collisions and therefore 
in w (the number of collisions per centimeter is, of course, another 
matter). We therefore assume that there is no rapid increase of w at 
very low energies, in contrast to (G16) and (C19). 

The w so far considered, for instance in Fig. 13, was obtained by 
dividing the total energy of the particle by the total number of ions 
formed. This is the quantity of the greatest practical importance which 
must be used to convert ionization in air into energy. A theoretically 
more significant quantity is the energy tv' per ion pair for a small change 
of particle energy. It is related to w as follows: 

1 dl d / E\ 1 / d log w\ 
w' dE dE \w) tv \ d log E/ 

where I is the total number of ions formed by a particle of initial energy 
E. For the highest energy interval measured by Stetter (S25), i.e., the 
difference between the alpha-particles of RaC' and ThA (see Table 2 
of reference J5), the value of tv' in air is about 7 percent less than w for 
polonium alpha-particles, or 32.3 ev. 

More information on the change with energy at high energies is 
provided by the experiments by Bakker and Segre (Bl), who used 340- 
Mev protons which are also listed in Table 6. Their value for air, 33.3 
ev, is lower than that for polonium alpha-particles and in sufficient agree¬ 
ment with the w' value of Stetter just mentioned (32), with the commonly 
quoted value for electrons, 32 ev, and with Eq. (32a). For nitrogen a 
greater decrease with increasing energy is found. For the rare gases, 
helium, neon, and argon, the high-energy value of Bakker and Segre 
agrees well with the mean values of the determinations for polonium 
alpha-particles. For these gases the value of w is especially sensitive to 
small impurities; this may explain the relatively wide variation between 
individual experimental results. 

Returning to energies below that of polonium alpha-particles, the 
energy per ion, w, is independent of the particle energy E also for 
helium and neon, since it is independent of E for argon and since the 
ratio of ionization in argon and the other rare gases is independent of 
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energy (G16, G19). This is plausible from Fano’s theory (see above). 
However, it follows from Gurney’s experiments, as well as from those of 
Bakker and Segr6, that w is also independent of energy for hydrogen, 
and there is no obvious theoretical reason for this. 1 

The value of w for electrons was measured in argon by Curran, Angus, 
and Cockcroft (C24) and by Xicodemus (N3), and in air by Pigge (PC), 
and Gerbes (G6). In argon, Curran el at. find a constant value for w, 
m agreement with the results for protons. Xicodemus finds 26.9 cv, 
very close to the value for alpha-particles adopted in Table 6. In air at 
high energies, Gerbes (and other authors) find practically the same value 
of w as for alpha-particles, 2 as might be expected. At low energies Pigge 
finds substantially higher values, going up to 42 ev at 300 ev. Gerbes 
has summarized these data in the empirical formula 


w = 31.6 + 5.3 E'-* 


(32a) 


where E is in kev. Gray and Cranshaw and Harvey have used similar 
formulas for alpha-particles. The increase of u> for slow electrons is not 
unreasonable, but the increase for heavy particles seems to be less than 
indicated by a formula of the type of (32a). 

The most recent, and probably best, absolute values for w in nitrogen 
and air for polonium alpha-particles have been obtained by Alder, 
Huber, and Metzger (A3); these values are given in Table 6 and used as 
standards. Gray, in his survey article (G16), and Stetter (S25) favor for 
air a value higher by about 1 ev. 

For the other substances listed in Table 6 we have taken the values 
relative to air from various authors as listed below, together with the 
absolute value for air from Alder el al. For many substances, values are 
available both from Schmieder (S6) and from Stetter (S25); they have 
both been given in order to show the experimental variation of w. This 
is especially large for rare gases in which the ionization is highly sensitive 
to small impurities (private communication from Jesse). For nitrogen 
and hydrogen the agreement of various authors is good. The values 
from Gray (G16) are based on experiments by Xaidu (Nl) for helium 
and by Gurney (G19) and Taylor for hydrogen. Rossi and Staub (R9, 
p. 227) give additional values. 

3. Fluctuations of Ionization. For the evaluation of measurements of 
the energy of a particle by its total ionization, the fluctuation of the 
number of ions for a given initial energy is of interest. This problem 


1 Gray’s belief that there are theoretical reasons for constancy in hydrogen is not 
justified because there is no direct theory for w but only plausibility arguments. 

* To be exact, w for electrons agrees with the differential value w' for alpha-particles; 
see above. 
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has also been studied by Fano (F2). Let p* be the fraction of inelastic 
collisions associated with a loss w k of available energy, where the avail¬ 
able energy is defined (as in the theory of the preceding subsection) as 
the energy of the particle plus that of all delta-rays still capable of 
ionizing; w k can therefore not exceed 21. Also let p' = 2p* ( *> be the 
total probability of ionization; then, if N 0 is the expected number of ions, 
the mean square fluctuation of the actual number is, according to Fano, 

«" - N ‘ ) ’ > ~ ■ V [? (‘ - ”) + (?)’] «“ 

where the first sum goes only over the ionizing, the second only over the 
exciting collisions. It is convenient to introduce the average energy 
loss Wi t for all ionizing collisions: 

2p* (, W> - p'Wi (33a) 

and similarly for the exciting collisions: 

2 p k w w k <*> - (1 - p')W e 2p*<‘> = I - p' (33b) 

so that 

w = Wi + W. -—— (33c) 

Then Eq. (33) may be written 
<(N- A r 0 ) 2 > av = F 1 - p' W e 1 
A^o p /2 w 2 w 2 p' 

[ E P* (0 (W° - Wi ) 2 + 23 Pk M (Wk M - w e ) 2 I (33d) 

L «on exc. J 

Here the first term arises from the fact that some collisions are ionizing 
while others are not, and it goes to zero if there are only ionizing collisions; 
the other two terms arise from the fluctuation of energy loss in the ioniz¬ 
ing and the exciting collisions, respectively. In general, the first term 
predominates (by a factor 10 or so). Since wp' > W e (Eq. 33c), the 
fluctuation factor F is in general less than 1 - p', which is considerably 
less than the result F = 1 which would be obtained for random events. 
The fluctuations should be particularly small for helium because w is 
very close to I ; the numerical values for w and I set an upper limit of 
about Y± for 1 — p' and thus for F. 

Hanna, Pontecorvo, and Kirkwood (H8, K5) have studied the fluctua¬ 
tion in the size of the pulses produced in a proportional counter filled with 
argon by low-energy electrons (17.4, 2.8, and 0.25 kev). The average 
number of ions directly produced by an electron of 2.8 kev is N 0 = 100 
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(see Table 6), the measured standard deviation is ±9 percent, corre¬ 
sponding to ±9 ions. Theoretically, this fluctuation consists of two 
parts, the fluctuation in the number of ions directly produced by the 
electron and the fluctuation in the amplification in the counter. The 
former is VfWo with F given by Eq. (33d); Fano has found that F 
should be about for argon; therefore this fluctuation should be about 
V33. The fluctuation in the gas amplification has been calculated by 
Snyder (Si8) and found to be \^Nq. The total fluctuation should there¬ 
fore be \/(l -p F)N 0 « 12. The observed fluctuation is less than this. 
Qualitatively, this supports Fano’s result that F is considerably smaller 
than 1; quantitatively, there is at present no theoretical explanation of 
the very small fluctuation found by Hanna el a/. 1 Their result for 17.4 
kev is similarly small. 

4. Experimental Applications. The near constancy of the energy loss 
per ion provides a very useful experimental tool. In first approximation 
it may be assumed that the energy of a particle is proportional to the 
total number of ions produced. This method has been widely used for 
the determination of particle energies: (1) by Holloway and Livingston 
(H21) for the purpose of establishing a range-energy relation; (2) by 
many authors for the measurement of the energy of particles arising 
from nuclear reactions, e.g., of the protons from the photoelectric dis¬ 
integration of the deuteron (S26); and (3) recently by Cranshaw and 
Harvey (C19) and by Jesse et al. (J3, J4) for the determination of 
energies of alpha-particles. It is most accurate to use the ionization in 
argon (or another rare gas) for this purpose rather than that in air (see 
Section 1B2). The experiments of Holloway and Livingston were done 
in air; they were corrected by means of Fig. 13 to establish the range- 
energy relation (see Section 1A3). 

The distribution of total ionization along the path of a particle is, in 
first approximation, the same as that of the rate of energy loss, —dE/dx. 
It can be measured for individual particles in a shallow ionization 
chamber with linear amplifier (H21). The result is a Bragg curve of 
ionization versus residual range. Figure 14 shows the Bragg curve as 
obtained by Holloway and Livingston for polonium alpha-particles. 

i In contrast to Hanna el al., Stetter (S25) found fluctuations in the number of 
ions which were considerably greater than y/N- For example, for polonium alphas 
in argon Stetter’s root mean square fluctuation is 6500; with N = 186,000, this is 
15\//7. Moreover, the fluctuation increases rapidly with increasing atomic number, 
from 4.5 VN for hydrogen to 40 y/N for xenon (!); the number of ions does not show 
a Gaussian distribution, and its variation is correlated with the range straggling. 
These results are almost certainly wrong, but a repetition of Stetter’s experiments 
would be desirable. 
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Starting at high energy, the ionization rises, reaches a maximum about 
0.4 cm from the end of the range, and then drops sharply to zero at the 
end of the range. 

To be distinguished from the ionization curve for an individual 
particle is the Bragg curve for all the particles emitted by a radioactive 
source as a function of the distance from the source. This curve is 
modified by the range straggling (see Section 1C) of the particles which 
has the effect of giving a tail to the curve and of smearing out the maxi¬ 
mum. This curve is easier to measure because it involves the measure¬ 
ment of the total ionization current produced by many particles rather 
than the small ionization pulse produced by a single particle. All the 
earlier measurements were concerned with this over-all Bragg curve. 

Since the ionization per centimeter of path is a function of the velocity 
of the particle, it can be used to determine the velocity. This measure¬ 
ment may be combined with one of the momentum by magnetic deflec¬ 
tion; combination of the two data gives the mass of the particle. This 
method has been widely used for mass determinations, especially of 
mesons. Because it is difficult to measure the ionization accurately, the 
method is inferior to a determination of magnetic deflection and range 
(F14). 

The most accurate determination of particle ranges is done by means 
of ionization chambers with linear amplifiers. By applying a bias, only 
those particles which form more than a given number of ions in the 
chamber (depending on the bias applied) are measured, i.e., only those 
particles whose energy exceeds a certain minimum energy E m when 
entering the chamber. The distance between the source and the front 
face of the ion chamber is then the difference of the ranges for the initial 
particle energy E t and the energy E m . It is most convenient to make 
relative measurements, using the same chamber for the particles of 
unknown range and for other particles of the same kind whose range is 
accurately known (for the use of this technique, see, e.g., C3). 

C. Straggling. Determination of the Mean Range from the Extrapolated 

Range. 

1. Fluctuations in the Energy Loss and in the Range. In Section 
1A1 we have given a formula for the average energy loss per centimeter 
suffered by a charged particle in traversing some stopping material. 
Actually, any given particle loses its energy in small but finite amounts, 
taking a large but finite number of collisions to reduce its energy by 
some prescribed amount. If we were therefore to examine particles of 
the same initial energy which have all traveled the same length of path 
in the stopping material, w r e should find a statistical fluctuation in the 
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amount of energy lost. Similarly, there would be a statistical fluctuation 
in the range of these particles. These fluctuation effects are known as 
“straggling.” 

Let us denote by (AE 2 ) x = [(E 2 ) av - (E %v ) 2 ] x the mean square fluctu¬ 
ation in the energy lost by particles of the same initial energy traversing 
a distance X, and by (AX 2 )b = l(A 2 ) av - (X> V ) 2 U the mean square 
fluctuation in the distance traversed by particles which have lost the 
energy E. Then, if dX and dE denote a very small distance and energy 
loss, respectively, and if dE is the mean energy loss corresponding to 
the distance dX, we have, obviously, 

(A£ 2 ),x = (g)V).* (34) 


where dE/dX is the average rate of energy loss. The fluctuation AA r2 
for a finite energy loss E is then obtained by integration of Eq. (34): 


(**•)*=£ (ax*>« - (—) 

(35) 


The fluctuation A# 2 for a small distance can be calculated directly 
from the theory. By applying the Born approximation as in the theory 
of stopping, Livingston and Bethe (L18) obtained 

A ((.EV _ M]x = 4 , e VAr (z' +’£k n 1 ^ log (3G) 


Here Z' is the total number of “effective” electrons defined as the num¬ 
ber of electrons in the atom, Z, excluding those in the inner shells for 
which /„ > 2 mv 2 . The sum goes over the shells which are not excluded, 
Z n is the number of electrons in the nth shell, I„ their average excitation 
energy, and the k n certain constants between % and For high ener¬ 
gies the sum over n may be neglected, and Z' replaced by Z t and the 
classical formula of Bohr (B41) is obtained: 


— A E 2 = \re K z 2 NZ (36a) 

dX 


The corrections in (36) compared with (36a) amount to an increase by 
about 20 percent for 8-Mev alpha-particles in mica (Bll), and 50 per¬ 
cent around 4 Mev. At higher energies, the corrections become negli¬ 
gible. 
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Using Eq. (34) and integrating Eq. (37), we obtain, from the initial 
energy E 0 of the particle to zero, the mean square fluctuation in the 
range: 

(« - ffo)„v 2 = [(ff 2 )av - R 0 2 ] 


r*>Ue*z*NZ’l kJ n Z „ 2mv 2 

J 0 ( dE/dx) 3 l 1 + ? mv 2 Z' ° 8 /„ 


dE (37) 


In the calculations for air which are summarized in Fig. 15a, the con¬ 
stants are set equal to % for both the K and L shells. It 0 is the mean 
range as given in all the previous range-energy relations. 



Fig. 15a. Straggling of protons, S, in air, in percent of their range. Abscissa, range 

of proton. 

The foregoing formulas take into account only collisions with electrons. 
Elastic collisions with the atoms as a whole (so-called nuclear collisions) 
contribute very little to the stopping of alpha-particles, protons, etc. 
They contribute somewhat more to the fluctuations in energy loss 
because the energy loss in a “nuclear” collision is relatively very large; 
but, for the same reason, these collisions do not give rise to a normal 
(Gaussian) distribution of the energy but rather to a “tail” in the 
energy distribution consisting of a very few particles which have lost 
considerably more energy than the average. 

In fission products near the end of their range, the nuclear collisions 
are most important even for the energy loss, and they give rise to a large 
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straggling (about 10 percent of the total range). All these problems are 
discussed in detail by Bohr (B43). 

2. Relation between the Mean Range and the Extrapolated Number- 
Distance Range. Since the range of any one of a group of initially 
monoenergetic particles can be regarded as the sum of a very large 
number of statistically independent displacements corresponding to a 
succession of small energy losses, we should expect that the probability 
distribution of the ranges about their mean value ft 0 is given by a 
Gaussian function. 1 The width of the Gaussian will be proportional to 
the mean square fluctuation (ft - fto).v*. Thus the probability of 
finding a particle with range between ft and ft -f dR is 

p(ft) rfft — —dR (38) 

avr 

where 

(ft - ft 0 )av 2 = Jp(ft)(ft ~ fto) 2 dR = $a 2 (38a) 


Experimentally, it is not very convenient to make direct measure¬ 
ment of the number of particles whose ranges end in the interval from 
It to It 4- (lit. 2 Instead the number of particles which reach a certain 
distance r from the source, i.e., particles whose range is greater than r, 
are usually measured. An ionization chamber whose front face is at the 
distance r from the source, connected to an amplifier and counting 
circuits which in principle detect ionization pulses of all sizes, no matter 
how small, would be the ideal detecting device. The natural noise back¬ 
ground of the amplifier, however, provides a fundamental limitation to 
the instrument. Therefore it is more practical to measure the number 
of particles which have a certain minimum residual energy E x when 
entering the chamber; according to Section IB, this corresponds to a 
certain minimum ionization and therefore to a certain bias. Such 
experiments will give the range of the particles up to the point where 
their energy has been reduced to E x rather than their complete range. 
This makes no difference for the following consideration. 

With instruments of this type, an experimental number-distance 
curve is obtained. The recording of the detector is proportional to the 

1 A more accurate theory of the distribution function is given by Landau (L2); 
for further discussion see Section 2A2. 

2 See, however, Rutherford, Ward, and Wynn-Williams, Proc. Roy. Soc. (London), 
129, 211 (1930), in which two adjacent shallow ionization chambers are used with 
opposite applied potentials and a common collecting grid. 
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p (r) =f P(«) dR = ^(l - Erf (39) 

where Erf (x) = (2/y/i) J exp (-< 2 ) dt. From Eq. (39) and from the 

curve of P(r) shown in Fig. lob, we see that P(r) = V 2 for r = R„, so 
that the mean range R 0 may he defined as that distance which is reached 
by just one-half of the particles. In order to apply this definition experi- 



Fig. 15b. Number-distance curve for monoenergetic particles. 

mentally, however, it is necessary to know that the beam of particles is 
initially homogeneous in energy. Although this condition is very nearly 
met by the best accelerators which produce collimated beams of mono- 
energetic particles (Van de Graaf generator or linear accelerator), it is 
often not satisfied. For example, the beam of a cyclotron shows con¬ 
siderable energy variations, and the same is true of particles emitted in 
a nuclear reaction, the energy variation in this case being due to a 
possible stopping in the material of the target and to the dependence of 
the energy on the angle of emission in the reaction.* 

For an inhomogeneous beam the half-intensity point has no special 
importance. It is therefore preferable to measure what is called the 
extrapolated number-distance range. This is obtained by drawing the 
tangent at the steepest point on the essentially straight descending 
portion of the number-distance curve. The intersection of this tangent 
with the range axis gives the extrapolated range (cf. Fig. lob). The 
range distribution function P(r) for homogeneous particles has its 
steepest slope of —l/ay/rr at r = R 0 . Since P(Ro) = the extra¬ 
polated range is 

R ~ u = R °-j$t) =Ro + l 2 aV; 
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We define the “straggling” »S as the difference between extrapolated 
number-distance range and mean range. Since S = we obtain 

— #o)av 2 


S‘‘ 


P (R)dR = — g - d a 

2.S 


(41a) 

(41b) 


In comparing the values of S calculated from Eq. (37) with the 
results of experiment, we must expect to find disagreement for low 
energies where the theory of stopping is inaccurate. Thus, for the very 
low energies where the charged particle begins to capture and lose 
electrons intermittently, the straggling will in general be increased. 
However, if we calculate the difference of S 2 for two particle energies, 
making use of Eq. (37), we should improve the agreement with experi¬ 
ment since the low-energy straggling cancels out. For the low-energy 
alpha-particles of Po and the high-energy ones of ThC', experiment 
gives S = 0.043 cm and 0.111 cm, respectively. The experimental value 
of Sti.c' 2 “ S,»o 2 is thus 105 X 10~ 4 cm 2 , which is to be compared with 
the theoretical result 121 X 10 -4 cm 2 . We therefore calculate differ¬ 
ences of S 2 theoretically and then add the empirical low-energy results. 
The result is shown in Fig. 15a in which straggling is given as a function 
of the range of the particles. 

At high energies, the straggling formula (37) reduces to the simple 
formula of Bohr (30a). This formula has been well verified by Bloem- 
bergen and Van Heerden (B34a), who used monochromatic protons of 
50 to 115 Mev. Mather and Segrd found that about 75 percent of the 
straggling of the 340-Mev protons from the Berkeley cyclotron was con¬ 
tributed by the theory of Eqs. (35) and (30a), the remainder presumably 
being due to the energy inhomogeneity of the cyclotron beam of about 
=b2 Mev. 

For high energies, the number-distance curve is not given by Fig. 15b 
because nuclear collisions reduce the number of particles appreciably 
before the end of their range. Mather and Segr£ (M9) also observed 
some unexplained deviations from the expected ionization vs. distance 
curve. They further pointed out that multiple scattering contributes 
to the experimental straggling. 

From Eq. (37) we can easily obtain the dependence of the straggling 
on mass and charge of the particle being stopped. Since dE/dx is 
proportional to z 2 and dE ~ M, all other factors being functions of the 
velocity, we find 

S=VMz~ 2 g( v ) (42) 


By using Eq. (16), the straggling of particles of atomic weight M, charge 
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2 , range R can be expressed in terms of the straggling of protons of range 
z 2 R/M (i.e., of the same velocity) by 


(42a) 


The main practical interest of the straggling is the calculation of 
mean ranges from measurements of the extrapolated range. For a 
homogeneous group of particles we simply have to subtract S from the 
extrapolated range. For an inhomogeneous group of known inhomo¬ 
geneity we may still define the extrapolated range bv the tangent to the 
steepest portion of the number-range curve, and we may calculate the 
relation between this extrapolated curve and the mean range. This 
calculation was carried out by Livingston and Bethe for several practical 
cases. The first of these is a nuclear reaction in a thick target; then the 
incident particle loses energy in the target and the energy of the emitted 
particle depends on that of the incident one, and thus on the exact depth 
in the target where the reaction occurred. The result is an inhomo¬ 
geneous beam of particles whose energy distribution can be calculated 
if the excitation function of the reaction is known. (Usually it is sufficient 
to use the Gamow penetration function.) The second case which has 
been treated is the dependence of the energy of the particles emitted in 
a reaction on the angle of emission (see Part VI of Volume II). Since 
the detector always admits a finite angular interval, this again gives a 
beam of calculable inhomogeneity. In either case, the extrapolated 
range will differ from the mean range by a calculable fraction of S. 

In some of the older experiments it was not possible to observe the 
pulses due to individual particles, but instead the total ionization was 
measured (cf. Section 1B4). This leads to a curve of ionization versus 
distance (Bragg curve) which can also be extrapolated to obtain the 
“extrapolated ionization range.” Some of the best range determina¬ 
tions for natural alpha-particles by the Cavendish Laboratory were 
made in this way. Holloway and Livingston (H21) have discussed 
these experiments and the relation of extrapolated ionization range to 
mean range in detail. Rado (Rl) attempted a similar discussion for 
protons but found too much variation in the experimental data between 
observers. All the recent experiments were made by counting single 
pulses; they do not require any corrections. 

D. Elastic and Inelastic Scattering of Heavy Particles by Atoms 

1. Elastic Scattering. In the previous discussion of the stopping of 
heavy charged particles, except for the stopping of the fission fragments, 
we have neglected any energy loss through collisions with the nuclei 
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of the atoms of the stopping material. This has been justified in Section 
1A6. Nevertheless, the cloud chamber photographs of the tracks ot 
heavy particles occasionally show marked changes in direction, usually 
accompanied by another track forming a fork. This is to he interpreted 
as a close nuclear collision in which a recoil nucleus is produced. At 
high energies the nuclear scattering is due mostly to the nuclear forces. 
At lower energies the nuclear forces play no essential role, since the 
electrostatic repulsion between the incident heavy particle and the 
nucleus keeps the two particles beyond the effective range of the nuclear 
forces. 

We shall consider only the low-energy scattering processes due to the 
Coulomb forces. The frequency of such collisions is governed by the 
well-known Rutherford scattering formula. If the mass M i of the 
incident charged particle is small compared with the mass of the nucleus 
M 2 , and if z and Z are the charges of these two particles, respectively, 
the differential cross section for scattering into the solid angle 2* sin 0 dO 
with no change of velocity v is 


d*o(0) 

d<*> o(« 


2 *e 4 z 2 Z 2 . 

-----sin 0 dO 

16 E 2 sin 4 (0/2) 

0.8139 z 2 Z 2 sin 0 dO 

Emcv 2 ' sin 4 (0/2) ’ 


(43) 

(43a) 


where E = YzM\V 2 is the kinetic energy of the incident particle and 0 
is the angle of scattering from the incident direction. In Eq. (43a) E 
is measured in Mev. 

Formula (43) is actually not correct for extremely small angles, since 
it does not allow for the scattering by the electrons in the atom. This 
effect can be accounted for by replacing Z in Eq. (43) by Z — F(0) t 
where F(0) is the atom form factor well known in the scattering of x-rays. 
For heavy charged particles F(0 ) is completely negligible for any observ¬ 
able angle. Its inclusion in formula (43), however, prevents the cross 
section from becoming infinite at 0 = 0 because of the shielding effect 
of the atomic electrons. 

Integration of Eq. (43) over angles from 0 to tt gives the cross section 
for scattering into angles exceeding 0. Thus 



*eVZ 2 

4 E 2 



(44) 


Multiplying this cross section by the number of nuclei per cubic centi¬ 
meter, N, of the stopping material gives the total number of scatterings 
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per centimeter greater than 0. For air at 15°C and 1 atmos this gives 

0 0.406 X 10 -4 „1 

d<t> o (0) = z 1 -—— -cot 2 - 0 per cm (45) 

$ E Mcv 2 

For a 1-Mev proton the probability of scattering through an angle 
greater than 10° is 0.53 percent per centimeter. 

The multiple scattering of heavy particles can also he derived from 
Eq. (43). The result is exactly the same as for electrons; see Section 2E. 

For the elastic scattering of heavy charged particles by light atoms, 
formula (43) cannot be used directly hut rather should be interpreted 
as applying to the coordinate system in which the center of gravity of 
the incident particle and scattered atom is at rest. If the transformation 
from the center-of-gravity system to the laboratory system is performed, 
the cross section is 


, , x 2 t eVZ 2 sin 6 dB (M a cos 6 ± V,V 2 2 - M* sin 2 B ) 2 
<**•<>(«) = —-r"71--- 77-.-* - (40) 


4 E 2 sin 4 B 


l/ 2 \/.l/ 2 2 — il/, 2 sin 2 B 


For Mo > Mi only the positive sign should be used before the square 
root; for M i > Mo (which occurs practically only for a few cases, e.g., 
collisions of alpha-particles or deuterons in hydrogen) Eq. (46) should 
be calculated for a given angle 0; both positive and negative signs should 
be used and the results added. Xote that for M 2 > M 1 all angles of 
scattering from 0° to 180° are possible. For M\ > M 2 the maximum 
angle of scattering is 0 inax = arc sin M 2 /M\. 

The Rutherford scattering formula (43) is rigorously correct both in 
classical theory and in quantum theory with one exception—the scatter¬ 
ing of identical particles. Only the quantum theory formula takes 
proper account of the indistinguishability of the scattered particle and 
the particle initially at rest. Different results are obtained for the cross 
section according as the particles have spin 0 (alpha-particles) or l /i 
(protons). For spin 0, according to Mott (M18), we have for the 
differential cross section in the laboratory system 


2ttzV cos 0 sin 0 dB 
~E 2 



d* o (0) = 
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and for particles of spin H 
2Ti- 2 V cos 0 sin 0 dO 
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(47b) 


The classical Rutherford formula does not contain the last terms in 
Eqs. (47a) and (47b) which depend on h. The experiments verify the 
quantum theory results very well. 

2. Inelastic Scattering; Secondary Electrons. In every primary ion¬ 
izing collision between a charged particle and an atom, one or more 
electrons are ejected. The more energetic of these electrons are respon¬ 
sible for the secondary ionization which always accompanies a primary 
ionization process (cf. Section 1B). It is therefore of interest to examine 
the numbers and energy distribution of these secondary electrons. 

We restrict the consideration to the so-called delta-rays, electrons 
ejected with energy large compared with the ionization potential. The 
binding of these electrons can therefore be neglected and their collisions 
with the incident heavy particles evaluated by means of the Rutherford 
scattering formula. The cross section, Eq. (43), is valid provided that 
E and 0 are understood to refer to the eenter-of-gravity coordinate 
system for the incident particle and the atomic electron. This means 
that E = l Amv 2 t and a simple consideration shows that the angle of ejec¬ 
tion of the electron in the laboratory system is given by 0 = (ir — 0 )/2 
and that the energy W of the ejected electrons is 


W = 2 mv 2 sin 2 - = 2 mv 2 cos 2 0 
2 


(48) 


where v is the velocity of the incident heavy charged particle; the 
electron mass has been neglected in comparison to that of the incident 
particle. From Eqs. (48) and (43) we find that the cross section for 
ejection of a delta-ray with energy between W and IF + d\V is 


d<& 


2ne 4 z 2 dW 
mv 2 W 2 


(49) 


and that the cross section for finding an electron between angle 0 and 
0 + dQ with the incident direction is 


27re 4 z 2 sin 0 dQ 

d<i> - - 

m 2 v 4 cos 3 0 


(49a) 
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The electrons in the forward direction are (he most energetic and have 
an energy nearly 4 (m/M)E, where E is the energy of the primary 
particle. Most of the electrons are emitted at larger angles with corre¬ 
spondingly smaller energy, the maximum angle being 90° for zero energy. 

To find the number of delta-rays emitted per centimeter of path we 
must multiply the cross section, Eq. (49) or (49a), by the number of 
electrons in the atoms per cubic centimeter of the stopping material. 
Taking protons in air at 15°C and 7(>0 mm pressure, the number of delta- 
rays per centimeter with energy between \V and \V + d\V (measured in 
kev) is 


0.091 dWu„ 


(50) 


where W is understood to be less than or equal to its maximum allowed 
value. For a 10-Mev incident proton \V mmx = 21.7 kev, and the number 
of delta-rays per centimeter from 15 to 21.7 kev is 0.09; from 10 to 15 
kev, 0.14; and from 5 to 10 kev, 0.43. The number of delta-rays per 
centimeter of path is inversely proportional to the proton energy. 

The observation of the number of delta-rays per centimeter of path 
has recently proved very useful in the establishment of the charge of 
heavy nuclei in the cosmic radiation at the top of the atmosphere (B53, 
Fll); it is in this case much more reliable than a determination of the 
ionization. 


SECTION 2. PENETRATION OF BETA-RAYS 
THROUGH MATTER 

A. Energy Loss 

For electrons of relatively low energy (less than the so-called critical 
energy for the stopping material—cf. Section 2A4), the energy loss in 
matter is due to excitation and ionization of the bound electrons in the 
stopping substance, just as for the heavy particles. Indeed, the energy 
loss per centimeter for a proton and that for an electron of the same 
velocity, for low velocities, are not very different. For high energies, 
however, the energy loss of the electrons is due to an entirely different 
mechanism, namely loss by the emission of electromagnetic radiation in 
the electric field of the nuclei of the stopping material. According to 
the classical electromagnetic theory a charge which undergoes an 
acceleration a emits radiant energy at a rate ( %)(e 2 /c 3 )a 2 . An electron 
in the Coulomb field of a nucleus can experience a large acceleration in 
virtue of its small mass, the acceleration being proportional to the nuclear 
charge Z divided by the mass m. The resulting radiation, or bremsstrahl- 
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ung as it is called, is the dominant influence in the energy loss of fast 
electrons. It plays no role in the stopping of heavy particles, since the 
dependence of the acceleration a on \/M gives a factor ( m/M ) 2 compared 
with the effect for electrons. 

1. Energy Loss by Inelastic Collisions. The theory of the energy loss 
of an electron by inelastic encounters with the electrons in the stopping 
material parallels the treatment for heavy particles and has been worked 
out by Bcthe as part of the general theory (B12, B14). The expression 
for the ionization energy loss per centimeter of electrons differs from 
that for protons in two important respects. The first modification of 
formula (3a), which represents the energy loss for heavy particles, 
consists of the replacement of the term 2 mv 2 in the log by mv 2 . This 
change arises from the fact that the reduced mass of a two-electron 
system is %m t whereas the reduced mass of the system consisting of a 
heavy particle and an electron is essentially the mass of the electron. 
Thus the formula given in (B12) for the energy loss of electrons per 
centimeter by collisions is 


(IE 

dx 


4*e 4 N 

mv 2 


7nv 2 

Z log — 


where all the symbols are defined as in Eq. (3a) and a is a non-relativistic 
velocity. 

This is not quite correct, however, since insufficient consideration is 
given to the ultimate indistinguishability of the two electrons emerging 
from the ionizing collision. If the electron emerging with the higher 
energy is defined as the primary one, the maximum energy loss in any 
collision is \inv 2 and not %mv 2 . With this definition and with the Mott 
scattering cross section for identical particles of spin H, Eq. (47b), the 
energy loss is corrected to (cf. B14) 

dE 4*e 4 NZ mv 2 f~e 

(51) 

where the e under the log is the natural base of logarithms. The cor¬ 
rection does not usually amount to more than 10 percent. Comparison 
with experiments on the energy loss in* various gases gives very good 
results, as shown by Williams (\V16, W17). Since the differences 
between Eqs. (51) and (3) lie in relatively small factors in the logarithmic 
term, protons and electrons of the same non-relativistic velocity will 
lose energy at about the same rate on the average. 

For relativistic velocities the energy loss per centimeter, corresponding 
to Eq. (4) for heavy particles, has been worked out by Bethe (B14) on 
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the basis of Mollcr’s formula for the scattering of electrons by electrons 
(M14). The result is 


dE 

di 


2*Ne 4 \ mv 2 E 

mv 2 Z l'° g 2/ 2 (l - /3 2 ) 


- ( 2 Vl - 0 2 - 1 + 0 2 ) log 2 


+ 1 - 0 2 + -(1 - Vl - 0 2 ) 2 j (52) 


where E is the kinetic energy of the incident electron (i.e., the total 
energy minus the rest energy) and 0 = v/c. For small 0 this reduces 
to Eq. (51). For the very high energies where E » me 2 it becomes 


dE 

dx 



E° 

2 me 2 / 2 



(52a) 


A comparison of the ionization energy loss of electrons and that of 
protons of the same highly relativistic velocity is most conveniently 
made if Eqs. (52) and (4) are both expressed in terms of 0 : 


Electrons: 


dE Ne 4 Z I 2mc 2 1 y 

- * - 2 'l 21og — + 3 ,oe VTr? - 108 8 + i 


Protons: 


dE Ne 4 Z , 2 me 2 1 1 

21 °e—+ 11 °*vrr?- 2 l 


(53a) 

(53b) 


Up to proton energies of 10 10 ev the principal term in the brace of Eq. 
(53) is 2 log 2 me 2 /1. As a result, the difference between Eqs. (53a) and 
(53b) is only about 10 percent. 

Experimentally, the relativistic increase of energy loss is most easily 
observed by means of the increase in total ionization, since the energy 
per ion is nearly independent of the energy of the primary (Section 1B2). 
The relativistic increase of ionization was first established by cloud 
chamber observations of Corson and Brode (Cl 6 ), and then still more 
accurately measured by Hazen (Hll). Hereford (H15) measured the 
same effect by using the counting efficiency of Geiger counters. All 
these experiments are in reasonable agreement with theory. 

At the very high energies the reduction of the ionization energy loss 
due to the shielding effect of the polarization of the medium becomes 
increasingly important for electrons (cf. Section 1A5). The effect 
should be observable for energies in excess of 200 Mev even for gaseous 
stopping media. Recent experiments of Hayward (H10) on the ioniza¬ 
tion of cosmic-ray electrons in helium confirm the existence of the effect. 
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However, as the energy of the electron increases, energy loss by radiation 
plays an increasingly important role until the energy loss by collision can 
be neglected by comparison. 

2. Effect of Scattering and Straggling of the Energy Loss. Meaningful 
comparisons between the experimental energy loss and the theoretical 
predictions contained in Eqs. (51) and (52) have so far been confined 
almost entirely to the energy loss in gaseous stopping materials (W14), 
where the electron tracks are visible in the cloud chamber. For con¬ 
densed materials and for electrons of medium (~~10 Mev) or low energy 
(< 1 Mev), the measurements of energy loss are made very complicated 
by the cumulative effect of a large number of scatterings of the electron 
by the atoms of the stopping material. The small mass of the electron 
makes its range at these energies very much larger than that of a heavy 
particle of the same energy, with the result that the total number of 
scattering processes which accompany a given energy loss is much 
greater for the electron than for a heavy particle. We shall consider the 
multiple scattering in more detail below (cf. Section 2E). As far as the 
energy loss of the electrons is concerned, it has the effect of considerably 
increasing the total path length taken by an electron in passing through 
a material of given thickness and correspondingly increasing the energy 
loss. The statistical differences between the broken-line paths taken 
by the different electrons in going through the material will cause a 
large straggling in the energy loss. At the higher energies the scattering 
is not so important, but then the radiation energy loss is predominant 
and has a characteristic straggling of its own (cf. Section 2A4). 

Typical results on the straggling for low-energy electrons are those of 
White and Millington (W8) shown in Fig. 16. This gives the energy dis¬ 
tribution (in units of lip) of an initially homogeneous beam of beta-rays 
(//p = 1938, corresponding to 263 kev) after passing through thicknesses 
of mica 2.25, 2.65, 3.95 and 5.72 mg/cm 2 , respectively. The resulting 
energy distributions, observed with a magnetic spectrograph, are indi¬ 
cated by curves I to IV of the diagram. It is clear that the range of 
beta-rays of these energies and their energy loss are not by any means 
clearly defined experimental quantities. » 

Even for the higher energies, the energy loss measurements are con¬ 
fused by the multiple scattering. Thus Slawsky and Crane (Si5) 
estimate that all existing energy loss measurements of electrons of energy 
below 9 Mev are so much affected by multiple scattering within the 
absorbing material that they are of little use as a direct check on the 
theory. 

Even if the effect of multiple scattering is eliminated and the exact 
length of the electron path is known (e.g., by following it in the cloud 
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chamber), there will still be large straggling of the energy loss. The 
reason is that the individual energy losses (in a single collision) may be 
a large fraction of the energy of the electron—up to one-half—in contrast 
to the losses of heavy particles for which the maximum fractional energy 
loss in one collision is only Am/M. Applying the theory of straggling 
(Section 1C) to electrons gives a straggling of about 10 to 15 percent 
of the total range. Bohr (B41) has pointed out that the most probable 
energy loss, for this reason, is considerably less than the average energy 
loss for an electron. The result for the probable energy loss is 


dE 

dx 


2irNc 4 


log 


mv 2 \Y \ 

/ 2 d - a 2 ) 



(54) 


where IF, is that individual energy loss which occurs on the average just 
once in the distance X over which the energy loss is being observed. 
According to Eq. (70), 


Wx = 2ire 4 


NZX 

mv 2 


(54a) 


The most probable loss therefore increases somewhat more than linearly 
with the thickness X traversed. 

More accurate theories have been developed by Williams (W14a), by 
Landau (L2), and by Blunck and Leisegang (B34b). They all agree 
quite well with each other on the most probable energy loss, for which 
they give 

[ m?Wi 0 1 

AEp = Wl 1 l0g /*(! - ff ) ~ * K I (54b) 

which differs from Bohr’s formula only by the added term K. Landau 
gives K = 0.37, and Williams, K = 0.3. The full width of the strag¬ 
gling distribution at half maximum height is Y = 3.9 IF, in Williams’ 
theory and Y = 3.98 Wx in Landau’s, and somewhat larger in that of 
Blunck and Leisegang. Since the brace in (54b) is only about 15 to 20, 
the straggling is 20 to 25 percent of the most probable energy loss. 

Hanson (private communication) has suggested a simple criterion to 
decide whether, for any given conditions, probable and mean energy 
loss will differ. It is only necessary to compare the energy IF,, Eq. 
( 54 a), with the maximum energy which the incident particle of velocity 
v = cfl can transfer to the secondary electron which was given in (27b), 
viz., 

2 mv 2 

IFmax = - “ 


(27b) 
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If IF, < W max , the probable energy loss formula (54b) has to be used; 
if W\ > ir mnx , the most probable energy loss agrees essentially with the 
average loss, and the formulas in Section 1 can be used. For electrons, 
we always have the former case; for heavy particles, mostly the latter; 
but for relatively small thicknesses of stopping material, the former case 
may be realized even for mesons, as in the experiments of Bowen and 
Roser (B50a). 

Hanson, Goldwasser, and Mills (H8a) have derived a particularly 
simple formula for the most probable energy loss of electrons whose 
energy is so high that the density effect (Section 1A5) has reached its 
asymptotic value. In this case, we only need to insert in (27c) the 
energy IFj instead of rj, and then add K from (54b). revaluation gives 
for the most probable loss 

A E p = Wy (log Q - 1 - (54c) 

where a = \\ 2 /me 2 = 5.29* 10 -9 cm is the Bohr radius, and X the physi¬ 
cal thickness of the stopping sample in centimeters. [The term in 
(54b) has been replaced by 1.) 

The shape of the energy distribution has been given by Landau and 
by Blunck and Leisegang. The shape given by Blunck and Leisegang 
is less peaked and wider; the reason is that these authors take into 
account the infrequent collisions in which an electron from an inner 
shell is removed from an atom, a process which involves considerable 
energy loss of the primary electron. These processes are the same as 
those which give rise to the correction term in Eq. (37) for the strag¬ 
gling of heavy particles. 

On the experimental side, Birkhoff (B24), Chen and Warshaw (C7a), 
and Hanson, Goldwasser, and Mills (H8a and private communication) 
have studied this problem, the hist two for electrons under 1 Mev, the 
last group for electrons of about 1G Mev. In addition many older ex¬ 
periments are quoted in (C7a). All the recent investigators use foils 
thin enough so that multiple scattering is negligible. All authors find 
values for the most probable energy loss in good agreement with the 
theory, Eq. (54b) being used at the lower energies and (54c) for the 
high energy of Hanson el al. The latter experiments therefore also give 
definite evidence for the density effect (Section 1A5). The energy loss 
in all cases is about two-thirds of the average energy loss of Eq. (52). 

I he width and shape of the distribution curve observed by Hanson 
€t al. agree well with the theory of Landau. In the case of their gold 
foil, the lengthening of the electron’s path due to multiple scattering 
had to be taken into account; this was done according to a theory of 
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Yang (Yl). Since the energy loss in these experiments was over 1 Mcv, 
the excitation of inner atomic shells does not contribute very much to 
the straggling, and the theory of Blunck and Lcisegang agrees with that 
of Landau. 

At lower energies, Chen and Warshaw have pointed out that the 
measurement of the distribution of energy losses requires very high 
resolution. They show that their experimental results, as well as those 
of BirkhotT, are in good agreement with either the Landau or the Blunck- 



through various thicknesses of mica. Curve I, 2.25 mg/cm* mica; curve II, 2.65; 
curve III, 3.95; curve IV, 5.72 mg/cm 2 . From White and Millington, Proc. Roy. 

Soc., A120, 708 (1928). 


Leisegang theory, in spite of the fact that the latter theory gives a much 
wider theoretical distribution; the finite resolution of the experimental 
arrangement smears out the distributions so much that the experiment 
cannot decide between them. 

The large straggling of energy loss is also illustrated by the older ex¬ 
periments of White and Millington, whose results are shown in Fig. 16. 

Straggling is also important in a shallow ionization chamber. Here, 
again, the majority of the observable pulses is determined by the 
probable energy loss, but occasionally a fast delta-ray is produced which 
may greatly increase the number of ions in the chamber. In a large 
ionization chamber, such as the large spheres used for the observation 
of cosmic-ray bursts, all the ionization produced by delta-rays will be 
included, so that the measurement will give very nearly the average 
energy loss. Thus the average number of ions per centimeter of path 
will appear greater for large ionization chambers than for small. 
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Because of the large straggling of the energy loss, it is not possible to 
use experiments on the “range-energy relation” of electrons for a precise 
determination of the constants in the stopping power formula, particu¬ 
larly of the average ionization potential. Tsien (T8), who took the 
range to be the total length of the track of an electron as measured in a 
cloud chamber, found an average ionization potential of 100 ev for air 
which differs from the accepted value of 80.5 ev (Section 1A2) by an 
appreciable amount and in the expected direction. 

Because of these difficulties any range-energy relation for beta-rays in 
condensed materials, deduced from the energy loss, Eq. (51) in the same 
manner as Eq. (16), would have little experimental value. Instead one 
often measures absorption curves of beta-rays in various foils, defining 
the range in a purely experimental fashion. The results of such measure¬ 
ments for low-energy beta-rays will be given below (cf. Section 2F). 

3. Probability of Radiative Collisions of Electrons. A complete dis¬ 
cussion of the energy loss of an electron by radiative collisions has been 
given by Bethe and Heitler (B21), who used Dirac’s equation for the 
electron and the Born approximation for treating the interaction of the 
electron with the nucleus. The first result of their calculations is to 
obtain the cross section for the process in which the scattering of an 
incident electron of total energy E 0 is accompanied by the emission of 
a light quantum with frequency between v and v + dv, the maximum 
value of v being determined from the equation 

hv o = E 0 — me 2 (55a) 


The probability of radiation depends in an essential way on the 
effective distance of the electron from the nucleus. Although a descrip¬ 
tion of the phenomenon in terms of an “impact parameter” is strictly 
not possible, it follows from general quantum-mechanical principles that 
the effective distances contributing to the radiation losses are of the 
order \\/q, where q is the recoil momentum given to the atom in the 
process. If tv/q is small compared with the radius of the atom, the 
electric field in which the electron radiates will be essentially the Coulomb 
field of the nucleus. If h/q is large compared with the atomic radius, 
the screening effect of the atomic electrons will play an important role. 
For a given incident energy E 0 and final energy E = E 0 - hv, the effect 
of the screening is measured by the quantity 


7 


mc 2 hv 

100 -- 

E 0 EZ* 


(55) 


7 is essentially the radius of the atom, IZlhZ-^/mc, according to the 
statistical model of Fermi and Thomas, divided by the maximum value 
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of h/q permissible by conservation of energy and momentum for a given 
radioactive process. For 7 » 1 the screening may be neglected, whereas 
for y « 0 the screening is practically “complete.” For sufficiently high 
energies of the incident particle the screening can be considered complete 
for almost all frequencies of the emitted photon. 

Let us denote by <t>(E 0 , v) dv the cross section for the production of a 
photon in the frequency range dv by an incident electron of energy E n . 
The principal case of interest is for E 0 » me 2 . For this energy range and 
for various cases of screening, Bethe and Heitler give the following 
results: 

No screening, 7 » 1: 


<P(E 0> v) dv 


&(* V d %r> 2 e is> 2ii ° E 
15? w; 7 4 i 1 + l&y- 5 &Jr g ^ 



This result was first derived by Sauter (S4). 
Complete screening, 7 0: 

Z 2 / e 2 \ 2 dp 


(56) 
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Intermediate cases, 7 < 2: 
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(57) 


- ^ log Z J (58a) 


Intermediate cases, 2 < 7 < 15: 
Z 2 / e 2 ' 2 


<t>(E 0 , v) dv = 


(s.) * 

137 Vmc 2 / v 
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The functions 4>i(y), foM* and c(y) are given by Fig. 17. It is 
interesting to note that when the screening is complete the cross section 
is a function of E/Eo alone, i.e., the probability of a given fractional 
energy loss is independent of the primary energy. The complete cross 
section for any energy can he found in Heitler’s book (H13, p. 165). 

For heavy elements expressions (56) to (58b) are not valid because 
the use of the Born approximation is not justified. Recently Bess (B11) 
has published a theory which does not use the Born approximation; he 
finds that the cross section for lead is increased by about 7.5 percent at 
15 Mev, as compared with Eq. (56). However, as Bess’ theory seems 
to contain several errors, numerical results from it cannot be trusted. 
Nevertheless, the following conclusions of Bess are plausible: (a) the 
correction is the same for the radiation emitted by a positron and by an 
electron of the same energy; (b) the correction consists of a numerical 
change of the term — x /> in Eq. (56), whereas the logarithmic term is 
unaffected. This means that the relative importance of the correction 
decreases slowly with increasing energy. Experimentally, Lanzl, 
Laughlin, and Skaggs (L4) measured the bremsst rah lung emitted by 
various targets bombarded by 15.5-Mev electrons from the University 
of Illinois betatron. Comparing the radiation from a tantalum target 
(Z = 73) with that from a copper target (Z = 29), they found the 
tantalum radiation to be 8.7 =b 3.3 percent larger than expected according 
to the Z 2 law of Eq. (56). The relative correction due to deviation from 
the Born approximation should, in first approximation, be proportional 
to Z 2 , so that it is quite small for copper. 

Formulas (56) to (58) contain only the radiation in the electric field 
of the nucleus. However, as Landau and Burner (L3) have pointed out, 
the radiation in the field of the atomic electrons (inelastic processes) 
should also be taken into account. If the energy is large compared with 
wc 2 , but still small enough so that screening can be neglected, Eq. (55) 
is also valid for electrons (B46); £ must, of course, be replaced by 1 for 
an electron, so that the effect of all electrons in an atom is given by Eq. 
(56) with Z instead of Z 2 , and the total cross section is proportional to 
Z(Z + 1). However, for small energy (of order me 2 ), the radiation in 
the field of the electrons is smaller than \/Z times that in the field of 
the nucleus, whereas for very high energy where screening is important 
it is slightly larger. The theoretical treatments are generally for the 
related problem of the pair production in the field of an electron (see 

m C ,r? n xr C2) ‘ T , heories without screening have been given by Borsellino 
(B46), Nemirovsky (N2), Votruba (V3), and Watson (W3); the screening 
was calculated by Wheeler and Lamb (W6). Of the former theories, 
chat of Borsellino is most complete; he gives formulas and curves of the 
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cross section as a function of energy (see Eq. (118)] which were obtained 
by neglecting some exchange effects and other terms which are expected 
to be small for E » me 2 . He finds that the radiation in the field of an 



(a) 


Fig. 17. Influence of screening on the emission of radiation by electrons, (a) The 
functions and defined in Eq. (58a> (valid for higher energies). 

electron approaches that in the field of a nucleus of charge 1 only very 
slowly; even at E = lOOmc 2 , it is 15 percent smaller than the latter. 
(See Fig. 39.) This difference arises because the probability of large 
momentum transfer to an electron is smaller than to a heavy particle. 
On the other hand, the probability of small momentum transfer is 
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modified by screening. Wheeler and Lamb (WG) have shown that 
screening reduces the radiation in the field of an electron less than that 
in the field of the nucleus. In the limit of complete screening, corre- 



(b) 

Fig. 17. (b) The function c(y) defined in Eq. (58b) (lower energies). The abscissa 

is y - 100 hu tnc?/E 0 EZH. 


sponding to Eq. (57), they find for all electrons in the atom together 

Z / e 2 \ 2 du 
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(59) 


Neglecting the small term E/$E 0 , we get for the ratio of the electronic 
[Eq. (59)] to the nuclear [Eq. (57)] contribution the result {/Z; { is given 
in Table 7 as a function of Z. 


TABLE 7 


Radiation in the Fields of Electrons and Nuclei 


z 1 10 

Ratio f = Z4» clec /<l> nucl 1.40 1.29 

Energies v necessary to obtain 90% of 
asymptotic cross section (Mev) 

For nuclei 87 40 

For electrons 490 105 


92 

1.14 


19.3 

24 
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The energies at which screening becomes effective are also different 
for the electronic and the nuclear contributions. In the “intermediate” 
case [cf. Eq. (58)) the radiation in the field of the electrons is determined 
not by 7 [Eq. (55)) but by 

mc 2 hv 


€ 


100 


E 0 EZ* 


(59a) 


In the last two rows of Table 7 we give the values (in Mev) of the 
energy 


V 


E 0 E 

hv 


(59b) 


which are necessary to obtain 90 percent of the asymptotic cross sections . 1 
For further results we refer to the paper by Wheeler and Lamb (WO) 
and to Section 3C2. 

4. Energy Loss of Fast Electrons by Radiation. The number of 
radiative processes giving rise to photons in the frequency range v to 
v + dv when an electron of energy E 0 traverses a thickness dx of the 
stopping material is N<b(E 0 , v) dv dx, where N is the number of atoms 
per cubic centimeter of the material. The energy loss per centimeter by 
radiation is therefore 


dE 0 \ C* 

) = N I hi4>(E 0 , v) dv (60) 

As we see from Eqs. (56) to (58), the cross section 4>(E 0 , *0 is roughly 
proportional to (l/v), so that hv<b(E 0 , v) is roughly constant. The energy 
loss per centimeter is therefore proportional to the primary energy E 0 . 
This makes it convenient to introduce a cross section 4> rad defined by 

1E 0 \ 

-j 5 ) = NE 0 * nd (60a) 

dx / rad 

Thus < I> ra d is the integral in (60) divided by E 0 . It is expected to be 
approximately constant over a wide range of the energy E 0 . 

For me 2 « E () « 137 mc 2 Z~ Xi screening can be neglected, and inte¬ 
gration gives (including the radiation in the field of the electrons) 




4-md = * (i log ^ ^ (me 2 « E 0 « 137 mc 2 Z~ H ) (61) 

* This takes into account only the screening. Borsellino’s result, that even without 
screening the bremsstrahlung in the field of an electron is slow to approach its asymp¬ 
totic value, gives rise to a further increase of ij for electrons. 
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where 

_ = Z(Z + 1) / e \ = + 05.79 X 10 -28 cm 2 (61a) 

137 \mc 2 / 

In the case of complete screening 

4> tad = i'(4 log 183 Z~* + I) ( Eo » 137mc 2 Z _H ) 

with 

= Z(Z 4- f)5.80 X 10” 28 cm 2 (62) 

(cf. Table 7 for definition and value of f). This shows [cf. Eq. (60a)] 
that for very high energies — d log E 0 /dx is constant. As a result the 
logarithm of the energy of the electron decreases, on the average, 
proportionally to the distance traversed. The distance over which the 
electron has its energy reduced by a factor e is therefore a convenient 
unit of length to use in discussions of the radiative energy loss. This 
distance is called the radiation length and is generally denoted by X 0 . 
Following Eq. (62), we define X 0 by 

= 4JV*' log 183 Z~* (63) 

X 0 


Then, from Eq. (62), for large energies 


± ( d Jo\ _ 

Eo V dx / rod 


tt( 1 + W 

Aq 


(63a) 


where b = 1/(18 log 183 Z~ H ) is very small compared to unity and has a 
value ranging from 0.012 for air {Z = 7.3) to 0.015 for lead (Z = 82). 
Values of X 0 for various substances are given in Table 8 . 

Comparison of Eq. (63) with (52) and (53) for the energy loss by 
ionization and excitation collisions shows that the radiative energy loss 
has a strikingly different behavior. Thus, owing to radiation the energy 
loss is (nearly) proportional to Z 2 and increases very nearly linearly with 
energy, while, owing to collisions, the energy loss is proportional to Z and 
increases only logarithmically with energy. At the high energies, there¬ 
fore, the energy loss by radiation predominates. As the energy of the 
electron decreases, ionization and excitation collisions become relatively 
more important until at a certain critical energy E c the radiative and 
collision energy losses become comparable. It is convenient to separate 
the collisions into two classes according as the energy transfer to the 
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TABLE 8 

Radiation Length A’ 0 and Critical Energy E c for Various Substances f 


Atomic 


Substance 

Z 

Weight 

f 

A’o (g/cm 2 ) 

E r (Mev) 

Hydrogen 

1 

1 

1.39 

58 

340 

Helium 

2 

4 

1.37 

85 

220 

Carbon 

G 

12 

1.32 

42.5 

103 

Nitrogen 

7 

14 

1.31 

38 

87 

Oxygen 

8 

16 

1.30 

34.2 

77 

Aluminum 

13 

27 

1.28 

23.9 

47 

Argon 

18 

39.9 

1.26 

19.4 

34.5 

Iron 

2G 

55.84 

1.24 

13.8 

24 

Copper 

29 

63.57 

1.23 

12.8 

21.5 

Lead 

82 

207.2 

1.1G 

5.8 

6.9 

Air 

N 76.9% X 






0 21.8% 



36.5 

83 


A 1.3% 





Water 

H 11.1% X 



35.9 

93 


O 88.9% 

t This tabic is taken from Rossi and Grcisen (R8). except that a correction has 
been made for the radiation in the field of the atomic electrons. 

X By weight. 


atomic electron in the collisions is smaller or greater than some dividing 
energy rj. Taking rj = 5 Mev, we define the critical energy E e as that 
energy at which the ionization loss per centimeter due to collisions in¬ 
volving transfers of less than 5 Mev is equal in magnitude to the radiative 
energy loss. With this definition values of the critical energy for a 
variety of substances as shown in Table 8 are obtained. Since the 
radiation length X 0 is nearly inversely proportional to Z 2 and the 
collision energy loss is nearly proportional to Z t the critical energy is 
approximately inversely proportional to Z. Bethe and Heitler (B2I) 
give an approximate formula 



1 GOO me 2 
Z 


(63b) 


and, for the ratio of the radiative loss to the collision loss, 

(dZ£ 0 /d:r)rad E 0 Z 

-~-- (63c) 

(dEo/dxUn leOOmc 2 

At very high energies the dominance of the radiative over the collision 
energy loss gives rise to the phenomenon of the cascade showers. As 
we see from Eq. (57), the spectrum of the radiation emitted by a fast 



267 


Sec. 2A) Penetration of Beta-Rays through Matter 

electron is fairly uniformly distributed in frequency up to the maximum 
allowed frequency u 0 . Thus, fast electrons produce considerable numbers 
of high-energy photons with energy comparable to the primary electron 
energy. As we shall see in Section 3, these photons either produce 
electron-positron pairs or eject fast Compton electrons from the atoms 
of the stopping material. The fast secondary electrons again radiate, 
producing more photons which in turn produce more electrons, and so 
on. The result is a cascade shower or multiplicative shower, the de- 



Fig. 18. Development of a shower. Number of electrons in the shower, IT, versus 
depth in radiation units. The numbers on the curves indicate the energy of the 
primary particle in units of the critical energy. From Rossi and Greisen, Revs. Mod¬ 
ern Phys., 13, 300 (1941), Fig. 19. 

tailed theory of which can be found in the review article by Rossi and 
Greisen (R8). In Fig. 18 we give the results of the shower calculations 
for the total number of electrons II (E 0 , t) present at distance t from the 
point of initiation of the shower, the energy of the initiating electron 
being E 0 and the thickness l being measured in radiation units. 

In all the previous formulas, (60) to (62), we have given the average 
energy loss per centimeter by radiation. However, just as for the 
collision energy loss, we should expect a finite straggling about the 
average. This straggling of the radiative energy loss is considered by 
Bethe and Heitler (B21), to which the reader is referred for details. The 
effect might, in general, be expected to be quite large since, according 
to Eq. (57), the probability that the electron loses a large fraction of its 
energy in one radiative process is considerable. 

Shower theory becomes complicated in the region near the critical 
energy E c where ionization and radiation energy losses are comparable. 
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However, Snyder (Sl8a) has recently been able to obtain quite accurate 
results about this region from general shower theory. In accord with 
that theory, he assumes that the energy loss by collision is independent 
of energy, and radiation is given by the formulas for complete screening. 
Under more general assumptions about the cross sections, Richards and 
Nordheim (R5) have made numerical calculations of the “track length,” 
i.e., the integrated probability of finding an electron of energy between 
L and E -f dE anywhere in a shower generated by an electron or quan¬ 
tum of initial energy E 0 » E r . Approximate analytical formulas for 
this track length were obtained by Tamm and Belenky (Tla); they are 
accurate within about 10 percent. 

Wilson has developed an approximate theory particularly for the 
region of energies near E e . He considers both single electrons (W22) 
and showers (W23), using partly analytical, partly Monte Carlo, 
methods. He takes into account all the phenomena important for the 
penetration of electrons through matter, namely radiation, energy loss 
by collisions, and multiple scattering. Neglecting scattering, he finds 
for the mean range of a single electron of initial energy E 0) measured 
in radiation units, 

r - ,n2b (i^ +i ) <64 > 

As might be expected, this increases logarithmically with the electron 
energy. The distribution of ranges around r is approximately Gaussian, 
and the root mean square straggling is 


s = Vr In 2 ^1 - 


(64a) 


For energies of about 100£ c , the straggling is about 45 percent of the 
range; it decreases slowly with increasing energy. Both formulas (64) 
and (64a) have been tested by Monte Carlo calculations. 

If scattering is included, Wilson divides the history of the electron 
into two parts, the first in which the motion is essentially straight, and 
the second in which the electron diffuses in a random direction. The 
dividing point is chosen at the energy E r at which the mean square angle 
of deflection is <0 2 > nv = 2, and this choice is justified both by the defi¬ 
nition of the transport mean free path and by Monte Carlo calculations. 
Then E r is the solution of a transcendental equation and is approxi¬ 
mately given by 


(64b) 


with 


E r = E/( 1 - e~ Eo/Er ) 
E/ = 22 E 0 -* 


(64c) 
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where E r and E 0 are both measured in Mev; the coefficient 22 is refuted 
to, but not equal to, the “scattering energy" E„ E(j. (79b). The effec¬ 
tive range is then determined by taking the difference of the ranges r, 
Eq. (64), for the initial energy E 0 and the “diffusion energy” E r . The 
straggling is similarly determined by s 2 (E 0 ) — s 2 (E r ). 

Wilson’s theory of showers is done entirely by Monte Carlo methods. 
Its main results are: (1) The shower curve is more spread out than that 
of the general shower theory (Fig. 18), especially in heavy elements, be¬ 
cause the cross sections for radiative processes is considerably less than 
that corresponding to complete screening. In particular, the shower is 
absorbed slowly at the end because the low-energy gamma-rays have 
very small absorption coefficients, an effect whose importance was first 
pointed out by Greisen. (2) Corresponding to (1), the maximum of the 
curve is much lower than that in Fig. 18, i.e., it is relatively unlikely to 
find many electrons simultaneously in the shower. (3) Secondary 
electrons appear and disappear in pairs because the range of the elec¬ 
trons is much shorter than that of the gamma-rays producing them: 
therefore, if the shower is produced by a primary gamma-ray, then at 
any one point in the shower one is likely to find 0, 2, 4, etc., electrons 
rather than 1, 3, 5, etc.; if it is produced by an electron, odd numbers 
are found more frequently than even ones. The results are useful for 
the design of simple detectors for gamma-ravs in the 100-Mev region 
which give some energy discrimination and which can be applied to the 
radiation from synchrotrons, betatrons, etc. 

B. Intensity and Angular Distribution of the Radiation Emitted by a 

Fast Electron 

1. Spectral Distribution. The energy or intensity distribution of the 
bremsstrahlung can be obtained from the cross section <&(E 0 , v) dv of Eqs. 
(56) to (59) through multiplying by hv. This removes the singularity at 
zero caused by the \/v term in the cross section. The results are shown 
in Fig. 19, where we have plotted hv<t>(Eo, v)/mc 2 &, which is given by 
Eq. (61). The dotted curves are calculated for the case where screening 
is neglected [cf. Eq. (56)]. They are valid for all elements, Z being 
contained only in 4>. The full curves are calculated for lead except for 
the non-relativistic case, which is for aluminum. As the primary energy 
increases, the screening becomes complete, the result being given in the 
curve marked <». In the region of the high-energy quanta (E « E 0 ) the 
screening can be neglected, as we see from Eq. (55), and the full and 
dotted curves agree. [However, the theory is not adequate for very 
low final energies E of the electron, and the drop to zero is wrong; cf. 
(H13, p. 171).] The curves emphasize the broad energy distribution of 
the emitted quanta from 0 to the maximum energy E 0 — me 2 . 
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The spectral distribution (in contrast to the absolute intensity) should 
be the same for all elements as long as we neglect the screening and the 
deviations from the Horn approximation. These deviations have been 
calculated for the differential cross section by Maximon (M9a), but his 



Fig. 19. Energy distribution of the radiation emitted by an electron. Ordinate, 
intensity of radiation (quantum energy times number of quanta) per unit frequency 
interval. Abscissa, energy of emitted quantum as a fraction of the energy of the 
emitting electron. The numbers on the curves indicate the energy of the electron 
in units of me 2 . Solid curves for lead, including effect of screening. Dotted curves 
without screening, valid for all Z. From Proc. Roy. Soc., A146, 90 (1934). 

results have not yet been integrated over angle. Experiments (see be¬ 
low) seem to indicate that the deviations are not very important. How¬ 
ever, they certainly are important when the final energy E of the electron 
is small. Heitler (H13, p. 171) has made it plausible that in this case 
the cross section should be multiplied by the factor 
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where v is the velocity of the outgoing electron. As a consequence the 
actual intensity curves do not go to zero at the upper limit, hv = Eo, 
but to a finite value. 


Experimentally, the energy distribution of the emitted radiation can, 
in principle, be determined by measuring the spectrum of the gamma- 
rays emitted from a betatron or synchrotron, in which electrons of 
definite energy strike a thin target. A difficulty in such experiments is 
that the spectral distribution of the quanta depends somewhat on the 
direction of emission; see Eq. (67). Schiff (So) has pointed out, how¬ 
ever, that the direction of emission is smeared out, in practice, by 
multiple scattering of the electrons in the target and has suggested that 
the spectral distribution in any direction should be close to that of the 
total radiation averaged over all angles. 

Experiments have been carried out by Koch and Carter (K10), 1 who 
used the Illinois betatron with a 0.005-in. platinum target for producing 
the gamma-rays and a cloud chamber for detecting the pairs formed by 
the gamma-rays. They find that the number of gamma-quanta of about 
half the energy of the incident electron is about 20 percent higher than 
predicted by theory, whereas the intensity near the upper and lower 
energy limits is slightly less than theoretical. The theoretical curve was 
calculated by Schiff for the forward direction, including the effect of 
multiple scattering. 

DeWire and Beach (D2b) determined the spectrum of the photons 
produced by the 310-Mev electrons from the Cornell synchrotron falling 
on a one-half-mil tungsten target. The gamma-ray energies were de¬ 
termined by a pair spectrometer. The spectrum agreed within experi¬ 
mental accuracy (about 5 percent) with the theoretical one. These 
experiments have considerably greater statistical accuracy than the 
cloud chamber measurements mentioned before, but they give no abso¬ 
lute cross section for bremsstrahlung. 

2. Number of Quanta Emitted. A fast electron, of energy greater 
than E C1 emits on the average per radiation unit (see Table 8) about 
one quantum of energy comparable to its own energy, and several quanta 
of lower energy. Bethe and Heitler give a numerical example, but this 
is not very significant because of the radiation emitted by secondary 
electrons in the shower. A more complete picture is given by shower 
theory; cf. Fig. 18 and (R8, R5). 

It is of considerable experimental interest to recognize electrons by 
their radiative properties which permit distinguishing them from mesons 
and other heavier particles. For this purpose the electron is allowed to 


1 For further experimental results, see (L5, B47). 
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pass through a plate of material of high atomic number and of a thick¬ 
ness equal to a few radiation units. If a shower is produced, i.e., if more 
than one particle emerges, the initial particle is very likely to be an 
electron. The same conclusion can be drawn if the emerging particle 
has lost a large fraction of its energy, i.e., large compared to the energy 
loss by collisions, and if at the same time it does not ionize heavily. If 
the energy loss is approximately that by collisions alone, electrons can 
be excluded with high probability. The probability that an electron 
traversing t radiation units will have an energy loss less than a times its 
initial energy (aside from ionization) is given by Bethe and Heitler 
(B21); if a « 1, it is 


PM 


a ,/]o * 2 

F(1 + </log2) 


( 00 ) 


This theory has been extended by Eyges to include the energy loss by 
collisions (E4) and the variation of the radiative cross section with 
energy (E5), which is important at low energies. Wilson (W22) has 
calculated, by the Monte Carlo method, the development of showers 
produced by electrons or gamma-rays of energy between 50 and 300 
Mev. 

3. Angular Distribution. The angular distribution of the emitted 
radiation is relatively simple at non-relativistic energies (S20), becomes 
extremely complicated when the energy is comparable with me 2 (B21), 
and reasonably simple again at high relativistic energies (S21, 1124). 
The most important feature in the high-energy case is that most of the 
radiation is emitted nearly forward, a fact which is most useful in the 
operation of betatrons and synchrotons, because the gamma-rays form 
a narrow beam going nearly in the direction of the electrons which 
produced them. The component of the momentum of the gamma-ray 
perpendicular to the motion of the incident electron has on the average 
a value 1 of about me, where m is the mass of the particle emitting the 
gamma-ray (in general, an electron). 

The explicit angular distribution has been calculated by Sommerfeld 
(S21), who neglected screening and considered the limit of energies E 0 
and E large compared with me 2 . According to his calculations the 
differential cross section per unit solid angle for emission of a quantum 
at an angle 0 with the incident electron is given by 

1 This is a very general relativistic result which breaks down only if the field in 
which the particle is accelerated has a very strong divergence near its origin, as in the 
production of pseudoscalar mesons by the collision of two very fast nucleons; see 
(L16). 
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Expression (67) is valid for all 0 ; by integrating it over 0 , Sommerfeld 
obtained the total cross section, Eq. (56). For large 0 the last term in 
the square bracket is negligible, and we obtain 


da , / 1 v 

— ~ 0 - cos 0) 2 ~ ( sin - 6 ?) 
do) \ 2 / 


(67b) 


This is the same behavior as for Rutherford scattering. 

Hough (H24) has obtained a somewhat different and more complicated 
result for the angular distribution. In particular, he finds that the 
leading term in the angular distribution is proportional to 


cos 2 %0 
sin 4 \0 


(67c) 


differing from Sommerfeld’s result by the cos 2 factor. Hough has also 
given curves of the angular distribution; we reproduce in Fig. 20 those 
for electron energy Eq = 500mc 2 = 255 Mev and various quantum 
energies. 

The effect of screening on the complete angular distribution has not 
yet been calculated. However, Stearns (S23) has calculated the mean 
square of the angle 0 , including screening as a function of the energies 
Eq and E. For large angles Hough has shown that screening is un¬ 
important, even at high energies. 

Most of the quanta from a high-energy electron are emitted at small 
angles. In this case, we may simplify Eq. (67) by replacing sin 0 by 0, 
cos 0 by 1 — and by using the relation valid for large energies, 


Pq Eq —— 
2 Eq 


( 68 a) 
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Fig. 20. Angular distribution of radiation omitted by electrons of 500mc*. Abscissa, 
angle; ordinate, intensity. The numbers on the curves give the ratio of the quantum 

energy to that of the emitting electron. 


Then the denominator in Eq. (67) becomes 


m 2 + ** 


E 0 po cos 0 

(68b) 

with 


X = Eq0 

(68c) 

and Eq. (67) may be rewritten 



Ac B r A' 0 2 + E 2 - E 0 E (M 2 /m 2 - * 2 \ 2 _ 1 

do, “ (n 2 + i 2 ) 2 L E 0 E 2EqE V + x 2 / J 

( 68 ) 
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The most important angular dependence is given by the factor outside 
the bracket; this factor shows that the average angle of emission of a 
quantum is about 

wc 2 

°0 = — ( 68 d) 

independently of the energy of the emitted quantum (at 0 o we have 
x = n). Thus, with increasing energy of the electron, the radiation 
goes more and more forward, irrespective of wavelength. This effect is 
strikingly exhibited by the visible radiation from the synchrotron 
observed by Elder and others (E3; there also references to theoretical 
work). It is interesting to note that in the relativistic case the angular 
distribution is determined primarily by momentum considerations, in 
the non-relativistic case by the polarization of the emitted light. 

Schiff (So) has calculated the practical problem of angular distribution 
of the radiation from a target which is hit by a monochromatic colli¬ 
mated beam of electrons which are subject to multiple scattering in the 
target. He finds that the ratio of the radiation intensity per unit solid 
angle at 0 to that at 0 = 0 is given in good approximation by 

Me) _ -Ei(-E 0 2 e 2 /E*t) 

dc( 0) " 0.87 + log t (69) 

where Ei is the exponential integral function, t is the thickness of the 
target in radiation units (see Table 8 ), E, is the characteristic scattering 
energy of Rossi and Greisen, Eq. (79b), and 6.87 stands for 2 log E,/n -C 
(C = Euler’s constant = 0.577). Equation (69) is valid for angles 
somewhat larger than 0 o = mc 2 /E 0 . 

4. Pair Production by Electrons. The direct pair production by elec¬ 
trons, through their Coulomb field, has been calculated by Bhabha 
(B23). For energies E» 2-137the ratio of the cross section 
for pair production by electrons to that by gamma-rays of the same 
energy, Eq. (124), is given by 

<Telec 1 T E E 1 ~] 

^7 “ 1377L ° g ^ l0g 2^3 7mc 2 Z-» + 3 '° g2 <*«***-«) | (69a) 
At lower energies this ratio is smaller. 

C. Secondary Electrons 

In its passage through the stopping medium, a primary beta-ray will 
liberate secondary electrons from the atoms. This may occur for one of 
two reasons: (a) the secondary electron is emitted in a direct collision 
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between it and the primary beta-ray, (/>) the primary beta-ray first, 
emits a photon, which then ejects an electron from some other atom by 
photoelectric effect or Compton effect. We shall discuss (/>) under the 
effects of gamma-rays in Section 3. Under (a) we shall be primarily 
interested in the secondary electrons of energy large compared with the 
binding energy. Collisions of this type can be considered to take place 
between the incident electrons and a free electron at rest. 

For non-relativistic energies of the primary electron the electron- 
electron collisions have a cross section, Eq. (47b), first given by Mott 
(M18). This expression, which gives the angular distribution of the 
scattered electrons, can be transformed to give their energy distribution 
with the help of the simple energy-momentum relations. If we denote 
by E the kinetic energy of the incident electron and by W the energy of 
that one of the electrons scattered through angle 0 from the incident 
direction, then \V = E cos 2 0. The other electron is scattered through 
the angle tt/2 - 0, going off at right angles to the first one, and has 
kinetic energy W = E sin 2 0 = E — W. The cross section for finding 
a scattered electron with energy in the range \V to \V + dW is then 

<H>(E, HO = — dW |— + (f , _ W)2 - W{E _ w j 

XCOS (j° g ^)l (70) 

Except in the immediate neighborhood of W = 0 or II = E, the cosine 
factor in the last term may be set equal to unity. The number of 
secondary electrons produced in a distance dx in the energy range W, 
W -I- dir is ZN dx d<t>(E, W) per incident ray of primary energy E, 
where ZN is the number of electrons per cubic centimeter. For small IF, 
Eq. (70) becomes identical with Eq. (49) for primary protons. The 
“exchange” terms 1 /(£ - IF) 2 and 1/1 V(E - IF) are in this case very 
small. 

For relativistic velocities of the primary electron there is an appreci¬ 
able probability that both scattered electrons will also have velocities in 
the relativistic range. Moller (M14) has shown how to treat the inter¬ 
action between two electrons according to a first-order perturbation 
procedure in which e 2 /hc is neglected compared with unity. Denoting 
by E and W the kinetic energies (total energy - me 2 ) of incident and 
scattered electron, respectively, the cross section d« P(E, W) is, in 
M0ller’s approximation, 
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If E « me 2 , this goes over into the non-relat.v.st.c formula (7°) ■ 

The angular distribution of the scattered electrons may be obtamed 
from Eq. (71) and the energy-momentum conservation conditions. 
w is the energy of the electrons scattered through angle $, then 
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The other scattered electron with kinetic energy E — W is scattered 
through an angle obtained from Eq. (72) by replacing W by E -W. 
If E « me 2 , this reduces to the simple non-relativistic result W - & 
cos 2 0. If E » W and E » me 2 , the expression for tan 0 instead of cos 0 

is most convenient: 
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Experimental investigation of the electron-electron scattering is made 
difficult by the necessity for distinguishing this process from the elastic 
scattering of electrons by the atoms of the scattering medium. The most 
complete investigations until recently were those of Champion (( 4) 
and of Skobeltzyn (S14), who used a cloud chamber to investigate the 
phenomenon. They observed events consisting of an incident beta-ray 
track going into a point of collision from which two other beta-ray 
tracks diverge. Energies from 400 to 800 kev were investigated by 
Champion, and energies from 1000 to 3000 kev by Skobeltzyn, and both 
obtained good agreement with Mpller’s formula. 

Still more accurate experiments were recently carried out by Page and 
Woodward (PI, Pla) at energies from 1 to 3.5 Mev, and by Scott, Han¬ 
son and Lyman (S9a) at 15.7 Mev. Both groups use electric detection; 
Page and Woodward employ a coincidence method, whereas Scott et al. 
recognize electron-electron scattering by the energy of the scattered 
electrons. The scatterer was in each case a substance of low atomic 
weight, beryllium, collodion, or nylon. Page observes the angular dis- 
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tribution at 1.8 Mev, and the crass section at 90° deflection in the center- 
of-mass sj-stem as a function of energy; Scott et al. determine angular 
distribution from 70° to 150° in the center-of-mass system. Both of 
these experiments are in very good agreement with the M 0 ller scattering 
formula, within the experimental accuracy of about 10 percent. They 
thus confirm the relativistic behavior of the cross section, as well as the 
exchange phenomena between the two interacting electrons. Compari¬ 
son is also made with some earlier and incomplete theories, and the dis¬ 
crepancy between these and the experiments is obvious. Page points 
out that his experiment incidentally proves the identity of beta-particles 
and atomic electrons because the incident particles are beta-particles 
and they are found to exchange with atomic electrons. 


D. Elastic Scattering of Electrons by Atoms 

1. General Theory. More probable than the electron-electron colli¬ 
sions are collisions between the incident electrons and the atoms of the 
stopping material in which the electron is merely deflected with no loss 
of energy. It is the large number of such elastic scatterings which pro¬ 
duce the characteristic multiple-scattering effects discussed below. 

Since electrons have so small a mass, they may be deflected through 
large angles by the electric field in an atom without passing in the 
immediate neighborhood of the nucleus, as a heavy charged particle of 
the same velocity would have to do. For the scattering of electrons by 
atoms, therefore, we expect the shielding of the nuclear charge by the 
orbital electrons in the atom to play an important role. 

Let us consider first the case of non-relativistic velocities. Without 
shielding, the scattering of the electron by the Coulomb field of the 
nucleus would be described by the Rutherford scattering formula (43). 
Application of Bom’s approximation to the scattering by the entire 
atom, i.e., scattering by the nucleus and the atomic electrons, gives for 
the differential cross section for scattering through the angle 0 into the 
solid angle 2 tt sin 0 dd 


*(*) = 


2 ?re 4 _ sin 0 d0 

__ [Z _ FWI2 ___ 


(73) 


where F(K) is the atomic form factor encountered in the scattering of 
x-rays and defined by 


TO = f E " 1*0 I 


dr 


(74) 


*o is the electronic wave function for the ground state of the atom, ry 
the position vector for the jth electron; the integration is extended over 
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all the electrons, and h K = 2 m* sin \0 is the change of momentum of 
the electron upon being scattered through angle 0 with no change in 
velocity. For 0 = 0, K is zero and F( 0) = Z. This prevents the cross 
section, Eq. (73), from becoming infinite for very small angles 0 ol 
scattering. For large 0, K is large and F(K) is very small because of 
cancellations in the integration. There am therefore no deviations from 
Rutherford scattering at large angles. 

A fairly good approximation to the behavior of F(K) with angle can 
be obtained by using the Fermi-Thomas model of the atom according 
to which the form factor per electron = F/Z is a function only of the 
variable £ = (1/X)Z~* sin i0, where X is the de Broglie wavelength of 
the incident electron measured in angstroms. 3(£) is reduced from 
1 (£ = 0) to 0.150 for £ = 0.50 and continues to decrease as £ increases. 
A tabulation of 3(£) can be found in Bethe’s article (B12) and the result¬ 
ing cross section, Eq. (73), in a paper by Bullard and Massey (B57). 
Some idea of the size of the effect is given by the correction to the 
Rutherford formula for scattering of 70-kev electrons by gold atoms. 
For angles of scattering of 20° the correction is 25 percent. In general, 
for a given angle of scattering, the shielding effect decreases as the energy 
of the incident electron increases and as the atomic number of the 


scattering atom decreases. 

Molitre (M13b) has succeeded in deriving a good expression for the 
scattering from a screened Coulomb field without using the Born approxi¬ 
mation. He shows that the W.K.B. method is applicable since in most 
practical cases the wavelength is small compared with the atomic radius. 
He derives a formula which goes over into the Born approximation if 
a = e 2 Z/hu is small compared with one, and into the classical scattering 
cross section if a is large. As might be expected, his result for moderate 
a is smaller than the Born approximation. He gives formulas for large 
scattering angles and any a, and approximate curves for intermediate 
values of a and of the angle. 

For relativistic velocities of the incident electron the effect of shielding 
is confined to smaller angles than for the non-relativistic case. The 
differential scattering cross section, neglecting shielding, has been worked 
out by Mott (M17), who used the relativistic theory of the electron of 
Dirac and kept terms of relative order Z beyond the Born approximation. 
The resulting expression is (M2) 
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where 0 = v/c. For small angles this expression differs from the non- 
relativistic cross section only through multiplication by 1 — 0 2 or, what 
is the same, through the replacement of the rest mass of the electron by 
its relativistic mass. The most convenient way to write Eq. (75) is, in 
general, 

2irc 4 Z 2 sin 0 dO I 

d<b - - 

4p 2 i> 2 sin 4 (0/2) I 

where the brace is the same as in Eq. (75) and is close to unity in most 
applications. In the denominator, pv is equal to twice the kinetic 
energy for low velocity (v « c) and becomes equal to the kinetic energy 
for high velocity (v « c). 

For larger angles, the second term in braces in (75) gives a decrease 
of the cross section, valid for any nuclear charge, while the last, term 
gives an increase and is most important for heavy nuclei. The correct 
form of this term was first found by McKinley and Feshbach (M2); 
Mott (M17) had sin \d cos 2 \0 t and Urban (Ul) had simply sin \, 0 \ the 
latter was quoted by Mott and Massey 1 (M19). McKinley and Fesh¬ 
bach also have given the higher terms in the expansion of the cross 
section in powers of a = Z/137, up to terms of the order of a 3 . They 
give curves for the ratio of the actual scattering cross section to the 
Rutherford cross section, i.e., essentially the brace in (75), for electrons 
of 1,2, and 4 Mev, for various angles from 30° to 180° and for Z from 0 
to 82. Recently, Feshbach et al. (unpublished) have made numerical 
calculations for all elements and angles for electrons of high energy, 
0 = 1 . 

Bartlett and Watson (B5, B5a) have calculated the scattering of 
electrons from 23 to 1700 kev by mercury nuclei (Z = 80). The re¬ 
sulting curves are reproduced by Mott and Massey (M19, p. 81), to¬ 
gether with corresponding curves calculated by Massey (M 8 a) for 
positron scattering. Massey has pointed out that the sign of the last 
term in ( 75 ) is reversed for positrons, since this term is proportional to 
the first power of the interaction potential. Therefore, positron scatter¬ 
ing is generally less than electron scattering at the same energy and 
angle. This effect is clearly shown by the curves in Mott and Massey ; 
for instance, at 1.7 Mev and 90°, the ratio of actual to Rutherford scat¬ 
tering is 1.9 for electrons and only 0.4 for positrons. 

Bartlett and Welton (B5b) have calculated the effect of screening by 
the outer electrons on the scattering by mercury and have found, as 
expected, that screening has little influence except at small angles. 

i Mott and Massey have also omitted the factor tt in the last term of (75) in their 
second formula of p. 82. There is also an error of sign in their expression for R, p. SO. 
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All the experiments prior to 1942 present, in the words of Mott and 
Massey, 6 “a^ather confused picture,” some giving agreement , th 
theory^ others giving results between H and 9 Umes the theoreUcal 
nrediction Only in 1946 were Buechner, Van de Graaf, and then co 
kborators (VI, B56; see also M2) able to bring to these 
modern detection techniques and the lugh mtenaty ^ 

M I T Van de Graaf generator. For energies from 1.27 to 2.27 Me\ 
and angles from 20° to 50°, they investigated the scattering from bery- 
Hum, aluminum, copper, silver, platinum, and gold. In all cases, they 

found very good agreement with theory. 

At larger angles, experimental results are still conflicting. Champion 
and Roy (C4a) and Sigrist (S13b) report agreement with the theory, 
whereas Bothe (B48a) and Alichanian ct al. (A3a) report divergent re¬ 
sults It should be noted that it is rather laborious to get reliable theo¬ 
retical results for relativistic energies and large angles because there 
exists no closed formula for the scattering of relativistic electrons. 

2. Diffraction by Nucleus. At higher electron energies, the nucleus 
may no longer be regarded as a point charge but there will be destructive 
interference of the scattered waves from various parts of the nucleus. 
The nucleus will then have a form factor, and study of the scattering can 
give valuable information about the distribution of charge in the nu¬ 
cleus. Moreover, scattering of electrons of 200 Mev or more by a single 
proton may reveal something about the distribution of mesons around 
a nucleon. 

Nuclear interference effects were obtained experimentally by Lyman, 
Hanson, and Scott (L21), who used 15.7-Mev electrons from the Illinois 
betatron. At 30° they found fair agreement with the theory of scatter¬ 
ing by a pure Coulomb field, but at 150° the observed scattering was 
10 to 50 percent below that calculated for a point charge, depending on 
Z. This is to be expected because at 16.5 Mev the quantity 

X = 1.25 X 10“ 12 cm 


is comparable to the radius of heavier nuclei. Since X is comparable to 
R, not small compared to it, only the phase of the partial wave / = 0 is 
affected by the nucleus. Lyman et al. find that their experiments indi¬ 
cate a nuclear radius somewhat smaller than the usually accepted value, 
1.48 X 10 ~ 13 A*. They point out, however, that this result is uncer¬ 
tain, mainly because of the uncertainties in the evaluation of the Cou¬ 
lomb scattering itself. 

The first theoretical investigation of the effect of the finite size of the 
nucleus on the scattering of fast electrons was that of Rose (R6), who 
used the Born approximation. This approximation was also used by 
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Smith (SI7), who included the effect of non-uniform distribution of pro¬ 
tons in the nucleus and of the diffuseness of the surface of the nucleus 
and who also calculated the inelastic scattering. 

However, it is well known that the use of the Born approximation is 
not justified, even at the highest energies, except for very light nuclei. 
Exact calculations of nuclear scattering, not using the Born approxima¬ 
tion, have been carried out by Acheson (AO) for copper, by Feshbach 
(unpublished, quoted in L21) for silver, and by Elton (E3a) for gold, for 
electrons of about 16 Mev. These calculations were compared by 
Lyman et al. (L21) with their experiments. Parzen (P2a) has done 
similar calculations at 100 Mev for three different models of the nucleus. 

3. Polarization. Mott (M17) has pointed out that the spin of an 
electron can be oriented by scattering, thus leading to a “polarized” 
electron beam. The polarization can be detected by a second scattering 
which should show azimuthal asymmetry. The polarization is a maxi¬ 
mum at moderate electron energies, about 150 kev, and reaches in this 
case about 13 percent for Hg (Z — 80) and 90° scattering. Many ex¬ 
perimental attempts have been made to verify the polarization effect, 
but success was not achieved until the work of Shull, Chase, and Myers 
(SI3a). The failure of previous experiments was explained in terms of 
multiple scattering (C7, Gl3a). A very good discussion of both theory 
and experiment is given by Mott and Massey (M19). 

E. Multiple Scattering of Charged Particles 

As we have already mentioned, the interpretation of range measure¬ 
ments for electrons is made difficult because any appreciable energy loss 
by ionization is of necessity accompanied by a large number of small- 
angle scattering processes producing statistical fluctuations of the path 
length of the electrons in traversing the material. This effect also com¬ 
plicates the investigation of single scattering of electrons whose proba¬ 
bility was discussed in Section 2D. The observations must be made at 
angles large enough so that there is no appreciable contribution to the 
scattered electrons arising from more than one scattering process. Since 
the scattering cross section decreases rapidly with increasing angle, 
intensity problems become difficult. Finally, multiple scattering of slow 
charged particles in the gas of cloud chambers can lead to spurious 
curvature of the tracks in the presence of insufficiently strong magnetic 
fields (B17, S10, Sll). 

The general theory of multiple scattering has been developed by 
Williams (W18, W19); this rather simple theory will be given in Section 
2E1. More accurate theories have been developed by Snyder and Scott 
(SI9) and especially by Moltere (M13a); the results of these will be 
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given in Section 2E3, where some further theoretical work will also he 
discussed. Comparison with experiment will be made in Secb«> ^ 

1. Elementary Theory for Thin Foils. If we have a coU.mated beam 
of fast electrons incident on a metal foil, it is genera y possi 
the foil thickness large enough so that the electrons make many cdl.s.on 
in the foil, but small enough so that the energy loss in the foil may be 

neglected. Under these circumstances, practically all theelectron 
be transmitted and will emerge with small angular deflections. Th • 
the simplest case to treat theoretically, and the predictions a. e well 
verified experimentally. For thick foils the energy loss cannot be 



Fig. 21. Geometry for multiple scattering. 


neglected, and the penetration can be approximately treated as a 
diffusion process [cf. (B22), (B48a), and Section 2FJ. 

The angular distribution of the electrons emerging from the foil will 
clearly have azimuthal symmetry around the incident normal direction 
as axis. Choosing orthogonal axes ori and a 2 * n a plane perpendicular 
to the incident direction, we can represent a small angular deflection 0 
of an emerging electron by its two component projections a x and a 2 as 
in Fig. 21. The statistical distribution of the projected deflections a x 
is identical with that for a 2 . The ultimate value of or, for an emerging 
electron is the algebraic sum of a large number of deflections contributed 
by the collisions in the foil. From the general theory of errors we should 
therefore expect the statistical distribution of a 1 to be a Gauss error 
curve symmetrical about aj = 0: 

(76) 

where <<*i 2 > denotes the mean square deflection. Since for small 0 
we have 0 2 = a 2 + a 2 2 , we may write 

<0 2 > = 2<cq 2 > 


(76a) 
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The distribution in the spatial angle 0 is obtained by multiplying the 
Gaussian distributions for a x and a 2 . Thus the probability of finding an 
emerging electron with 0 between 0 and 0 -f d$ is 


P{9) do = ——— 0e- , ' /<e ' > do 


(70b) 


To calculate <0 2 > or <«i 2 > from the known probability for a single 
elastic scattering given by formula (73), we make use of the additivity 
of the mean square fluctuations for independent events. Since we are 
interested in small angles#only, the Mott formula (73) for the probability 
of deflection between 0 and 0 -|- d0 in the layer dx of the foil is, neglecting 
screening, 


IM d0\ dx 


dx 


StNZ(Z + 1 )z 2 e A d0 

¥ 


(77) 


where AT and Z have their usual meaning, and p, v, and ze are the mo¬ 
mentum, velocity, and charge of the scattered particle. Equation (77) 
remains valid if the incident particle is not an electron and is independent 
of the spin of the particle (W18, M8). The I in Z + 1 takes into account 
the scattering by the electrons (Kll). 

For very small angles the cross section is much smaller than that 
given by Eq. (77) owing to shielding by the atomic electrons; cf. Eq. 
(73). This puts as an effective lower limit to the angle of scattering in 
a single encounter 0 mia « x/a, where X = h/p and a = a 0 Z~' A (a 0 = 
Bohr radius ti 2 /me 2 = 5.29 X 10~ 9 cm) is the effective shielding radius. 
Actually the estimate 0 min = X/a is valid only if the Born approximation 
is correct for the collisions between the incident particle and the atom. 
This is so provided that y = Zze 2 /hv is small compared with unity; cf. 
Eq. (1). In the opposite case, y» 1, the classical approximation is 
valid and 0 min « yX/a. In the experiments of Geiger (G3) on the 
multiple scattering of alpha-particles in gold, y is about 20, and the 
theory outlined below with 0 min = yX/a is in very good agreement with 
the experiments (W13). 

The mean square deflection <0 2 > dx produced in dx is obtained by 
integrating 0 2 f(0) d0 from 0 min to some maximum angle #i chosen by the 
statistics in such a way that there will be many collisions in the foil with 
0 < #!, but not many with 0 > 0 X . 1 A reasonable choice is that angle 

1 For fast cosmic-ray mesons the maximum angle 0\ is fixed by the shielding effect 
due to the finite size of the nucleus (W18, B28). If R is the nuclear radius, there are 
essentially no deflections with angles larger than X/R. This is much smaller than the 
8\ given above. 
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for which there is on the average throughout the full thickness j of the 
foil only one collision with 6 > S,. Integral.ng Eq. (77). we hncl 



4 *NZ(Z + 1)2 V 
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(77a) 
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where pv is in Mev, l is in grams per square centimeter, and A is the 
atomic weight of the foil material. Summing up <B 2 > dx from each 
layer dx gives 

< 0 2 > 


2k log 


0y 


'llllll 


k log (^)’] (78) 


where m is the electron mass, regardless of the nature of the scattered 
particle. For v ~ c, 

<0 2 > = k log [1.13 10 4 Z 4 *z 2 A~ l t] (78a) 

• 

The argument of the logarithm, 0^/0, nin 2 , is of the order of the average 
number of collisions made in the foil by an incident particle, since the 
latter number, according to Eqs. (77) and (77a), is k/0 tuxn 2 . Thus, for 
Eq. (78) to be valid, we must have k » d luin 2 . If we neglect the slow 
variation of the logarithm of Eq. (78) with the thickness of the foil t, 
we see from Eqs. (78) and (77a) that<0 2 > is proportional to /, and 
therefore the average deflection is proportional to VV 

In the limit of very high energies (above about 150-*!Mev, where 
A is the atomic weight), the finite size of the nucleus limits the scattering 
angle effectively to values smaller than 


X _ _ X 

R ~ 1.4 X 10 - 13 A* 


(79a) 


(Williams, W18). Rossi and Greisen (R8) have used 0 2 rather than 0 X 
in Eq. (78) and have shown that in this case the expression for <0 2 > 


can be much simplified; they find 


(79) 


where t' is the thickness traversed measured in units of the radiation length 
X 0 given in Table 8. Here the “characteristic energy for scattering,” 


E, = me 2 (4*--137)* = 21.2 Mev 


(79b) 
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The condition for the validity of Eq. (79) is 0 2 < B lt which is equivalent 
to t > l, where (for v = c) 


6 . 7 (f)V g /«’ 


(79c) 


For lead, this is 110 g/cm 2 , i.e., about 20 radiation lengths; for aluminum, 
l = 2200 g/cm 2 = 100 radiation lengths. Since fast electrons produce 
showers in one or a very few radiation lengths, Eq. (79) is never really 
valid. Generally, Eq. (79) overestimates the multiple scattering. 

2. Lateral Displacement of Electrons. Owing to multiple scattering, 
an initially well-collimated beam of electrons will gradually diffuse 
laterally when passing through matter. This phenomenon is observed, 
e.g., in the large air showers in cosmic rays discovered by Auger (A8) 
which show lateral spreads of the order of 50 meters. Fermi (R8) has 
calculated the spatial distribution for electrons of given initial energy. 
If r is the perpendicular distance of an electron from its initial straight 
path, after it traverses a thickness of matter of l' radiation units, the 
probability distribution is 


F(r, V) dr 


6 r dr 

<p>i' 2e 


— 3r*/ <»* >f'* 


(80) 


where <6 2 > is given by Eq. (79) or (78a). There is strong correlation 
between the lateral displacement r and the angle at which the electron 
is going (R8). 

Fermi's formula has been widely used to calculate the lateral distri¬ 
bution of cosmic-ray showers. The first adequate theory was given by 
Moli&re (M13). The theory has been considerably extended and refined 
by Borsellino (B46a, B46b). Other contributions have been made by 
Xordheim (No), Roberg (R5a, Rob), Landau (L2a), Belenky (B7a), 
Eyges (E7), Blatt (B29), and others. Blatt also gives references to the 
experimental and theoretical literature. Cocconi, Tongiorgi, and Grei- 
sen (CIO) have confirmed the predicted lateral distribution experimen¬ 
tally as far as possible. 

Repeated multiple scattering may simulate a curvature of the track 
of a particle, and this may falsify the determination of the momentum 
by observation of the magnetic deflection of tracks in the cloud chamber 
(B17), especially if the magnetic field is low, the velocity of the particle 
small, and the gas in the cloud chamber heavy. Scott (S10) and Scott 
and Snyder (SI 1) have shown theoretically that the correlation of the 
various parts of a track is such that a circular path is most likely to be 
simulated, and Luebke, Klaiber, and Baldwin (L20) have found experi- 
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mentally that in a cloud chamber without magnetic field many tracks 

have the appearance of circular arcs. c 

3. More Accurate Theory of Multiple Scattering. Plural Scattannfr 

The elementary theory of Section 2E1 is unsatisfactory because (a) the 
choice of e„ Eq. (77a), was essentially arbitrary, and (6) the theory says 
nothing about the transition from multiple to single scattering. This 
transition region is known as plural scattering because the number of 
collisions is larger than 1 but not very large. Recent investigations (see 
below) have shown that this transition region extends very far, and that 
even for quite large angles there are significant corrections to single 
scattering. Also the multiple scattering region is modified by the more 

flC Among early theories we mention that of Wentzel (W5), who treated 
the region of plural scattering by the method of successive collisions and 
obtained good agreement with the experiments bv Crowther (C21) and 
Schonland (S8), who used gold foils less than 10 ° cm thick. The older 
theory and experiments on plural scattering are summarized in an article 
by Bothe (B48). 

’ Recently, Molidre (M13a) and Snyder and Scott (S19) have been able 
to solve the scattering problem essentially completely, making only the 
assumption that all scattering angles are small. They use Fourier and 
Laplace transformations. We shall follow Moltere’s treatment because 
(a) MoliSre is able to solve the problem analytically up to a rather late 
stage, (6) he uses the correct Fermi-Thomas distribution of electrons in 
the atom whereas Snyder and Scott use an approximate screened poten- 
tial, 

-GHt) 


and (c) Moli£re has included deviations from the Born approximation in 
single scattering. However, Scott (SlOa) has shown that the latter cor¬ 
rection can easily be included in the treatment of Snyder and Scott, and 
that numerically the Snyder-Scott theory agrees within 1 or 2 percent 
with that of Molidre. 

Moli&re shows that the scattering into the angular interval dO at 0 
can be represented by the integral 

mede = 6 ^l 0 ‘ Jo O ydyeXP [l( l0g 4 " b )} (81) 

Here 9 X is the angle defined in (77a), and b is a parameter related to the 
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number of collisions which is defined by 


[Pt. II 



(81a) 


where C = 0.577 • • • is Euler’s constant and 0 a is an angle similar to 
0min in Section 2E1 which depends on the screening of the atomic field. 
Its definition is 

f r k q( 0 ) dd n , t 

In d a = lim In k — I —--- (81b) 

L J 0 0 2] 


Here q is the ratio of the actual to the Rutherford scattering. In Born 
approximation, this is given by Eq. (73) as 


Q 



(81c) 


where F is the form factor (74). Moli&re evaluates q more accurately in 
a separate paper (Ml3b) and finds for the “screening angle" the result 


with 



(---(1.13 + 3.76a 2 ) 

\0.885aoZ - */ 


a 


zZe 2 

hv 


(8 Id) 

( 81 e) 


The denominator in (8Id) will be recognized as the characteristic radius 
of the Fermi atom, the second term in parentheses is a correction for 
deviation from the Bom approximation. 

The screening angle 0 a enters the theory only through the ratio 0\/0 a 
in (81a); this ratio can be greatly simplified to give 



/h\ 2 (Z+l)ZV 0.885 2 

4rN ° l W PA 1.13 +3.76a 2 


(81f) 


where N 0 = Avogadro's number, 0 = v/c, and A = the atomic weight of 
the scattered Numerically, 



(Z + 1 )Z*2? 
7800 /S 2 A (1 + 3.35a 2 ) 1 


(81g) 


where t is measured in grams per square centimeter. The fraction in 
(81g) is never far from unity for fast electrons and any Z. 
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For the further evaluation of (81), Molfcre introduces the new param¬ 
eter B which is the solution of the transcendental equation 

B - In B = b < 81h) 

He gives values of B as a function of (0,/0„) 2 (Table 9). He then ex- 

TABLE 9 

Auxiliary Function of Moliere 

10 log (»,*/*.*) 12 . 3 456789 

B 3.36 6.29 8.93 11.49 13.99 16.46 18.90 21.32 23.71 

pands the distribution function in a series in inverse powers of the 
(moderately large) parameter B: 

S di [2e-** + + B-Y*>W + ’ •'] (82> 


f(B)6 dB 


where 


and 


(01 y/B) 


(82a) 


(82b) 


The first term in (82) is normalized to 1 when integrated over 5; all 
other terms give zero upon integration. Formulas, tables, and curves 
for / (l> and/ (2) are given in Molifcre’s paper. He also calculates the dis¬ 
tribution of the projected angle <t >, replacing Eq. (76). 

For small angles, the leading term in (82) is the Gaussian; the next 
term gives a correction of up to about 10 percent. The correct distribu¬ 
tion lies above the Gaussian for very small angles (up to about 8 = 0.6), 
then below it, and finally, in the single scattering region, considerably 
above it. Hanson et al. (H8b) give typical angular distribution curves. 
They also give a simple formula for the width of the distribution, de¬ 
fined as the angle 0 W at which tne distribution function f(0) has fallen 
to 1/e of its maximum; they find 

= e x {B - 1 . 2 )* 


0 

The width of the distribution of projected angles is 

<*u. = 0i (B - 0.7)* 

For large scattering angles, the/ (n) in (82b) behave as 

/<"> ~ 5~ 2(n+1) (ln 5) n—1 


(82c) 


(82d) 


( 83 ) 
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The leading term is now/ (l) , which gives the Rutherford scattering plus 
some correction. For large angles the ratio of the Rutherford to the 
actual scattering is 



The second term in (83a) is appreciable, even for rather large angles. 
From the definition of 0i it follows that O\ 2 /0 2 is the probability that in 
the given foil thickness there is a single scattering through an angle 
greater than 0 . The parenthetical terms in* (83a) have a value of about 
5, so that the relative correction to Rutherford scattering is about 40 
times the single scattering probability. 

The fact that the actual distribution function approaches that of single 
scattering only extremely slowly had been noted by earlier investigators, 
especially by Wentzel (W5) and by Chase and Cox (C7). Chase and 
Cox pointed out that many small-angle scatterings will in general occur 
both before and after any large-angle single scattering, and that these 
are the cause of the large correction (83a). Their distribution for large 
angles is in fair agreement with Molidre’s. Complete distribution func¬ 
tions have been given by Snyder and Scott (SI9) and by Rutler (R58). 

The problem of scattering through larger angles where sin 0 can no 
longer be replaced by d was first treated by Goudsmit and Saunderson 
(G15), whose method is similar to Molidre’s except that it has not been 
so completely evaluated, and more recently by Lewis (LI6a), who used 
a scheme similar to that of Snyder and Scott. In both cases, expan¬ 
sions in spherical harmonics are used. The problem of complete diffu¬ 
sion of electrons was attempted by Bothe (B48) and by Bethe, Rose, 
and Smith (B22); however, both in this problem and that of large-angle 
scattering generally, much work remains to be done. 

4. Experiments on Multiple Scattering. The most recent experiments 
are those of Hanson, Lanzl, Lyman, and Scott (H8b) with 15.7-Mev elec¬ 
trons from the Illinois betatron. Foils of beryllium and gold were used, 
the thickness being such as to give a 1^ width of the beam between 2.5 
and 4.3 degrees. They find excellent agreement with MoliSre’s theory 
for gold, both in the width of the multiple scattering distribution and in 
its detailed shape. They point out that the correction factor in the 
denominator of (81g) is necessary to obtain agreement; otherwise, the 
theoretical width is about 10 percent too great for heavy elements. For 
beryllium, they find a slightly (about 5 percent) narrower distribution 
than Moli&re which they attribute to the fact that the screening is in 
this case not well represented by the Fermi-Thomas distribution. More¬ 
over, it is presumably not correct to use the same screening factor for 
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the scattering by electrons as for that by the nucleus (W6), and the 
scattering by electrons contributes in this case 20 percent.ofthe totab 

The most complete among the earher experiments a,e those of Kill 
chitsky et al. (Kll, A3a). who used electrons of 2.2;, Mev ^ d sca ‘ ere ^ 
from lithium to lead. They found very good agreement w.th the theory 
of Goudsmit and Saunderson for light elements, but abo.a 10 percent 
less than the theoretical scattering for heavy elements (/ - 7.5 to 
Hanson et al. (H8b) have shown that this discrepancy .» removed by 
taking into account Moline's correction for the deviation from the Born 

approximation, i.e., the denominator in (81g). . . 

Most of the other early experiments give conflicting results, probably 
attributable to poor statistics (cloud chamber work), energy spread in 
the electron source, etc. For a survey see (S12) and (Sl(>). 

Multiple scattering has become very important for estimating the 
energy of particles in photographic plates. This method has been de¬ 
veloped especially by the Bristol group but has also been used exten¬ 
sively by other groups using the photographic technique m cosmic-ray 
work. According to Eq. (77a), the scattering gives directly pv which is 
closely related to the kinetic energy, for both non-relativistic and rela¬ 
tivistic velocities. It should be noted that particles of the same kinetic 
energy have nearly the same scattering per unit path length, no matter 
whether they are heavy or light. The most usual technique for these 
measurements has been published by Fowler (FlOa): Sections of track 
of moderate length are chosen and the angle between the chords of suc¬ 
cessive section is determined; then the straight average (not mean 
square) of these angles is taken. Commonly, the (rare) angles greater 
than 4 times the mean angle are left out. In choosing the sections, it is 
necessary to make them long enough so that many collisions take place 
in each section and so that the angles can be measured accurately, and 
short enough so that many sections are contained in the track; 100 m 
is the most customary section length. 

Also in cloud chamber experiments without magnetic field, scattering 
is sometimes used for a rough energy determination. In this case, one, 
or better, several plates of heavy material, e.g., lead, are inserted in the 
chamber and the deflection angles measured. This technique is in gen¬ 
eral less satisfactory than the photographic one because large-angle 
single scatterings, due to Coulomb or nuclear or other forces, are less 
readily recognized and separated from the multiple scattering. 

Because of the importance of multiple scattering in photographic 
plates, many calibration experiments have been made with particles of 
known energy. The most extensive measurements were made by Gott- 
stein and other members of the Bristol group (G14a); they used protons 
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and electrons from accelerators as well as cosmic-ray mesons (n and /i) 
and protons. In the former case, the energy is known from the manner 
in which the particles were produced; in the latter case, only such parti¬ 
cles are used which stop in the photographic plate and whose energy 
can therefore be deduced from the range. Berger, Lord, and Schein 
(BlOa) used 340-Mev protons from a cyclotron, and Corson (Cl7a, 
Cl7b) used electrons and positrons which were produced by a synchro¬ 
tron and magnetically analyzed. 

The average angle between sections of length l may be written 1 


<«>av 


*«,*) / t 

pv \ 100 / 


(84) 


where pv is measured in Mev, t in microns, and a in degrees. K is a 
slowly varying function of t and of the velocity of the particle, 0c. For 
0 = 1 and t = 100, Corson and the Bristol group both obtain the same 
result, viz., K = 25.1 =fc 0.6. For 340-Mev protons, the Bristol group 
obtain K = 29, but Berger et al. find 24. The theoretical value of K, 
on the theories of Molidre and Snyder and Scott, is between 23 and 24. 
The agreement is very satisfactory. On the other hand, the formula 
(79) of Rossi and Greisen would give the value 32, which is much too 
high. 


F. Penetration through Foils. Energy Measurements 

1. Penetration through Thick Foils. An accurate theoretical treat¬ 
ment of the penetration of electrons through thick foils is made very 
complicated by the combination of multiple scattering and energy loss. 
Qualitatively the phenomena are as follows: An initially fast electron 
first penetrates some distance in nearly a straight line, suffering energy 
loss but very little deviation due to scattering. As its energy decreases, 
scattering becomes more important and its angular distribution around 
the initial direction is described by the Gaussian distribution character¬ 
istic of the multiple scattering. In this region the most probable angle 
of scattering increases in proportion to the square root of the traversed 
thickness of the foil. After sufficient scattering, however, the angular 
distribution becomes so diffuse that there is no longer any preferred 
direction of motion for the electrons and their wanderings may be 
described as diffusion. The angular distribution is then no longer 
changed upon increase of the foil thickness. For aluminum, for example, 
the most probable angle of deflection has a constant value of about 30°. 

1 In the literature, the denominator is sometimes chosen to be the kinetic energy T , 
rather than pv, which makes the dependence of K on 0 considerably stronger. 
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The number of electrons emerging after the penetration of afoilofgiv^ 

thickness, however, is a steadily decreasing " “ X 

For moderate thicknesses this is due mam y to he back: d» the 
electrons which get turned about through angles greatei than 90 by 
the accumulation of very many small-angle scattenng P-esses. As 
the thickness increases to the point where the number of emerging 
electrons is only a very small fraction of the mc.dent number, he sub¬ 
sequent decrease in the number with increasing foil thickness is due 
to the eventual reduction of the energy of the electrons to an effective 
value of zero. The limiting thickness of the foil, beyond which essentially 
none of the originally incident electrons emerges, '« an 
for the electrons. This range is determined from typical absorption 
measurements as discussed in Section 2F2, where the empirical relation 
between the original energy of the incident electrons and their range is 
given It is clear that this effective range for electrons is essentially 
different from the mean range of heavy charged particles which undergo 
a negligible amount of multiple scattering by comparison. 

For details concerning the transition between multiple scattenng and 
the diffusion of the electrons the reader is referred to the review article 
by Bothe (B48). An approximate theoretical treatment has been given 
by Bethe, Rose, and Smith (B22). These authors treat the initial 
energy loss of the electron and the final diffusion process in an accurate 
way but use an interpolation to overcome the intermediate transition 
period. Wilson (W22) has developed a more generally useful theory, 
based on similar ideas but also incorporating energy loss by radiation 
and adjusting parameters so as to fit numerical calculations by the 
Monte Carlo method (see Section 2A4). 

2. Absorption Method for Measuring the Energy of Homogeneous 
Beta-Rays. The magnetic spectrograph provides the most exact means 
of measuring beta-ray energies. If less accuracy is acceptable, however, 
other less elaborate methods are available, the best of which is the 
absorption method. Since any theoretical calculation of the effective 
range of monoenergetic electrons in condensed materials is made almost 
impossible by the difficulties discussed in Section 2F1, it is necessary to 
establish an empirical calibration by measuring the range of mono- 
energetic electrons of known energy. 

An immediate difficulty which arises, however, is the experimental 
definition of the range as determined from absorption measurements. 
The range cannot be defined as the limiting thickness beyond which 
none of the originally incident electrons emerges, since, owing to strag¬ 
gling, such a thickness practically does not exist. A more practical 
definition arises from examination of absorption curves in which the 
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electron detection is accomplished by means of an ionization chamber 
placed behind the foil. Figure 22 shows typical absorption curves ob¬ 
tained in this way by Marshall and Ward (M7) for the absorption of 
electrons of different energies (//p values) in aluminum. After an initial 
concave portion each curve shows a fairly long linear part followed by 
a considerable tail. The most reproducible feature of the curve is con¬ 
sidered to be the intercept with the range axis of the extension of the 



Fig. 22. Absorption of monochromatic electrons in aluminum. From Marshall and 
Ward. Can. J. Research, A16, 39 (1937). 

linear portion (extrapolated range). The resulting extrapolated range 
is the one used for practical purposes. In Fig. 23 is plotted the extra¬ 
polated range in aluminum for beta-rays of different energy according 
to the measurements of Marshall and Ward (M7). Above 0.6 Mev the 
connection between range and energy can be expressed by the linear 
relation 

R = 0.526# - 0.094 (85) 

where R is the extrapolated range in grams per square centimeter of 
aluminum, and E is the energy in Mev. 

For comparison the work of other experimenters is also included (S9, 
V2, M4, E2). It will be noticed that there is considerable disagreement 
among the results. This indicates that even the extrapolated range is 
not accurately reproducible from one experimental arrangement to 
another. The investigations of Eddy (E2) show that the shape of the 
absorption curves depend in an essential way on the disposition of the 
ionization chamber or counter with respect to the absorbing foil. For 
small foil thicknesses especially, the number of electrons emerging is 
practically equal to the number incident except that their angular dis- 





Fig. 23. Extrapolated range of electrons vs. energy. From Marshall and Ward 

Can. J. Research, A16, 40, 41 (1937). 
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tribution is broadened by the multiple scattering. If the ionization 
chamber is not very close to the foil, a good fraction of the scattered 
electrons will not be detected and the absorption curve will show a 
decline. If the chamber is close enough to pick up all the scattered 
electrons, the absorption curve will start out practically flat. This is 
an inherent difficulty with absorption measurements. 

Bleuler and Zunti (B31) have developed semi-empirical formulas for 
the influence of scattering on the penetration of monoenergetic electrons, 
adjusting constants to fit the empirical data. One of their assumptions 
is that at high energies (>5 Mev) the influence of multiple scattering on 
the apparent range of the electrons becomes negligible. This has been 
questioned recently by Hereford and Swann (H16) on both experimental 
and theoretical grounds. 

3. Absorption of Continuous Beta-Ray Spectra. For the details of 
the energy distribution of beta-rays emitted in nuclear transitions it is 
necessary to use the magnetic spectrograph. Absorption measurements 
give only a crude indication of deviations of a beta-ray spectrum from 
the allowed shape normally encountered. However, if the maximum 
energy of the beta-rays is the primary concern, absorption techniques 
can be used to advantage. With sufficiently careful work, determina¬ 
tions of the maximum energy are possible to within about 5 percent in 
optimum cases. 

In the comparatively rare cases where the beta-rays are accompanied 
by only a very weak gamma-ray component or none at all, 1 the range 
of the beta-rays in the absorbing foils can be determined with good 
accuracy and a calibration obtained connecting this range with the 
maximum energy of the spectrum as determined from the magnetic 
spectrograph. This is the case, for example, with HaE, P 32 (no gamma- 
rays), and UX 2 (about one gamma-ray per 100 disintegrations), which 
are often used as standards in absorption measurements. As was first 
established by Feather (F5), the range can be represented very well as 
a linear function of the maximum beta-ray energy. The relation obtained 
by him, the “Feather relation," gives 

R = 0.5432? - 0.160 (86) 

1 Even in the absence of nuclear gamma-ray emission, some continuous x-rays are 
emitted by the atom when the dipole moment is suddenly changed through the 
transfer of the charge of the electron from inside the nucleus to outside the atom in the 
beta-emission. This is the so-called internal x-radiation observed experimentally by 
C. S. Wu, Phys. Rev., 69, 481 (1941), and investigated theoretically by Knipp and 
Uhlenbeck, Physica, 3, 425 (1936). In addition the beta-rays themselves produce 
ordinary “external” x-rays by the usual process of bremsstrahlung. With sufficient 
care the gamma-radiation due to these causes can be observed in the absorption 
measurements for the case in which no nuclear gamma-rays are present. 
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where R is in grams per square centimeter and E is in Mev (>07). 
The existence of such a relation is reasonable in view of the result, &q. 
(85), for homogeneous beta-rays. 

More recently some changes have been proposed in the constants ot 
the Feather relation to take account of the improved accuracy of 
measuring techniques and of the greater variety of known radioactive 
nuclei. Thus Bleuler and Zunti (B30) find 

ft = 0.571E - 0.161 1.2 < E < 2.3 Mev (86a) 

and Glendenin and Coryell (Gil, G12), using the Feather comparison 
method described below, give 

ft = 0.542E - 0.133 0.8 < E < 3 Mev 

(Sod; 

R = 0.407F 1 38 0.15 < E < 0.8 Mev 


10 


Below 0.15 Mev Glendenin and Coryell find that the curve coincides 
with that of Marshall and Ward for 
monoenergetic beta-particles as given 
in Fig. 23. 

The principal difficulty with the ap¬ 
plication of the Feather relation lies in 
the fact that for most cases it is very 
difficult to estimate the actual range 
from the absorption curve. Many beta- 
ray transitions are also accompanied 
by nuclear gamma-ray emission which 
provides a more or less constant back¬ 
ground of counts in the detector, de¬ 
creasing slowly with increasing thick¬ 
ness of the absorbing foil. The exact 
point at which the counts due to the 
beta-rays give no further significant 
contribution to the counting rate is very 
difficult to judge. For illustration we 
show in Fig. 24 (B32) the absorption 
curve for the beta-rays from Al 28 , which 
decays to an excited state of Si 28 
followed by a gamma-ray emitted in the 

transition to the ground state. There is no possibility of defining an 
extrapolated range since there is no straight portion of the absorption 
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Millimeters of aluminum 

Fig. 24. Transmission of beta- 
rays from Al 28 . From Bleuler and 
Zunti, Helv. Phys. Acta, 20, 197 
(1947), Fig. 1. 


curve. 

To overcome this difficulty from the gamma-ray background, and 
difficulties due to weak sources whose beta-rays cannot be followed 
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through too great foil thicknesses, Feather (F5) has devised a comparison 
method making use of the full absorption curve rather than its end point 
alone. With RaE as a standard comparison substance, the logarithm 
of the relative beta-intensity after passage through an aluminum foil of 
thickness d is plotted as a function of d/R, where R is the end point of 
the absorption curve. It is then assumed that, at least in the latter part 
of the curves for d/R > 0.5, this curve is essentially the same for all 
substances. The absorption curve for an unknown spectrum is to be 
plotted in this way for various values of R until the best agreement is 
obtained with the standard curve. From R the maximum energy is 
found by using the Feather relation. 

Unfortunately, even toward the final portion of the absorption curve 
with d/R > 0.8, there are considerable differences between the absorp¬ 
tion curves for RaE and other substances. This is due in part to the 
anomalous beta-ray spectrum of RaE which contains an excess of slow 
electrons. The situation would be improved if a more representative 
substance were chosen as the standard. This was found by Sargent 
(S2) and Moore (M15), who used UX 2 in addition to RaE as a compari¬ 
son substance. Apart from this, however, there are differences in the 
absorption of fast and slow electrons in the foil which cause essential 
differences in the absorption curves, even for allowed spectra. The shape 
of the absorption curve in general depends on the maximum energy of 
the spectrum and on the charge Z of the emitting nucleus. 

These objections to Feather’s method are to a large extent circum¬ 
vented by the recent work of Bleuler and Zunti (B31). Using a semi- 
empirical method for obtaining the absorption curves of monoenergetic 
electrons of different energies, they compute the expected absorption 
curves for allowed beta-ray spectra with different maximum energies E 0 
and different values of the nuclear charge Z. As a check on the com¬ 
putations they observe that good agreement is obtained with the experi¬ 
mental absorption curves for various test substances. Instead of giving 
the entire absorption curve for each value of E 0 and Z> however, they 
find it convenient to characterize the curve by giving a sequence of foil 
thicknesses d n for which the electron intensity is reduced by a factor 
2 w (n = 1, 2, 3, • • •)• In this way there is obtained a family of semi- 
empirical curves d n = /„(£<>, Z) connecting d n with E 0 for each value of 
Z in the case of an allowed spectrum. As is to be expected from the 
Feather relation, the connection between d„ and E 0 for large n becomes 
less and less dependent on Z and on the fact that the spectrum is allowed 
until in the limit of very large n the connection is given by the Feather 
relation itself. Upon being presented with an experimental absorption 
curve of some unknown beta-spectrum, the procedure then is to obtain 
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first the experimental d n values and from these the values of the energy 
E n associated with them from the theoretical curves. If the spectrum 
in question is allowed, all these E n values should be the same and equal 


to the maximum energy of the spec¬ 
trum, E n . If there is a variation of 
the E n , this indicates a deviation 



Fig. 26. Correction curves to Fig. 25 
(from Blculer and Ziinti). If d n '(Z) 
is the thickness of aluminum required 
for an intensity reduction to 2 -n for a 
beta-emitter of nuclear charge Z, the 
curves shown here give 

a = d„'(Z) - d„'(20) 

dn'(20) 

The d n '(20) can then be used to find 


from an allowed spectrum and it is 
necessary to extrapolate to the value 
for large n. The essential improve¬ 
ment over the comparison method 
of Feather is that almost always the 
E n have practically their asymptotic 
values for only moderate values 
of n. 

The curves of d n as a function of 
Eq for Z = 20 are shown in Fig. 25. 
Z = 20 is chosen as lying in a con¬ 
venient region of the periodic table. 
For other values of Z and for posi¬ 
tron emission the corrections to be 
made are given in Fig. 2G. As an ex¬ 
ample of the convergence, Table 10 
shows that it is, in general, very 
good. The E n values obtained with 
the Z = 20 curves are given first, 
and the effect of the Z correction is 
indicated by the values underneath 
in parentheses. For most cases the 
curves for Z = 20 alone are suffi¬ 
ciently good. 

The exact form of the d n = f n (E 0 ) 
curves of Fig. 25 depends to some 
extent on the experimental arrange¬ 
ment. However, it should be ex¬ 
pected that the E n values for a given 
substance would not change very 
much from one experimental ar¬ 
rangement to another. Therefore 


the energy with the* help of the curves 
in Fig. 25. 


similar curves can be constructed for any arrangement by plotting the ex¬ 
perimental d n values for the standard substances of Table 10 against the 
E n given there. Actually, good agreement with the spectrographic 
maximum energies Eo was found for many different absorption curves 
in the literature by simple application of the curves of Fig. 25 for Z = 20. 
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TABLE 10 

c substances, Determined from Absorption by 

Values con Stasuab^S.^ ^ a[)u Mnti 


Sub¬ 

stance 


Cu M 

RoE 

Cu 61 

P” 

UX* 


Cl 


ai 


Eo 


1.17 

1 . 22 » 

1.72 

2.32 

4.96 


0.62 

0.93 

(1.00 

1.32 

( 1.22 

1.65 

2.06 

( 2.35 

4.82 


62 

98 

04 

29 
25 
69 
13 

30 


0.62 

1.01 

1.06 

1.28 

1.24 

1.69 

2.15 

2.28 

4.90 


0.62 

1.03 

1.07 

1.28 

1.25 

1.71 

2.18 

2.28 

4.91 


5 

6 

7 

8 

9 

10 

11 

0.63 

1.05 

0.63 

1.07 

0.63 

1.08 

0.64 

1.09 

0.64 

1.11 

0.64 

1.12 

1.14 

1,08 

1.09 

1.10 

1.11 

1.12 

1.13 

1 • IDI 

« ft /* 

t Ol 

1 24 

1.23 

1.23 

1.22 


1.26 
1.24 
1.71 

1.24 

1.70 

1.23 

1.70 

1.22 

1.70 

1.22 

1.70 

1 . 22 ) 

1.70 

1.70 

2.19 

2.21 

2.22 

2.23 

2.24 



2.28 

4.92 

2.28 

4.93 

2.28 

4.94 

2.28 

4.94 

2 . 29 ) 

4.95 

4.95 

4.90 


Complex beta-spectra containing electrons from more than one nu- 
cleor transition will in general show increasing E n values as the to - 
energy component is absorbed out. In this case an attempt is made to 
analyze the absorption curve into two or more individual curves, 
is facilitated by measurements of coincidences between the beta-iays 
and gamma-rays emitted and by measurement of the energy ol the 

gamma-rays. . 

4. Measurement of Gamma-Ray Energies by Absorption of bee- 
ondary Electrons. This method (B7, R2, F9, M12) consists in allowing 
the gamma-rays to produce secondary electrons (pairs, photoelectrons, 
and Compton electrons) in an appropriate thick radiator foil and then 
measuring the subsequent absorption of these secondaries in other 
aluminum foils. This is done by measuring the coincidence counting 
rate of two Geiger counters through which the secondary electrons pass 
as a function of the thickness of aluminum foils interposed between the 
counters. 

Becker and Bothe (B7) have proposed to take the foil thickness d, 
which reduces the coincidence rate by a factor 2 as a measure of the 
gamma-ray energy. They find that the experimental results can be 
represented by the empirical formula 


d, = 0.063 


(E/m?)' 


(87) 


(E/m?) + 1 

in grams per square centimeter of aluminum where E is the energy of 
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the gamma-ray, and me 2 is the rest energy of the electron. If the gamma- 
radiation is not monoenergetic this formula gives some average energy. 

Curran, Dee, and Petrzilka (C25) measured the range of the secondaiy 
electrons, thereby obtaining a connection with the maximum energy of 
the gamma-radiation. Thus, if the radiation is homogeneous, the two 
methods just described should give the same gamma-ray energy, and, 
if it is inhomogeneous, the range measurement should give a higher 
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Fig. 27. Effective range in aluminum of electrons produced by gamma-rays, as a 
function of the gamma-ray energy. From Curran, Dee, and Petrzilka, Proc. Roy. 

Soc., 169, 287 (1938). 


energy than is obtained from the measurement of the half-value thick¬ 
ness d\. The calibration curve of range as a function of gamma-ray 
energy obtained with homogeneous gamma-rays of different energy is 
shown in Fig. 27. 

Bleuler and Zunti (B31) have recently made some improvements over 
these two procedures. By making use of their semi-empirical absorption 
curves for monoenergetic electrons in aluminum, and computing the 
electron spectrum produced by monoenergetic gamma-rays in the 
radiator foil, they obtained a set of d n values for the foil thickness of 
the absorber interposed between the Geiger counters. In this way they 
obtain for each gamma-ray energy, E y , the absorber thickness d n = 
fn(Ey) required to reduce the coincidence counting rate by 2". Their 
results are shown in Fig. 28 for aluminum foils as absorbers and for 


of aluminum 



Millimeters of aluminum ' “ Millimeters of aluminum 
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aluminum and brass as secondary radiators. The experimental arrange¬ 
ment is shown in sketch on the figure. It should l>e noted that d n should 
also include a correction for the absorption in the walls of the first 
counter. This makes the total absorber thickness somewhat larger than 
the thickness of the absorbing foil alone. The total absorbing thickness 
is estimated to be of the form d = d' + 21c 6 , where 6 is the thickness of 
the counter wall, k is a number about 1.5 which is given on the curve as 
a function of the wall thickness in microns, and d' is the absorbing foil 
thickness. 

From the curve for d\ it is possible to obtain the ratio of dy to the 
quantity (E / me 2 ) 2 / (E / m<? + 1) of Eq. (87) which should be a constant 
according to Bothe. For gamma-ray energies of 0.5, 1.5, and 2.G2 Mev 
the ratio is 0.03G, 0.050, and 0.059 g/cm 2 of aluminum, respectively. 
The value for the ThC" gamma-ray of 2.62 Mev agrees well with Bothe’s 
constant of 0.0G3, which was determined mainly for this gamma-ray 
energy, but it is seen that Bothe’s relation is not very accurate. The 
curve of Curran, Dee, and Petrzilka (Fig. 27) for the range of the 
secondary electrons as a function of the gamma-ray energy lies between 
the curves of d 7 and d 8 of Pig- 28. 

The experimental d n values agree with those of Fig. 28 to within 2 
percent for 0.51 Mev (annihilation radiation) and 1.14 Mev (Zn*’ 5 ), and 
to within 3 to 4 percent for 2.G2 Mev (ThC")- The limit of error in this 
region is about 5 percent. For the higher energies the gamma-rays 
obtained by bombarding fluorine and lithium with protons (6.2 and 
17.2 Mev) were used for calibration purposes. For 6.2 Mev the d n 
values are: 1.12, 1.60, 2.00, 2.30, 2.52 g/cm 2 of aluminum, in succession; 
for 17.2 Mev: 1.57, 3.14, 4.70 g/cm 2 of aluminum. 

SECTION 3. PENETRATION OF GAMMA-RAYS 

A beam of gamma-radiation, or indeed of any electromagnetic radia¬ 
tion, exhibits a characteristic exponential absorption in matter, in sharp 
contrast to the definite relation between energy and range which charac¬ 
terizes the absorption of heavy charged particles. The reason is that, 
in the processes of absorption or scattering which remove gamma-ray 
photons from the incident beam, each photon is eliminated individually 
in a single event. Since the number of photons removed from the beam 
in the traversal of a thickness dx of absorber is proportional to dx and to 
the number of photons incident upon dx, the number traveling in the 
original incident direction after a distance of penetration x is an ex¬ 
ponentially decreasing function. If we denote by a the total cross 
section per atom for either the scattering or the absorption of photons 
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the original energy, the beam mien* a. the dl.tane. * «» 

absorber will have the form 1 

/<*) = I(0)e~ N "' = me- < 88 > 

where 1(0) is the incident intensity, N hti* 
absorber per cubic cent.meter, and r - N* ttm ) 

coefficient of the radiation. . , frequenc i es corresponding to 

contmuous functions o^the photon e (2) the 

teas 

s^~S|K 

with a kinetic energy T-hv-I, where I is the ionin .on P^ntial 
the particular shell in which the electron is originally fo.nd. The ex e 
momentum in the process is taken up by a recoil of the nuc eus t 
energy of the recoil being negligible compared to the original photon 
energy or to the energy T of the photoelectron. The e^Uor a given 
shell in the atom is largest at photon energies close to the ionization 
potential for the shell and falls off fairly rapidly with mcreasmg photon 
energy. At low energies, below 50 kev for aluminum and 500 kev for 
lead, the photoelectric effect gives the principal contribution to the 
absorption coefficient r. Thus for aluminum the ratio of the photo¬ 
electric cross section to the total cross section for Compton scattering is 
approximately unity for radiation of 50 kev and 1000 for energies of 
5 kev. The curves of Fig. 29 show the trend of the photoelectric cross 
section with energy for a variety of substances. . 

As the energy of the radiation increases, the photoelectric effect, loses 
in importance compared to the Compton scattering as the mechanism 
for removing photons from the initial beam. In this process the incident 
photon is scattered by the electrons in the atom rather than absorbed. 
One of the atomic electrons makes a transition to an ionized state, and 
the incident photon is scattered with a reduced energy. In the energy 
region where this type of scattering gives the main contribution to the 
absorption coefficient r, between 0.5 and 5 Mev for lead and from 0.05 to 


1 If the Compton-scattered radiation is included, the expression for the intensity 
is more complicated. See, e. g., Hirschfelder, Magee, Hull, and Adams (H19 H20), 
Bethe, Fano, and Karr (B18). At high energies shower production should be con¬ 
sidered (R8). 



306 Passage of Radiations through Matter [Pt. II 

15 Mev for aluminum, the energy of the incident photon is large com¬ 
pared to the binding energy of the atomic electrons. The process may 
therefore be considered the scattering of a photon hv a free electron ini¬ 
tially at rest. Since each electron in the atom scatters independently, the 
absorption coefficient due to the Compton effect, ro 0 ,„pt. is proportional 
to the atomic number Z. In Fig. 30 is shown the energy dependence of 
the total cross section for the Compton scattering per electron as cal- 



Fig. 29. Photoelectric cross section jus a function of gamma-ray energy, for various 
atoms. The lower abscissa scale gives the wavelength in Angstrom units. Solid 
curves, exact calculation; dotted curves. Born approximation. From The Quantum 
Theory of Radiation by W. Heitler. Used by permission of the Clarendon Press, 

Oxford. 

culated from the Klein-Xishina formula (K8). Other effects, such as 
the coherent scattering in which the atom remains in its initial state or 
the Kaman scattering in which there is a transition to an excited discrete 
energy state, are negligible for the energy range under consideration. 

At sufficiently high energies the photoelectric absorption and the 
Compton scattering become unimportant compared to the process of 
pair production (A5, B27, A6, Mil, C22, C2). In this phenomenon a 
gamma-ray of sufficient energy, in the presence of the Coulomb field of 
a nucleus, disappears upon the creation of a pair of electrons, one of 
negative charge and the other of positive charge. The total energy of 
the pair, E+ + £_, is equal to the energy hv of the incident gamma-ray, 
and the sum of their kinetic energies, T , is equal to the total energy hv 
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minus the rest energy, 2 me 2 : 

T = hv — 2 me 2 

Thus, in order for the process to occur, the gamma-ray energy 


exceed 2 me 2 or 1.02 Mev 


(89) 

must 
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30 Solid curve, cross section for the Compton effect, in units of - (8*/3)r 0 , 
a^a function of the incident gamma-ray energy in units of me* (lower scale gtves 
wavelength). The dotted curves give the photoelectric cross section for va.ious 
elements in the same units. Crosses, circles, and square represent experimental 
points. From The Quantum Theory of Radiation by \\ . Heitler. Used by permission 

of the Clarendon Press, Oxford. 


Since energy and momentum cannot both be conserved if a positron- 
electron pair is created in free space, the process can only take place 
when the gamma-ray passes through matter. The excess momentum is 
then taken by the nucleus, which is so massive that the energy ot its 
recoil may be neglected. Perhaps the simplest way of seeing that pair 
creations cannot occur in free space is to notice that, if it were possible 
in some observer’s coordinate system, it would also have to occur for 
an observer in a coordinate system in motion relative to the first one. It 
is possible to choose the velocity and direction of motion of the second 
coordinate system so that, as a result of the Doppler effect, the frequency 
(and hence the energy) of the incident gamma-ray is as small as desired. 
In particular, the frequency can be made less than 2 me /h which will 
make the pair creation in free space in this coordinate system impossible 
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on energetic grounds; thus it is shown to be impossible in any coordinate 
system. 

We should also expect the pair creation to be more probable in 
materials which have a strong interaction with the electrons of the pair. 
Indeed, the cross section for the process increases with increasing atomic 
number as Z 2 . The energy dependence of the cross section is shown in 



Fig. 31. Pair production cross section, in units of ^ — 7rr^ l l\Zl t for aluminum and 
lead. The highest solid curve represents the cross section without screening. The 
dotted curves show the cross section for the Compton effect in the same units. 
From The Quantum Theory of Radiation by W. Heitler. Used by permission of the 

Clarendon Press, Oxford. 

Fig. 31 for lead and aluminum (see also Fig. 41). Above 5 Mev for lead 
and 15 Mev for aluminum the pair production cross section exceeds that 
for Compton scattering and continues to increase with increasing energy 
until it reaches a limiting value at very high energies determined by the 
atomic shielding. Thus the absorption coefficient of sufficiently high- 
energy gamma-rays increases with increasing energy. 

If we neglect possible absorption of very high-energy gamma-rays by 
the creation of mesons, photoelectric effect in the nucleus, and the like 
(Section 3E), the complete absorption coefficient is 

r = Tphot d~ r Compt d - T pair (90) 

Figure 32 gives rasa function of energy for a variety of substances. 

In the succeeding sections we shall give some details of the three funda¬ 
mental processes contributing to r. Essentially all the numerical data 
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and formulas are ,o be found in the book by 
nLtion (H13), together with a theoretical 
Excellent surveys of the experimental material up to 



FiE. 32. Total absorption coefficient- for gamma-rays, per centimeter, in various 
materials, as a function of the gamma-ray energy. For lead, the separate cont nbutions 
of photoelectric effect, Compton scattering, and pair production are shown by the 
dotted curves. Circles represent measurement made in l‘.)34. From i he Quantum 
Theory of Radiation by W. Heitler. Used by permission of the Clarendon Press, 

Oxford. 


found in a review article by Gentner (G5), and of the newer material in 
the articles by Latyshev (Lll) and by Fowler, Lauritsen, and Lauritsen 
(F10). 

A. Photoelectric Effect 

For a general summary of the theory of the photoelectric effect the 
reader is referred to the review article by Hall (H2) and the book by 
Heitler (H13). Here we shall merely give some formulas and curves for 
the photoelectric cross section in different energy ranges. 
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For energies far from the absorption edge and in the non-relativistic 
range, the Horn approximation 1 gives for the cross section for the effect 
in the K shell 


a K 


= 0-1V2 


Z 5 /me 2 Y' 
137 4 \ hv J 


(91) 


4>o 


Sir ( e 2 \ 2 

IF w) " 6-651 x 10 cm 


(91a) 


where hv is the energy of the incident photon, me 2 is the electron rest 
energy, and Z is the atomic number of the absorbing material. <f> 0 is 
a convenient unit for measuring the cross section, and represents the 
cross section for the scattering of low-energy photons by a free electron 
at rest, the Thomson scattering. In Eq. (91) there is a factor 2 for the 
two electrons in the K shell. The angular distribution of the photo¬ 
electrons changes from the one at low energies in which most of the 
electrons are emitted in the direction of polarization of the primary 
photon to the one at high energies in which the maximum is displaced 
toward the direction of propagation of the photon. No photoelectrons 
are emitted in the exact direction of propagation of the primary photon. 

The cross section given by Eq. (91) is represented in Fig. 29 by the 
dotted curves. On the logarithmic scale used, they are straight lines 
as functions of the logarithm of the energy with slope —3.5. The solid 
curves are corrected for deviations from the Bom approximation and 
for relativity effects. 

In the neighborhood of an absorption edge the kinetic energy of the 
emitted electron is not large enough to justify the use of plane wave 
functions in the Bom approximation, and the exact wave functions must 
be used. The calculations of Stobbe (S27) show that in this case the 
frequency dependence near the absorption edge is approximately v ~ 94 
instead of v~ 7/I , with a continuous transition between the two as the 
distance from the absorption edge increases. Figure 33 gives the ratio 
of the exact result for <jk to the approximate formula (91) as function 
of the ratio 2 « = hv/Z 2 Ry, where Ry is the Rydberg energy (13.61 ev) 
and Z 2 Ry is approximately equal to the ionization energy of the K shell. 
For small hv Eq. (91) may conveniently be written in the alternative 

* The Born approximation may be used to calculate the matrix element of the 
current. For the matrix element of the dipole moment the approximation gives a 
result which is too large by a factor 2. 

* For exact calculations the “effective” nuclear charge Z — 0.3 should be used instead 
of Z. 
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/ Z 2 \k 

ok = 1.09 • 10“ ,6 Z- 2 ^Ry — J 


(91b) 


Hall (H2) has compared the theory of the photoelectric effect with 
experiment and found agreement within a few percent. In his article 
may also l>e found correct expressions 1 for the photoelectric effect in 
the L shell and the only published result for the M shell. 

For relativistic energies a closed formula has been worked out by 
Sauter (S3) in the Bom approximation. He obtains 

ck 3 Z 5 (7 + 1)* 

*o 2 137 4 (y - 1) M 


.. 4 . 7(7-2)/. 1 , 7 + - 1\| 

x u + 


where 


hv + me 2 
me 2 


(92a) 


where v is the velocity of the emitted electron and mc 2 y is its total energy, 
hv + me 2 . For very high energies, hv » mc 2 t y is large, and the principal 
term in ok is 

3 7j* me 2 

OK = <t> 0 - ^4 — (hv» me 2 ) (93) 

Thus for very high frequencies there is a decrease only with v instead 
of v'\ For this reason the photoelectric absorption in heavy elements, 
e.g., lead, plays a role even for gamma-ray energies as high as 5 Mev. 

In Table 11 are listed the values of o K in units of 4> 0 Z 5 / 137 4 for various 


TABLE 11 

Theoretical Values of <r/c 137 4 /«f>o2 6 (Born Approximation) 
/me 2 0.1 0.25 0.5 1 2 3 

I?L 4 iRfiy 10 4 794 81 10.4 2.04 0.97 


hv/mc 2 

0.1 

0.25 0.5 

1 

<r*137 4 

1.86 X 10 4 

794 81 

10.4 

hv/mc r 2 

5 10 

20 

50 

<r/fl37 4 

*oZ b 

0.45 0.185 

8.36 X 10 " 2 

3.13 X IQ" 2 


»The formula of Stobbe for the L„ + L m (2 p) shell is too large by a factor of 2. 
This incorrect formula was taken over by Bethe (B14). 
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‘’For ta'avy el.menU, the ,u,o«.y */«»»£ 

£^rrS.S iMM '" 

the limit of hr » me 2 the formula of Hall .s valid. 


OK 


3 Z 5 tnc 2 -wa + 2a t (l- log q) 
*°2 137 4 Av 6 


(94) 


V - 7/137 The relatively simple form of Eq. (94) is made 

S£lTbS»L somewhat l.« .tro„ 8 at high Z owing to the exponential 

"* Huimek calculations mf.r to lower energies (0.35 and Ultol- 
were don. by exact numerical evaluation; Dirac wave unction, n th 
Coulomb field were used. His results are given in 1 able 12 (first > 


TABLE 12 

Exact Theoretical Values for a K 137 4 /L5*o2‘ 


hv/me 1 

Z Small 

Fe 

Sn 

Pb 

0.69 

29.1 

18 

12.2 

7.9 

2.2 

1.13 

1.05 

0.80 

0.60 

Large (relative 
values) 

1.00 

0.67 

0.54 

0.46 


It is seen that for both the energies considered, <r* is considerably ess 
than formula (92) would give. [The result from Eq. (92) is llste< >" 
the column “Z Small.”] This is also true for very large energies, as may 
be seen from the last line of Table 12, which gives the result of Hall s 
formula (94), leaving out the factor 3mc 2 /2hv. , 

Often it is desirable to interpolate for intermediate energies anil 7 
values. Miss White (W9) has found it reasonably accurate to use 
Sauter’s formula (92), multiplied by Stobbe’s correction factor (big «). 

Direct experiments to determine the cross section for the photo¬ 
electric effect were made by Latyshev (Lll), who investigated the photo¬ 
electrons produced by the ThC" 2.62-Mev gamma-ray in thin foils 
of copper, silver, tantalum, and lead. From the energy distribution of 
the electrons in a magnetic spectrograph it was possible to separate the 
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photoelectrons from the Compton electrons and pairs which were pro¬ 
duced in greater numbers. For lead and tantalum it was also possible 
to separate the photoelectrons generated in the K and L shells. For lead 
the absolute cross section was measured as (1.3 ± 0.41) X 10 -24 cm 2 , 
in good agreement with the theoretical value 1.52 X 10“ 24 cm 2 given by 
Hulme. To find the Z dependence, the relative cross section also was 
measured for lead, tantalum, silver, and copper (Z = 82, 73, 47, 29). 
The experimental points are well fitted by the power law: 


(7 = kZ n (hv = 2.62 Mev) 
n = 4.6 ± 0.25 


(95) 


From Hulme’s results or Hall’s formula, at 2.62 Mev the quantity n = 
d log (TA'/d log Z varies from about 4.6 to 4.7 from Z = 82 to Z = 29, in 
very good agreement with the experiments. 

In using the curves of Fig. 29 to obtain the photoelectric contribution 
to the total absorption coefficient r, a correction must be made to include 
the absorption in the L and possibly higher shells in addition to that in 
the K shell. The measurements of Latyshev (LI 1) give a ratio of the 
absorption cross sections 


— = 4.9 for lead 

<JL 

(96) 

OK 

— = 5.4 for tantalum 

for gamma-rays somewhat above 1 Mev. This is in agreement with 
earlier work (R13, p. 464). According to Hall (H2), a ratio ok/ol near 
5 is to be expected theoretically for heavy elements and highly relativistic 
energies. On the other hand, for light elements (probably up to Z about 
30) the theoretical ratio is 8 at high gamma-ray energy. Latyshev 
estimates that absorption in the M and higher shells is about one-fourth 
that in the L shell, from which it is difficult to resolve because of the 
small energy difference of the emerging photoelectrons. Accordingly 
the total photoelectric cross section is taken to be 

Tphot * r *K (96a) 

Most experiments on the photoelectric effect are done by measuring 
the absorption and correcting for Rayleigh and Compton scattering. At 
energies above 400 kev, the most accurate measurements are probably 
those of Colgate (ClOa). At 411 and 664 kev, he finds agreement with 
the theory of Hulme et al. (H30), using the factor % of Eq. (96a); a fac- 
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* ’ „ M fit PVP n better and is also theoretically more reasonable 
tor 1.2 would fit e\en better .. orrected f or pair production; if 

A» 1330 k«v, the >n / teeer <H29) , the 

this is done according to the calculated for 

oto .,v,d !he experiment or the theory 

the A .hell don. „ Qg>in ^ment with themy but th» 

S not rlgnifi wmt"because the photoelectric eheet give, only • ««ry am,., 
contribution to the tota l photoelectric ateorption in the 
F „ approx™, ' " l Tu„s „t JonLn (38) am umtul. Denoting 
x-ray region the emp otoelect ric absorption coefficient for wave- 

^h^jSt below "the K absorption edge to the absorption coefficient 
for wavelengths just above, it is found with fair accuracy that 


X/., Ek 


(97) 


where Ek and E,, are the ionization potentials of the K and L, shells 
respectively, and X* an.l X,, are the wavelengths of the corresponding 
absorption edges. Thus, if the absorption coefficient in the wavelength 
range from X K to \ L , is multiplied by E K /E t .„ a smooth fit to tbe cuive 
for X < X K results. An extension of this procedure works also foi the 
succeeding absorption edges, with the result that by appropriate mu Im¬ 
plication with energy ratios a smooth representation is obtained for the 
curve of absorption coefficient as a function of wavelength. 1 he dis¬ 
covery of .Jonsson is that, if the atomic photoelectric cross section 
reduced in this way is divided by the number of electrons / and the 
result is plotted as a function of Z\, the relation obtained is practically 
a universal one independent (to within ±10 percent) of the absorbing 
material. For a discussion of these empirical results and for Jonsson s 
curve the reader should consult Compton and Allison (Cll). 


B. Compton Scattering 

1. Energy Momentum Relations. If we neglect the small effects due 
to the binding of the atomic electron to the nucleus, the scattering of an 
incident energetic photon by an electron can be described as a simple 
two-particle collision. The elementary laws of conservation of energy 
and momentum give definite values for the energy of either the projected 
electron or the scattered photon for each angle of scattering. Denoting 
by vo the frequency of the incident gamma-ray, by v the frequency of the 
gamma-ray scattered through angle 6 with the incident direction, and by 
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T the kinetic energy of the electron coming off at the angle 0, as in Fig. 
35, we obtain 


v = 


me 


me 4 


v o 


tan «/> 


1 + (hv 0 /mc 2 )(\ — cos 0) 

- 0 = ** - '> 
2(hv 0 ) 2 cos 2 0 

(hv 0 + me 2 ) 2 - (hv 0 ) 2 cos 2 0 
v sin 0 me 2 


vo — v cos 0 


0 

-«- COt “ 

me 2 ■+■ hvo 2 


(98) 

(99) 


( 100 ) 


For the non-relativistic case in which hv 0 « me 2 we see from Eq. (98) 
that the frequency of the photon is not appreciably changed by the 



Fig. 35. Momentum relations in the Compton effect: »*o, incident quantum; v, 
scattered quantum; T, Compton electron. 


scattering. If hv 0 cannot be neglected compared to me 2 , the formula 
shows that the scattered frequency v decreases steadily from the maxi¬ 
mum value v 0 for zero-degree scattering to a minimum value for 180° 
scattering: 


^min 


y 0 

1 + 2hv 0 /mc 2 


( 101 ) 


For hv 0 » me 2 the energy of the scattered photon at 180° is very nearly 
•Jmc 2 . 

Since the numerator and denominator of the right-hand side of Eq. 
(100) are never negative, we obtain the result, which is also clear intui¬ 
tively, that the electron never makes an angle of more than 90° with 
the incident photon. For the “grazing” collisions in which the photon 
continues with its initial frequency in the forward direction, the electron 
is ejected with zero velocity in the 90° direction. When the photon is 
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scattered directly back through 180°, the electron is projected forward 
(</> = 0) with the maximum kinetic energy T mmx . 

2hvjnu? 

= h(v 0 — ‘'min) = hv 0 


max 


1 + 2hv 0 /mc 2 


( 102 ) 


2. Angular and Energy Distribution of the Scattered Radiation The 

cross secUon for the Compton scattering was first deduced by Klem d 
Vishina (K8 N4). We shall confine ourselves here to merely quoting 
fhe resuli Details are to he found in the original papers of Klein and 
Nishina and of Tamm (Tl) and in the book by He.tler < H13 >- 

We shall denote by rf* the differential cross section for a scattering 
process in which the incident photon of energy k a = ■s ^attered by 
a free electron through the angle 6 into the solid angle dil with the energy 
Ic = hu determined from Eq. (98). If the primary radiation is un- 
polarized, the result is 


r 0 2 J A: 2 /k 0 , k . \ 

d0 = y dfi -5 - s,n 


(103) 


k = 


ko 


„2 


1 + (ko/nu?){} - cos 0 ) 


ro 


e 
me 2 


— (103a) 


Substituting for k t we obtain the cross section as a function of angle: 

7 2 (1 - cos O') 2 


J 1 2 , n (1 + COB 2 9) 

* 2 r ° (1+7(1 - cos 0)) 2 


1 


1 + 


ko 

me 2 


(1 + cos 2 0)[l + 7(1 - cos 0)) 

(104) 

(104a) 


For very small values of 7 the angular distribution follows the 
(1 + cos 2 0) law characteristic of the classical electromagnetic theory. 
This distribution is symmetric around 90° and has its maximum values 
at 0° and 180°. For finite values of 7 there is a departure from the 
classical result at the large angles where the number of scattered photons 
per unit solid angle is decreased. As 7 increases beyond unity to the 
relativistic range of energies, the angular distribution becomes more and 
more heavily weighted in the forward direction. Good agreement with 
the theoretical angular distribution has been obtained by Friedrich and 
Goldhaber (FI5), who made measurements with radiation of energy 
7 = 0.173 in carbon. 
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The energy distribution of the scattered radiation can he obtained 
from Eq. (103) by substitution for the angle of scattering in terms of 
energy k. Thus the differential cross section for the scattering of a 
photon of primary energy k 0 into the energy range from k to k + dk is 


,. 2 mc dk 

d<t> = 7rr 0 2 — — 

k 0 k 



2(7 + 1) 1 +2 7 /k\ IV 

7 2 7 2 W y 2 k. 


1 

1 + 27 




(105) 


In Fig. 36a is plotted the quantity A*Ar 0 d<t>/(irr Q 2 m(? dk), i.e., the bracketed 
expression in Eq. (105), as a function of the fractional energy of the 



Fig. 36a. Energy distribution of the scattered quanta in the Compton effect. Ab¬ 
scissa, energy of scattered quantum, k, divided by energy of incident quantum, *o. 
Ordinate, differential scattered intensity (cross section times energy of scattered 
quantum), per unit energy interval dk. (For unit of ordinate, see text.) The num¬ 
bers on the curves indicate the energy of the incident quantum in units of me 2 . 

scattered quantum k/k 0 for various values of y = k 0 /mc 2 . For small y 
there is only a small spread in k/k 0 , but a fairly sharp drop of the cross 
section to a minimum value followed by a rise at the lower end of the 
spectrum. The same pattern is repeated in an extended form for the 
larger values of y, the rise following the minimum becoming gradually 
less important. Finally, for y = «, the curve decreases steadily from 
the value 2 at k/k 0 = 1 to 1 at k/k 0 = 0. The values at the low-energy 
end points of the curves for finite y all lie on the curve for y = «>. 

Division of the curves of Fig. 36a by k/k 0 will give a quantity pro¬ 
portional to the number of scattered quanta per unit energy range. It 
is clear that for large y the low-energy quanta will be most numerous. 
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As a result the average value of A /A* over the spedtnm^de°*»« 
the energy of the incident quantum increases. An elemen ry 

tion gives for this average value 


= 

VaoAv 


f (A/A'o) d* 

f 


4 

3 


1 


1 - 


2y 2 7 (27 + 1) 
2(7 + 1) 


+ 1 log (27 + 1) - \ 




3 (27 + O' 


7 2 


-] 14 1 

J log (27 + 1) + 2 + “ " o 


•V 2 127+ !)■ 




The values of (A/A 0 ).v for various values of y are shoxvn in Fig. 36b 
For small y the average is practically unity. As y increases without 



Fig. 30b. Average energy of the scattered quanta in the Compton effect as a fraction 
of the energy of the incident quantum. Abscissa, energy of incident quantum. 


limit, the average tends slowly to zero in accordance with the approxi¬ 
mate formula 


k_\ = 4/3 - 3/2 T 

Mav log (2 7 + 1) + 1/2 


(7 » 1) 


(107) 


Thus, relative to the energy of the primary quantum, the residual 
quantum has small energy, although its energy on an absolute scale 
increases steadily with increasing primary energy. 
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3. Total Scattering Cross Section. The absorption of the primary 
gamma-ray beam is determined by the total number of quanta scattered 
out as a result of the collisions with the electrons. We must therefore 
calculate the total scattering cross section obtained by integrating d<t> of 
Eq. (104) over all solid angles or Eq. (105) over all energies k. The 
result is 


4* 3 [f 2(y + 1)1 14 11 

—— ] ,og(2T+1)+ - 2 + ;-^rn?l 

g^r ^ 

*0 » — r n 2 = 0.G51 X 10“ 25 cm 2 y = —z 


(108) 



sss::k:»::s 


Fig. 37. Cross section of the Compton effect, in units of the Thomson 
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It is convenient to use as a unit for * the classical Thomson scattering 
cross section to which * reduces when r is very small. 

For small y we have the expansion 

* = *,(1-27 + V-7 2 + •••) (Y<<1) 

For the extreme relativistic case, 

.2 


(108a) 




(108b) 


Thus the total Compton cross section steadily decreases for increasing 
energy of the primary quantum. 

The shape of the cross section for a very wide range of values ot y 
is shown in Fig. 30, and more accurately in Fig. 37. Some numenca 
values are given in Table 13. 



cross section, 8irr 0 2 /3, as a function of the quantum energy (in units of me 2 ). 


1000 
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TABLE 13 


Cross Section f for Compton Scattering in Units of < t > 0 


y 

<t>/4> o 

y 

<*»/*> 

y 

<*>/* o 

0 

1.0000 

4 

0.2173 

20 

0.0753 

0.1 

0.8413 

5 

0.1907 

30 

0.0558 

0.2 

0.7370 

6 

0.1707 

40 

0.0448 

0.3 

0.6627 

7 

0.1549 

50 

0.0376 

0.5 

0.5628 

8 

0.1423 

100 

0.0215 

0.7 

0.4973 

9 

0.1316 

200 

0.0122 

1.0 

0.4307 

10 

0.1228 

500 

0.0056 

1.5 

0.3602 

12 

0.1085 

1,000 

0.0030 

2.0 

0.3141 

14 

0.0974 

2,000 

0.0016 

2.5 

0.2807 

16 

0.0887 

10,000 

0.0004 

3.0 

0.2549 

18 

0.0815 




f The values up to y ■■ 20 are based on a table by Latter and Kahn (L9). 


In evaluating experiments to check the total Compton cross section 
it must be remembered that for very low-energy gamma-rays (x-rays) 
the absorption is due mainly to the photoelectric effect, whereas for the 
hard gamma-rays it is due to the pair production. The relative magni¬ 
tudes of the Compton and photoelectric cross sections are shown in Fig. 
30 for a variety of elements, and in Fig. 31 a comparison is made between 
Compton scattering and pair production for aluminum and lead. The 
best region for experimentation is therefore the intermediate energy 
range where corrections for photoelectric absorption and pair production 
are at a minimum (H17, A4, R3, M10, C5, T2, 04, ClOa). As is seen 
from the curve in Fig. 30, the agreement with the theory is satisfactory. 

The mass absorption coefficient due to the Compton scattering is 
obtained from Table 13 or from Fig. 30 through multiplication by the 
number of electrons per gram, NZ/A, where N is Avogadro’s number 
and A is the atomic weight: 

TCompt = N “4>Compt (109) 

Numerically, 

07 <f> 

TCompt = 0.2003 — — cmVg (109a) 

A <po 

4. Multiple Compton Scattering. Recently the problem of repeated 
Compton scattering of gamma-rays has become important in connection 
with radiography and with the problem of shielding personnel against 
the hard gamma-rays emitted by accelerators or nuclear reactors. Fano 
and his collaborators have shown, in a series of papers, that this problem 
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can be solved almost entirely by analytical methods (B ' 8 ’ 

F4, and papers not yet published). The gamma-rays M ^ penmate 
large thicknesses of material (10 or more mean free pa ths ) hive 
general suffered a considerable number of Compton scatte g , 
fnvolving a very small energy loss and deflect™. The specUum settles 
down to an equilibrium spectrum after a few mean free paths, 
transmission coefficient may be written 

(109b) 


Be 


-**0r 


where * is the thickness traversed, and » .s the smallest absorption 
coefficient which occurs, i.e., that of the zmtud gamma-rays theu- 
energy h, 0 is less than the energy E m at which the total absoiption c 
efficient reaches its minimum (Fig. 32). but the rnimmum o thc emve 
of Fig. 32 if hv 0 is greater than E m . The factor B in Eq. (109b) is known 
as the build-up factor; it is generally between 1 and (mo*) hv o < 
but increases more rapidly with mo* for more energetic gamma-rays 


Miss White (W9) has measured the penetration of 2- to 3-Mev gamma- 
rays through water and obtained excellent agreement with the theory. 
In later experiments and calculations, the agreement was shown to ex¬ 
tend even to such details as discontinuities in the angular distribution 
of gamma-rays of definite energy. Earlier theoretical work, using 
numerical methods, was done by Hirschfelder cl al. (H19, 1120). This 
was extended by Cave, Corner, and others (Cl, C13, (14). A con¬ 
siderable amount of calculation was also done by Kahn, who used the 
Monte Carlo method. 


C. Pair Creation 

1. Energy Distribution of the Positrons and Electrons. The theory 
of the pair creation by gamma-rays is very closely allied with the theory 
of the bremsstrahlung (Sections 2A and 2B). If a positron is regaided 
as an unoccupied state in the infinite number of negative energy states 
available to an electron in accordance with the Dirac theory, the con¬ 
nection with the bremsstrahlung is most clearly seen by considering the 
inverse process to the pair creation, i.e., pair annihilation in the Coulomb 
field of a nucleus in which the positron-electron pair disappears with 
the emission of a single gamma-ray photon. The excess momentum in 
the process is transferred to the nucleus. Such an event may be de¬ 
scribed in the Dirac theory as a transition of a positive energy electron 
to a negative energy state in the nuclear Coulomb field, with the emission 
of the energy difference in the form of radiation. It is therefore a type 
of bremsstrahlung in which the incident electron is scattered to a negative 
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energy state. Since the quantum theory gives a direct connection 
between the probability for the occurrence of any event and the occur¬ 
rence of its inverse, the calculations for the pair creation can be based 
on those for the bremsstrahlung. We therefore expect a similar de¬ 
pendence of the total cross section on 7 2 and important effects due to 
the screening of the Coulomb field by the atomic electrons. 

The theory along these lines has been given by Bethe and Heitler 
(B21) in the same paper in which they treat the bremsstrahlung. The 
differential cross section for the creation of a positron of total energy 
between E+ and E + + dE+ and a negative electron with total energy 
E- by a gamma-ray of energy k = hv, in the Coulomb field of a nucleus 
of charge Ze , neglecting screening, is found to be 

HE + ) dE + = ? ^ dE + j - 1 - 2 E + i?_ t P / 


+ mV (^= + + L [ -f-j (EJEJ + p+ 2 p_ s 

\ PJ P + 3 P + P-/ IP+ 3 P - 3 

8 E+E- km 2 c 4 /E+E- — p _ 2 

pJ 

u)\\ (U0) 


3 p + p_ 2p+p. 


E + E _ - p + * . 2fc£ + £_ 

+-;-«+ + —2 


E 4 . “b p+ 

€+ = 2 log ——— L = 2 log 


P+~ P+P- 

E+E- -f p+p- + rn 2 c A 


kmc 2 


Z 2 


* = — To 2 = z 2 X 5.793 X KT 28 cm 2 
137 


( 110 a) 

( 110 b) 


Here p+ and p_ represent the momenta of the positive and negative 
electrons, respectively, multiplied by the velocity of light_c so that they 
have the dimensions of energy. The cross section unit 4> in which Eq. 
( 110 ) is expressed is the same as that used in the bremsstrahlung; cf. 
Eq. (61a). 

Formula (110) gives a symmetric energy distribution between the 
positron and the electron. This is not strictly correct since the positron 
will be repelled by the nucleus while the electron is attracted, and an 
asymmetric distribution favoring higher energy positrons will result. 
This effect is important if the total kinetic energy of the pair is not much 
larger than the binding energy of an electron to the nucleus, i.e., if the 
velocities v+ and v _ of the pair are small compared to c or if Z is very 
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large. Evidence of such an effect"eVavS^rTa^fficient'approxi- 

wave functions, in accord with the 

condition for validity of Born's approx.mat.on: 


*«1 


Ze 2 


« 1 


( 111 ) 


hc + f'"- 

As in the bremsstrahlung, screening may be neglected if the energies 
of both positron and electron are not too h.gh, u, 

rrr 2 k 


137 


» l [cf. Eq. (55)] 


( 112 ) 


2E+E-Z' 4 

„ ,h, screening m.y be neglected nnd it nil energies involved ,re tag. 
compared with me 2 , formula (110) reduces to 

_ EJ + EJ + jE+E- 2E+E- _ 1^ ^ 
*(E + ) dE + = 44> dE + -^ V g kmc 2 2/ 

For sufficiently high energies E + and E condition 012) it . no longer 
satisfied and screening must be taken into account. The result is 


_ dE+ 

*1F 


4>(/?+) dE+ 

((EJ + Ej)[<t> 1 ( 7 ) - $ 1 ogZ] + $E+E4<t>2<,y) ~ i lo 6 z ll ( n i ) 


where 


7 


= 100 


kmc 2 

E + E_Z H 


(114a) 


The functions <t>\(y) and <t> 2 (y) are plotted in Fig. 17 for 7 between 0 
and 2. For 7 between 2 and 15, i.e., at somewhat smaller energies, 


<J>(E + ) dE+ = 44> ( £ + 2 + E - + l E + EJ > 

(114b > 

2 ^ 7 ^ 15 

The function c( 7 ) is also plotted in Fig. 17. The similarity to the 
formulas for bremsstrahlung, Eqs. (56) to (58), is evident. 
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( E+ -u)/(k-2») 
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If the energies are very large, 7 — 0 and the screening is complete: 

_ dE . 

*(E + ) dE + = 4*-^ 


l(E + 2 + EJ + lE+EJ) log (183Z"») - bE + E_) (115) 
(Complete screening, 7 = 0) 


The energy distribution of the pairs according to Eqs. (110) to (115) 
is plotted in Fig. 38. As ordinate we take 4>(E + ), expressed in units 
of <t> = Z(Z + l)r 0 2 /137, and as abscissa the kinetic energy of the posi¬ 
tron divided by the total kinetic energy k — 2 me 2 , i.e., 


E + — me 2 
k — 2 me 2 


(116) 


The element of energy dE + then is replaced by 


d(E+ - me 2 ) 
k — 2 me 2 


(116a) 


Accordingly, we have plotted (k — 2mc 2 )4>(£+)/<i> so that the area 
under the curve gives the total cross section directly. The curves for 
relatively low energies k = 3 to 10mc 2 are calculated according to Eq. 
(110) without screening and are valid for all elements. Those for higher 
energies, taking account of the screening, are given for lead. The curves 
for lighter elements at these energies would be a little higher because of 
the smaller effect of screening, but the general shape would be the same. 

Hough (H25) has given convenient approximate formulas for the 
energy distribution (without screening) which are valid for k < 20mc 2 . 
For higher energy Eq. (115) is applicable; in fact, the two formulas 
overlap between 10 and 20mc 2 . Hough’s formula for the energy dis¬ 
tribution is 

4>(E + ) dE+ = *„z[l + 0.135(4* m /5 - 0.52)z(l - z 2 )] dE + (117) 

with 

z = 2Vx(l - x) (117a) 


where x is as in (116), and <I> m is the differential cross section for equal 
partition of energy, E+ = £_ = £ k . For this case the differential cross 
section, Eq. (110), is somewhat easier to calculate than for the general 
case. The second term in the bracket of Eq. (117) should be dropped 
when it is negative. Equation (117) is correct within a fraction of 1 
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p «„„. .0, 0.05 < , < 0.05 „<> . < H** - 

«, - very n.v W, Hough give, the approx.- 

““ f0 "" UlS 8-7* - 2“*V. „ (117b) 




4>(E+) dE 

which is about 15 percent too low for * 

sections for selected R energ ^ that for low-energy quanta 

From both Fig. 38 and Eq. ( J a broadi flat maximum when 

the cross section for the pan < nArcrv At hifch energies of the 

the electron and positron .to *^minimum for equal energy 
incident gamma-ray this chang receives most of the available 

.„d . em.ll »— »>“»« ”'“^“.Tould show »ymm.W 

HplE e „ 

The differential cross section, in the limit of j^8 h ener ^ f 

screening has been calculated by Max.mon (M9a) without the use ot 
the Born approximation, but his result has not yet been integrated over 

a ”r)eWire and Beach (D2b) have measured the energy distribution of 
the positrons from the conversion of 280-Mev gamma-rays. The gamma- 
rays were obtained from the Cornell synchrotron and the positron and 
electron energies measured in a pair spectrometer. The experiments 
confirm the theoretical distribution within experimental accuracy (5 to 
10 percent), including the broad minimum in the middle. 

2. Pair Production in the Field of Electrons. Just as in the case ot 
bremsstrahlung, Eq. (59), pair production can occur not only m the 
field of the nucleus but also in that of the atomic electrons. It this 
happens, the atomic electron may receive an appreciable recoil which 
will make its track visible in the cloud chamber. Then the picture will 
show a "triplet” consisting of one positive and two negative electron^ 
Such triplets have been observed by Phillips and Kruger (P5) with 
gamma-rays of 6 Mev from the fluorine-proton reaction, and by Gaerttner 
and Yeater (Gl) with gamma-rays of an average energy of 50 Mev from 
the G.E. betatron. Indirect evidence for the necessity of including pair 
production in the field of the electrons comes from the measurements of 
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the total cross sections for gamma-ray absorption at 18 to 300 Mev 
(Section 3D). 

The theory is similar to that of bremsstrahlung in the field of an 
electron. The most complete theory without screening has been 
developed by Borsellino 1 (B46); other calculations have been done by 
Nemirovsky (N2), Votruba (V3), and Watson (W3); the effect of screen¬ 
ing has been calculated by Wheeler and Lamb (W6). Borsellino finds, 
for the total cross section in the field of Z electrons in the limit of high 
energies but without screening, 


^pair. elec 


where 



- (log 2a) 3 - 3(log 2a) : 
a 13 


+ 6.84 log 2a + 


21.51 J 


(118) 


a 



(118a) 


In the limit of very high energies the term in 1/a becomes negligible, 
and Eq. (118) becomes identical with the corresponding formula for pair 
production in the field of a nucleus, Eq. (123). However, the term in 
1 /a is quite large, even for a as large as 100; therefore the approach of 
the cross section to its asymptotic form is very slow. This is illustrated 
by Fig. 39, which gives the cross section as a function of a, for both the 
electronic and the nuclear effects. 

Votruba (V3) has considered especially the low-energy limit of the 
process, near its threshold at 4mc 2 . He has also justified the neglect of 
exchange terms at high energies which has been made in all explicit 
calculations. Watson (W3) has given the cross section as a function of 
energy, but his results contain an error, pointed out by Votruba, which 
makes them too large by a factor 2 at high energies. 

At energies above about 20 Mev screening must be taken into account, 
and Wheeler and Lamb have done this. In the limit of complete screen¬ 
ing the cross section is given by 


^eioc(fc, E+) dE+ 


z_ / «*y dE + 

137 W 2 / fc 3 


X 4 [(E + 2 + EJ + lE+EJ) log (1440Z-*) - iE+EJ\ (119) 

This formula is analogous to Eq. (59). The ratio of the electronic (119) 
to the nuclear (115) contribution is {/Z, where f is a quantity slightly 

i Boreellino’s first paper (Nuovo cimenlo ) contains a number of serious misprints, 
but these have been corrected in the more extensive paper in Rev. univ. nac. Tucumdn. 
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greater than unity which is tabulated in Table 7 for various values of 
Z. The total cross section due to nucleus and electrons is then obtained 
by replacing Z 2 in (110b) by Z(Z + f), as in (02). 

For energies from about 20 to about 200 Mev, it is necessary to consider 
both screening and the difference between electronic and nuclear effects. 
It should be a good approximation to take Borsellino’s result for the 
difference between the cross section in the field of an electron and in the 
field of a nucleus of charge 1, and to subtract this from the cross section 
of Wheeler and Lamb. This procedure is justified because Borsellino’s 
effect is due mainly to differences between electron and nucleus for large 
momentum transfer, whereas the screening effect arises from small 
momentum transfer. The result agrees reasonably well (within 10 per¬ 
cent) with the observations of Gaerttner and Ycater (Gl) of triplets 
formed by the continuous gamma-ray spectrum of the G.E. betatron 
(average energy 50 Mev), after due account is taken of the fact that very 
low momentum of the field-producing electron makes the triplet experi¬ 
mentally indistinguishable from a pair. 

At lower energy, Phillips and Kruger (P5) observed the ratio of the 
number of triplets to pairs. They confirmed the theoretical prediction 
that this ratio should be 


<*trip I 

*p»»r CZ 


(119a) 


where C is a constant depending only on the energy of the quantum. 
For an energy of about 6.5 Mev, they obtained C = 3.92 d= 0.26, 
whereas Borsellino’s theory gives C « 2.6. Thus Phillips and Kruger 
find only two-thirds of the expected number of triplets. This may be 
due to missing some of the slow recoil electrons (see next paragraph), 
although precautions against this were taken in the experiments. 

As has already been indicated, an important problem for the experi¬ 
mental detection of triplets is the energy distribution of the recoil 
electron. Strictly speaking, it is, of course, impossible to distinguish 
between the recoil electron and the negative partner of the electron pair. 
However, in the great majority of cases (over 99 percent if k > 20 me 2 ) 
one of the negative electrons has much higher energy than the other. 
It is therefore possible in practice to identify the more energetic one as 
the pair electron and the slower one as the recoil electron in whose field 
the pair was produced. For the same reason exchange effects are 
unimportant, because they would give an appreciable change of the 
cross section only if the two electrons had about the same energy. 
These points have been discussed by Votruba (V3). 

Neglecting all exchange effects, the distribution of the recoil momenta 
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n of the “field” electron is nearly the same as it would be for the nudeus 
?f the pair were produced in its field. Th.s momentum d.stnbut on is 
known (Bio), and, simply taking it over, we find for the probability 
a recoil momentum q the rough formula 

A A 

(120) 
(120a) 
(120b) 


1 dq 

P(Q ) = T 


mV 


provided that 
with 


A q m 2 c 2 -f 


q > </min 


me 2 


or 


9min 


Qmin 


= me 


k 

mcZ H 
183 


(120c) 


whichever is greater. The constant A is 


me 
log- 

?min 


(120d) 


According to Eq. (120) the momentum distribution is uniform on a 
logarithmic scale from the rather low momentum q min to me and falls off 
rapidly at higher momenta. As many of the recoil electrons therefore 
have very low energies, it will often be impossible to recognize the 
“triplet” even in the cloud chamber; evidence for the preponderance of 
low-energy recoils and approximate confirmation of the distribution, 
Eq. (120), is found in the experiments of Phillips and Kruger. If 
counters are used and if a lower limit of, say, 2 Mev is set for the detect¬ 
able electron energy, the probability of recording the recoil electron is 
only a fraction of a percent, so that in such experimental arrangements 
there will be no recognizable difference between pair production in the 
field of an electron and in the field of the nucleus. The energy distri¬ 
bution of the pair electrons will also be the same in both cases provided 
that k » me 2 , so that it is only necessary to add the absolute cross 
sections. 

For further details we refer to the articles by Borsellino (B46) and by 
Wheeler and Lamb (W6). 

3. Angular Distribution of Pair Electrons. The angular distribution 
at low energies is difficult to calculate. Experimentally, Klarmann and 
Bothe (K6) have found that, for most of the pairs produced by ThC" 
gamma-rays (2.62 Mev), the mean direction of the two electrons lies 
within 15° of the gamma-ray direction. The mean angle between the 
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two electrons was found to be 19° for krypton and 42° for xenon; this 
large variation with 7. is not explained theoretically. 

If the energy of the quantum is high, most of the pair electrons are 
emitted in the forward direction, similarly to the emission in the case of 
bremsstrahlung (Section 2B). The average angle between the direction 
of motion of a created electron (positive or negative) and of the gamma- 
ray is of the order [cf. Eq. (68d)) 


me 2 



( 121 ) 


where E is the energy of the electron. The nearly forward emission of 
the pair electron is very useful for the experimental detection of high- 
energy gamma-rays and determination of their energy. Lawson has 
used this fact successfully for the measurement of gamma-rays in the 
100-Mev region by letting the well-collimated gamma-rays produce 
pairs in a thin radiator and then deflect ing the pair electrons in a magnetic 
field and observing them in counters. Because of the forward emission 
there is then a unique relation between the energy of the electron and its 
trajectory in the magnetic field. A similar principle has been used by 
McDaniel, von Dardel, and Walker (Ml, M2), and many others since, 
in the design of a gamma-ray spectrometer for the energy region from 5 

to 20 Mev. ... 

The angular distribution for small angles is given by an expression 

similar to Eq. (67), and for large angles approximately by (H24) 

. 1/mcV *.* + *•* cos2 B ' 2 {i on\ 
m E , + iEiE2 + Et , sin ^ (1221 


where E t is the energy of the observed electron and E 2 that of the other 
electron in the pair. The probability of emission at an angle greater 
than 8, is obtained by integrating Eq. (122) and is roughly 



sin 6dd = 


3 / mr 2 \ 2 1 

8 \ Ei ) 1 — cos 0i 


(122a) 


Figure 40 gives the angular distribution of pair electrons of various 
energies produced by gamma-rays of 255 Mev, according to the ealeu- 

lations of Hough (H24). ...... 

4 The Total Cross Section for Pair Production. Analytical Integra- 

tion of the cross section <t>(E + ) dE + over all allowed values of E+ is 

possible in only two cases: 
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(1) If me 2 « hv « 137mc 2 the relativistic ^rmu'a (113) with 

no screening is valid and the total cross section for pa.r product.on 

* . _ * (* log ii - ”?) (no screening, to » (123) 

4>pa,r 9 y 9 >Og ^ 2? ) 

(2) If to» 137 me 2 Z~ H (complete screening), we find 

Kp„ir = W >°e 083Z~ H ) - *V) (complete screening) (124) 
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Fig. 40. Angular distribution of the electrons in a pair produced by a gamma-ray 
of energy 500 me 2 . Intensity versus angle. The numbers on the curves indicate the 
electron energy divided by the gamma-ray energy. 
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For other cases the integration must be performed numerically; the 
results are indicated in Fig. 41. We sec that the probability of pair 
formation increases rapidly with increasing energy of the primary gamma- 
ray until a constant value is reached at very high energies. Since the 



Fig. 41. Cross section for pair production in the field of the nucleus versus 
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gamma-ray energy. The cross section is given in units of <£ = ZWJ 137. 
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The cross section for other elements can be obtained from Fig. 41 by 
an easy transformation. Equation (114) may be rewritten in terms 
of the fractional energy given to the positron: 


x 



(125) 


Then the probability for a fractional energy between x and x -f dx is 

<t>(x) dx = $dx[f(x , y) — £ log Z( 1 — Jx + i£x 2 )) (125a) 

where / is some function of x and y, with 7 given by Eq. (114a). Inte¬ 
gration over x gives 

*p.i, = (70) ~ If 'OB Zl < 126 ) 


with 


100 me 2 

70 = 


(126a) 


We can therefore find the pair cross section for an arbitrary Z and energy 
k from that for a standard substance Z 0 for energy k(Z/Z 0 ) w : 

*p.i,(Z, k) = * p .i,(Zo, kZ*Z 0 -«) (126b) 

The standard substances in Fig. 41 are air, Z 0 = 7.2, and lead, Zq = 82. 

For low energies and heavy elements use of the Born approximation 
is not justified, as Hulme and Jaeger (H29) have shown. 1 bus for lead 
at the two energies 3 me 2 and 5.2roc 2 they find, using exact wave functions 
for the electrons, 

h r 3 me* 

W*(Pb) . 017 

Born approximation 0.085 


5.2mc 2 

0.73 

0.67 


The simplest , and in general the most accurate, way to determine the 
pair production cross section is by measurement of the total absorption 
of gamma-rays and subtraction of other contributions. Fortunately, the 
most important other contribution to absorption, the Compton effect, 
is very accurately known theoretically and is exactly proportional to the 
number of electrons. The photoelectric effect is only a small contribu¬ 
tion above 2 Mev. Among the older experiments, the most accurate are 
those of Centner and Starkiewicz (G4) and especially of Jacobsen (Jl) 
in which the absorption of 2.62-Mev gamma-rays in various substances 
is compared. Jacobsen finds that, after subtraction of the Compton 
effect, the cross section for Z up to 30 is given by 3.7 X 10 Z , which 
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agrees exactly with the theoretical formula of Bethe and Heitler. 1 At 
higher Z, photoelectric effect begins to be important and prevents a test 
of the deviations from the Bom approximation. 

Colgate (ClOa) has recently made very accurate absorption measure¬ 
ments in which the 2.62-Mev gamma-rays were cleanly separated from 
rays of lower energy (1.7 Mev) which had caused some trouble in .Jacob¬ 
sen’s experiments. He subtracts the photoelectric effect, using Iiulme s 
theory, and also the Compton effect. The remainder should represent 
the pair production cross section. Dividing this by Z , he obtains the 
theoretical result of 3.7 X 10" 28 cm 2 for low Z, and a slow increase at 
high Z, in agreement with the calculation of Jaeger and Hulme. 

For higher energies the Born approximation is expected to be more 
accurate, but experiments by Adams at energies from 11 to 20 Mev 
(Al), by Walker at 17 Mev (Wl), by Lawson at 88 Mev (L13), and by 
DeWire, Ashkin, and Beach at 210 Mev (D2) and at 280 Mev (D2a) 
show that the actual cross section for lead is about 10 percent less than 
the Born approximation. Thus the deviation from the Born approxi¬ 
mation seems to change sign around 5 Mev. Lawson has shown that 
the ratio of experimental to theoretical cross section is well represented 
by the formula 

W*thcor = 1 ~ 1.5 - 10” 5 Z 2 (126c) 

and this formula also agrees with the results of other experimenters. 
This behavior of the experimental cross section lends support to the 
hypothesis that the discrepancy between theory and experiment is in¬ 
deed due to a failure of the Born approximation. It will be important 
to check this hypothesis by an actual integration of Maximon’s dif¬ 
ferential cross section (M9a). 

To show the relative importance of pair production and Compton 
scattering we have also shown in Fig. 31 the Compton cross section in 
units of 0 for lead and aluminum. 

Experiments have been performed in which the total number of 
electrons ejected by gamma-rays from a thin sheet of lead are counted 
in a cloud chamber in the presence of a strong magnetic field. The total 
number of positive electrons is equal to the total number of pairs, 
whereas the total number of negatives is composed of photoelectrons, 

1 Jacobsen compared his experiments for low Z inappropriately with the theory of 
Jaeger and Hulme. He thought that Jaeger and Hulme had found a cross section 
which was 20 percent higher than that of Bethe and Heitler for all Z, whereas actually 
they had made calculations only for lead and claimed deviations from Bethe-Heitler 
only for large Z. Since Gentner in his review article (G5) repeated Jacobsen’s inter¬ 
pretation, the Jaeger-Hulme calculations have been regarded with unwarranted 
suspicion. 
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Compton electrons, and negative pair electrons. From these numbers 
it is possible to compare the cross section for pair production with the 
sum of the photoelectric and Compton cross sections. The experimental 
results are in good agreement with theoretical predictions (C2, C22, C23, 
B25, G17). The dependence on Z 2 has also been tested in this way and 
found to be valid (B9). 

A more indirect method for obtaining the Z 2 dependence is through 
measurement of the so-called “excess scattering” in addition to the 
Compton scattering (H12). This effect is due to the annihilation of the 
positive electrons which are stopped through collisions, the energy being 
emitted in the form of two oppositely directed light quanta of energy 
hv = me 2 . The intensity of this extra radiation is closely proportional 
to Z 2 . 

Additional verification of the cross section is provided by the measure¬ 
ment of the absorption coefficient of high-energy gamma-rays. 

D. The Total Absorption Cross Section 

The total cross section for the removal of a gamma-ray photon from 
the initial beam is the sum of the total cross sections for the three events 
we have considered in Sections 3A, 3B, and 3C. Thus 

° ~ ^phot 4" Z4>Compt + 4> pa i r (127) 

and the complete absorption coefficient is r = Nc. 

In general there is no very simple behavior of the absorption co¬ 
efficient as a function of the atomic number of the absorber. For the 
low-energy gamma-rays, or x-rays where the photoelectric effect is most 
important, r varies approximately as Z 5 . In the intermediate range of 
energy where the Compton effect predominates, it varies directly with 
Z, and at the high energies, where pair production dominates, the 
behavior varies with Z 2 . 

Data for some typical substances are presented in Table 14. Photo¬ 
electric effect is neglected for air and water; this is valid above O.lmc 2 . 
For lead no accurate value of the photoelectric effect at 0.5mc 2 can be 
calculated because both binding and relativity corrections are important. 

Curves of r as a function of gamma-ray energy and atomic number 
are shown in Fig. 32 for various metals. All show the typical decrease 
of the absorption coefficient as the energy increases, followed by a 
minimum, and finally a rise to an asymptotic value at high energies, 
due to pair creation. 

Because of the minimum in the curve of r as a function of frequency, 
there are in general two values of the frequency corresponding to a 
given value of r. Experimental determination of the frequency by 
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TABLE 14 


Absorption Coefficient r (cm l /g) for Gamma-Rays 


hv/mc 2 

Air 

0.1 

0.168 

0.5 

0.112 

1 

0.087 

2 

0.062 

5 

0.039 

10 

0.027 

20 

0.019 

50 

0.016s 

100 

0.017 

1,000 

0.019 

10,000 

0.020 


h 2 o 

A1 

0.186 

0.31s 

0.124 

0.11 

0.095 

0.081 

0.069 

0.059 

0.043 

0.037 

0.030 

0.028 

0.022 

0.023 

0.017 

0.021 

0.017 

0.024 

0.019 

0.028 

0.020 

0.032 


Pb 

0.4 

0.15 

0.071 

0.0420 

0.042 

0.054 

0.075 

0.092 

0.124 

0.133 


absorption methods leading to an experimental value for r must there¬ 
fore be performed in at least two absorbers to obtain a unique value for 
the frequency. In Fig. 32, for example, there is plotted the absorption 
coefficient for the gamma-radiation obtained by bombarding fluorine 
with protons (M3). If the values obtained in the separate absorbers are 
to be consistent with the theory, they should all lie above one another 
for a given frequency. As we see, the experiment is in satisfactory agree¬ 
ment with the theory. 

The measurements of absorption coefficients of gamma-rays of a few 
Mev have been reviewed by Gentner (G5), up to 1937, and by Latyshev 
(LI 1), up to 1947. New experimental data were recently obtained by 
Cowan (C18), who measured many different elements, from carbon to 
lead, at energies from 0.3 to 2.3 Mev. The most accurate measurements 
in the region from 0.4 to 6 Mev have recently been made by Colgate 
(ClOa), who used crystal counters for detection, good geometry, and 
large absorber thicknesses. His absorption coefficients are probably 
accurate to 0.2 percent for all except the highest energy. Colgate him¬ 
self and Miss White have analyzed the measurements in terms of the 
three major sources of absorption discussed here and some minor con¬ 
tributions such as elastic (Rayleigh) scattering through small angles, 
which gives a contribution of the order of 1 percent at the lower energies. 
The analysis shows in general very good agreement between experiment 
and theory, but at 1.3 Mev there seems to be a slight discrepancy, the 
experimental cross section for lead being about 2 percent lower than the 
theoretical. The discrepancy should probably be attributed to the 
photoelectric effect whose theoretical treatment is the least satisfactory. 

For higher gamma-ray energy, accurate simultaneous measurements 
of absorption coefficients and energy have become possible only very 
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recently. McDaniel, von Dardel, and Walker (Ml) and Walker (W 1) 
have measured the absorption of 17.6-Mev gamma-rays, obtained 
from the capture of protons by Li 7 . Adams (Al) used the gamma-rays 
from the 22-Mev betatron at the University of Illinois and selected the 
high-energy rays by means of nuclear threshold detectors; his results are 
in good agreement with Walker’s. At higher energies Lawson (LI3) has 
made a very extensive series of measurements with the 88-Mcv gamma- 
rays from the G.E. betatron. At still higher energy (280 Mev) DeWire, 
Ashkin, and Beach (D2a) have made measurements with the Cornell 
synchrotron; they also obtained less accurate results at 210 Mev (1)2). 
All these papers contain accurate comparisons with theory. 

The results from Walker’s and Lawson’s experiments are reported in 
Table 15. At both energies, and also at 280 Mev, the agreement be- 

TABLE 15 


Absorption Coefficients for High-Enerc.y Gamma-Rays, Experimental 
and Theoretical, in Square Centimeters per Gram 


Energy 

(Mev) 

Y 

Ele¬ 

ment 

Theoretical 

Experimental 

Pairs 

(nucleus) 

Pairs 

(electron) 

Compton 

Total 

Cross 

section 

Standard 
error (%) 

17.6 

C 

0.00543 

0.00069 

0.01003 

0.01607 

0.01613 

1.4 


Al 

0.01125 

0.00060 

0.00968 

0.02153 

0.0216 

1.1 


Cu 

0.02346 

0.00057 

0.00913 

0.0332 

0.0342 

0.6 


Sn 

0.0372 

0.00052 

0.00828 

0.0460 

0.0454 

1.0 


Pb 

0.0567 

0.00049 

0.00796 

0.0652 

0.0597 

1 

88 

Be 

0.00593 

0.00156 

0.00240 

0.00989 

O.OIO 69 

1.5 


Al 

0.02035 

0.00167 

0.00261 

0.02463 

0.0252 

1.5 


Cu 

0.0419 

0.00153 

0.00247 

0.0459 

0.0471 

1.5 


Sn 

0.0651 

0.00138 

0.00228 

0.0688 

0.0665 

0.95 


Pb 

0.0980 

0.00127 

0.00214 

0.1014 

0.0909 

1.6 


U 

0.1068 

0.0012 

0.0021 

0.1101 

0.0973 

1.1 


tween theory and experiment is very good for aluminum, whereas for 
lead and uranium the experimental result is about 10 percent below the 
theoretical, calculated on the basis of the Bom approximation. For 
intermediate elements I.awson has shown that the deviation between 
(Bom approximation) theory and experiment is a linear function of Z , 
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which is reasonable. DeWire H al showed that the same assumption 
fits their data also; the deviation at 280 Mev seems to be very slightly 
smaller than at 88 Mev. Lawson has also found that the pair P 
tion in the field of the atomic electrons must be included in order g 
agreement for aluminum (otherwise the theoretical cross sec ion " 
be 9 percent too low), and that even with its inclusion the theoret- cal 
cross section is 8 percent below the experimental for beryllium In vie 
of the small cross section of beryllium, a nuclear effect might be not en¬ 
tirely negligible. Similarly, Walker interprets the large experimental 
cross section for copper at 17.G Mev as a nuclear photoeffect Ihe ratio 
of Compton effect to pair production has also been measured by Lawson 
and found to agree with theory within the experimental error of \o per¬ 
cent for beryllium. On the whole, the agreement between theory and 
experiment is surprisingly good. 


E. Nuclear, Meson, and Other Small Effects 

In the last few years a number of effects of gamma-rays have been 
measured or calculated which, although highly interesting, contribute 
very little to the absorption of gamma-rays. The first effect is the only 
one which may be large enough to affect the absorption of gamma-rays 
by a measurable amount. 

1. Photoelectric Effect in the Nucleus. Measurements have been 
made by Bothe and Gentner (B49), Huber el al. (H26), Lawson and 
Perlman (L14), Perlman and Friedlander (P4), Baldwin and Klaiber 
(B2), Baldwin and Elder (B3), Price and Kerst (P7), and many others, 
especially members of the Illinois and Los Alamos groups. In the last 
three experiments mentioned the emitted neutrons have been measured, 
whereas the earlier experiments used the produced radioactivity which 
is subject to large fluctuations from one nucleus to the next because of 
competition between various nuclear reactions. If the number of 
emitted neutrons is]observed and if the gamma-ray energy is higher than 
about 20 Mev, the cross section is a smooth function of the atomic 
number. Theories have been developed by Weisskopf (W4) for the low- 
energy region (<20 Mev), by Goldhaber and Teller (GI4) and by 
Levinger and Bethe (L15) for higher-energy gamma-rays. Eyges (EG) 
discusses and analyses much of the experimental material. 

The most prominent feature of the nuclear photoeffect is a broad 
“resonance.” The cross section is very small for low-energy gamma- 
rays even if the energy is greater than the binding energy of a neutron 
in the nucleus, increases to a maximum, and then becomes very small 
again at high energies. This is shown schematically in Fig. 42. The 
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maximum is at over 30 Mev for beryllium and decreases gradually to 
about 15 Mev for uranium. The width of the maximum is probably 
greater than was originally supposed (B2); it is probably between 5 and 
10 Mev for medium-weight nuclei. The maximum is explained by the 
theory of Goldhaber and Teller (G14), but it is probably not so sharp 
as they assumed. 

Mev 

1 2 6 10 20 30 40 60 100 



Threshold 


Fig. 42. Schematic curve for the nuclear effects of gamma-rays for nucleus of medium 
weight (about A - 60). The cross section for production of photoneutrons rises 
sharply at the threshold (assumed at 9 Mev), then continues to rise to a maximum 
near 30 Mev. The cross section for resonance scattering of gamma-rays already 
exists at the lowest energies, rises gradually with energy, drops at the photoneutron 
threshold, then rises again to a maximum near that for photoneutron production. 

Note the very large variation of cross sections (ordinate scale). 


The integral of the cross section over energy follows theoretically from 
the/sum rule (L15, G14) and is 

/ a(E) dE = 1.5 to 3 X 10 -28 A Mev-cm 2 (128) 

The factor, 1.5 to 3, depends on the exchange character of nuclear forces 
(LI5); experiments indicate that it is at least 2.5. A is the mass number 
of the nucleus, o(E) the cross section for gamma-rays of energy E. If 
a width of “resonance” of 5 to 10 Mev is assumed, near the maximum 
a nuclear absorption coefficient for gamma-rays of 

= 0.001 to 0.004 cm 2 /g 


T nucl 


(128a) 
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is obtained. When this is compared with Table 15, it is readily seen 
that the nuclear absorption may, at its maximum, amount to mo.e than 
10 percent of the “electric” absorption for beryllium, and to more than 
5 percent for copper. Indications may exist in the absorption experi¬ 
ments by Walker (Wl) and Lawson (L13); see Section 3D. 

For gamma-rays just above the threshold for photod.sintegratmn 
(10 Mev) the cross section is about 100 times smaller (B49) and thus 
gives a negligible contribution to the gamma-ray absorption. 

2. Resonance Scattering by the Nucleus. This effect is predicted by 
the theory of Goldhaber and Teller (G14) and has been observed by 
Dressel, Goldhaber, and Hanson (D3) with the gamma-rays from the 
22-Mev Illinois betatron which cover the “resonance” of the photo¬ 
electric effect for the lead nucleus (Section 3E1). The results indicate a 
cross section of the order of 10” 26 cm 2 or an absorption coefficient of 
3 X 10 -5 cm 2 /g, which is negligible in comparison with the electric 
absorption given in Table 15. The fact that this cross section is much 
less than that for emission of a photoneutron, Eq. (128a), indicates that 
the probability of neutron emission from the compound nucleus is much 
greater than that of gamma-emission (L15). For light nuclei the 
probability of resonance scattering is still considerably less (G2). 

When the energy of the gamma-ray decreases, the cross section for 
resonance scattering is likely to decrease nearly as much as that of the 
photoneutron emission. When the gamma-ray energy becomes less than 
the binding energy for a neutron, photoneutron emission will no longer 
compete with resonance scattering; consequently the latter increases to 
a value about as large as photoneutron emission was above the threshold. 
Still further decrease of energy leads again to a decrease of the cross 
section. This is shown schematically in Fig. 42; no trust should be put 
in the numbers. 

The gamma-rays from resonance scattering will have energies ranging 
from the incident energy down to zero and corresponding to the nuclear 
energy levels. Probably gamma-rays of the initial energy are relatively 
abundant because of constructive interference (LI5a). 

3. Thomson and Compton Scattering by the Nucleus. The nucleus 
as a whole may be set in motion by the gamma-rays and may scatter 
gamma-rays with undiminished energy. The cross section for this 
phenomenon, in analogy with the Thompson cross section for electrons, 


8tt /e 2 \ 2 Z 4 „ Z 4 

= t* = 2 0x1 ° t* 


(129) 


where M is the proton mass, Z the charge, and A the mass number of 
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the nucleus. For lead this cross section is about 2 X 10“ 28 cm 2 . At 
low gamma-ray energies (2 Mev, say) it is probably greater than the 
resonance scattering discussed in Section 3E2. 

Equation (129) is always greater than the Compton effect at the 
individual nucleons: 

8W e 2 \ 2 

(130) 

at least for large Z. However, if the energy of the gamma-rays becomes 
so great that their wavelength X is less than the nuclear radius, which 
happens for heavy nuclei at about 20 Mev, the Thomson cross section, 
Eq. (129), is reduced by destructive interference, and at high energy 
(above about 100 Mev for heavy nuclei) only the Compton scattering, 
Eq. (130), remains. However, since the gamma-ray energy is still 
small compared to Me 2 , the change of gamma-ray energy in Compton 
scattering is small. 

The only effect of the Thomson scattering by the nucleus for which 
there is any experimental indication so far is a small correction to the 
refractive index of solids for x-rays in the 100 -kev range (B16). 

4. Production of Mesons. At energies above n<? = 140 Mev (ji = 
meson mass), gamma-rays produce mesons. The cross section for this 
process, at about 300-Mev gamma-ray energy, is about 10 -28 A cm 2 , 
according to observations of the Berkeley group. This corresponds to 
an absorption coefficient of about 10 -4 cm 2 /g, which is negligible com¬ 
pared with those for electric processes. In spite of this small cross 
section the mesons are readily observed. 

Among the mesons are neutral ones which decay in a very short time 
(<10 -13 sec) and give rise to two correlated gamma-rays of roughly 
half the energy of the incident gamma-ray each (S24). In this manner 
a gamma-ray is effectively “split.” 

6. Resonance Scattering due to Meson Production. Near the thresh¬ 
old for meson production, both above and below, dispersion-type 
scattering of gamma-rays should occur. Sachs and Foldy (SI) have 
calculated this process and found the cross section to be of the same 
order as for meson production, with a reasonably sharp resonance for 
a gamma-ray energy near threshold. 

6. Scattering of Light by a Potential. According to quantum electro¬ 
dynamics two light quanta can scatter each other by producing a virtual 
pair of electrons which then annihilate each other, yielding two quanta 
going in different directions. The cross section for this process, however, 
is very small; its order of magnitude is (e 2 /hc) 2 (e 2 /mc 2 ) 2 « 10 30 to 
10 ~ 29 cm 2 for a gamma-ray energy of me 2 , and smaller both at higher 
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and lower energies. The cross section has been calculated yr pl 

and Neuman (Kla). Since the density of gumma-rays can 
made very large, this process will probably never be observed. 

However, the electrostatic field of heavy atoms prov.Hes a h^H dens^ty 
of ‘'stationary quanta.” An incident quantum may be scattered by these 
without change of energy. The cross section for th,s process* P>P° ‘ 
tional to Z 4 and is probably of the order of 10 cm for lead a 
) iv = me 2 . The energy and angle dependence, at high energy has been 
calculated by Akhiezer and Pomeranchuk (A2) and by Gluckstern 
Rohrlich (G13). 
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PART III 


Nuclear Moments 
and Statistics' 

NORMAN F. RAMSEY 

Harvard University 

SECTION 1. INTRODUCTION TO NUCLEAR MOMENTS 

AND STATISTICS 

A. General Characteristics 

The gross features of atomic spectra correspond to transitions between 
the energy levels of electrons moving in the Coulomb field of a posi¬ 
tively charged nucleus of negligibly small dimensions. In this case and 
for Russell-Saunders coupling, the most closely adjacent energy levels 
are usually those of atomic states which differ in the relative orienta¬ 
tion of orbital and electron spin angular momenta. The separation of 
this “fine structure” varies from less than one-tenth to several thousand 
wave numbers. 

However, if this fine structure is examined more closely, it is often 
found that each line of the fine structure can in turn be resolved into 
further lines or “hyperfine structure” with a separation of the order of 
1 cm" 1 . It was first suggested by Pauli (P4) that the hyperfine struc¬ 
ture might be due to the action of a magnetic moment of the nucleus 
on the motion of the electrons. 

Since this first suggestion, the effects of nuclear moments have been 
studied by a number of different methods. However, as will be de¬ 
scribed in detail subsequently, all observations so far are consistent 
with the following assumptions concerning atomic nuclei: 

(a) A nucleus whose mass number is odd obeys Fermi statistics (the 
sign of the wave function is reversed if two such identical nuclei are 
interchanged), and a nucleus whose mass number is even obeys Bose 
statistics (wave function unaltered on interchange). 

(b) A nucleus has a spin angular momentum capable of being repre¬ 
sented by a quantum-mechanical angular momentum vector a with all 

1 This material was closed as of January 1, 1952. 
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the properties 1 usually associated with such vectors. In nuclear mo¬ 
ment work it is most convenient to use a dimensionless quantity I to 
measure the angular momentum in units of h where I is, therefore, 
defined by 

a = hi (U 

The spin I of the nucleus is defined as the maximum possible component 
of I in any given direction. 

(c) The nuclear spin / is half-integral if the mass number is odd and 
integral if the mass number is even. 

(d) A nucleus has a magnetic moment p 7 which can be represented as 

P/ = 7/flI = <7/MA'AfI (2) 

where 7/ and g t are defined by the above equations and are called the 
nuclear gyromagnetic ratio and the nuclear g factor, respectively, hnm 
is the nuclear magneton defined as eh/2 Me, where M is the proton 
mass; hnm has the numerical value5.04929 X 10 -2 * erg-gauss -1 . 2 The 
quantity which measures the magnitude of p/ and is called the nuclear 


magnetic moment, nr, is 


m = 7|h/ 

(3) 

With this, Eq. (2) can be written 


p 7 = (hi/I) I 

(4) 


(e) Many nuclei with spin 1 or greater possess an electrical quad- 
rupole moment, i.e., have electrical charge distributions which depart 
from spherical symmetry in a manner appropriate to an electrical 
quadrupole moment. (See Section 2 for a precise definition of an elec¬ 
trical quadrupole moment.) 

(f) The nucleus instead of being infinitely heavy and of negligibly 
small dimensions has a finite mass and size. Corrections for these give 
rise to two different types of isotope shifts that will be discussed in the 
following sections. 

(g) The nucleus has a finite polarizability and can be polarized by a 
strong electric field (K32, B43, G33). 

1 A good discussion of the properties of quantized angular momentum vectors is 
given by Condon and Shortley (C16). 

3 In the literature of the subject of nuclear moments there is considerable confusion 
in notation. In some papers no or designates the nuclear magneton, whereas in 
other papers no, vi, and 0 designate the Bohr magneton eh/2wc. Here n.VM will be 
used for the nuclear magneton and no for the Bohr magneton. Also, in many papers 
9 or gj is written as above for ni/Vv.vst), but in others g is written for ni/Uno)- 
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Values of the above nuclear properties for the different nuclei are 
given in Section 4. Methods of measuring these properties are given 
in Section 3. Since many of these methods depend on the interactions 
of the nuclear moments with the rest of the atom or molecule, these 
interactions are discussed first in Section 2. 


SECTION 2. INTERACTION OF A NUCLEUS WITH 
ATOMIC AND MOLECULAR FIELDS 


A. Electrostatic Interaction 


The general electrostatic interaction between a charged nucleus and 
the charged electrons and nuclei of the remainder of the atom or mole¬ 
cule is as follows if the finite extension of the nucleus is taken into 
account: 


&et = + 


a 


Pe(T f )pn(T n ) dt t dr, 


(5) 


where p,(r,) is the charge density of the electrons and of the other 


dr. 



Fig. 1. Electrostatic interactions with 
nucleus in atoms and molecules. 


nuclei in the volume element dr r 
at position r, relative to the center 
of the nucleus concerned, p n (r„) is 
the nuclear charge density of the 
nucleus concerned in the volume 
element dr n at position r n relative 
to the center of the nucleus, and r 
is the magnitude of the radius 
vector r joining dr e and dr n as 
shown in Fig. 1. The definition 
of p e ( T,) is such that it is negative 
for electrons and positive for posi¬ 
tive charges. 

If 0 en is the angle between r e 
and i n and if r e is greater than r„, 
as may be assured by limiting 
consideration to electronic charges 
more distant than the radius R of 
the nucleus, 1/r may be expressed 
as follows from the cosine law of 
trigonometry and then expanded 


n the well-known fashion in a power series in r n /r e [cf. (M8, p. 96)]: 


1 


1 


Vr- 2 + r n 2 - 2 r e r n cos 0 en 


= 7 + ^ P i+7i P2 + 

' e T c T e 


( 6 ) 
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where Pi is the Legendre polynomial of cos 0, so that 

p x = cos e en ^ 

P 2 = £(3 cos 2 0 en - 1) 

The term involving Pi is said to arise from the multipole moment of 
order 2 l . Thus the first term corresponds to a monopole or single 
charge, the second to the electric dipole moment, and the third to the 
electric quadrupole moment. 

The first term is the one already used in normal atomic theory and 
consequently is of no interest in a discussion of nuclear moments. The 
second term, corresponding to an electrical dipole moment, should be 
zero for reasons of symmetry to be discussed shortly and has indeed 
been experimentally found to be zero for all nuclei so far studied. Elec¬ 
tric moments higher than electrical quadrupole moments have so far 
been too small to be observed. Consequently, in the study of nuclear 
moments the only important electrostatic term is the quadrupole one. 
If the above equations are combined in evaluating the interaction energy, 
functions of the cosine of the angle 0 between r n and r e must be inte¬ 
grated over all directions of r n and of r e . This might lead one to expect 
a very complicated result. However, as shown in Section 2C, if full 
advantage is taken of the symmetry properties of the nucleus, the 
electrostatic quadrupole interaction term reduces to (C5, C6, K8) 




e 2 qjQ 


2/(2/ - \)J(2J - 1) 


=Tj[ 


3(IJ) 2 + -I-J 


- i 2 J 2 ] 


( 8 ) 


where Q is the single arbitrary nuclear constant required to describe 
the quadrupole interaction and is called the magnitude of the electrical 
quadrupole moment and is defined by 


eQ 


/• 


Pn(r„) m ,-/(3 Z „ 2 - r n 2 ) dr„ 


(9) 


where the subscript indicates the integral is carried out for the nuclear 
state whose magnetic quantum number mj = I. Q has the dimension 
of square centimeters. Since p„(r n ) is proportional to the nuclear 
charge Z, this definition of Q (which is the conventional one) carries 
an implicit factor of Z, e.g., if two nuclei were of the same size and shape 
their quadrupole moments would be proportional to their nuclear 
charges Z. Likewise 



362 


Nuclear Moments and Statistics [Pt. Ill 


where 0 CZ is the angle between r, and the 2 axis relative to which this 
state has mj = J and where it usually is possible to allow H —► 0 after 
the integration is completed. In the classical limit of large / and «/, 
Eq. (8) reduces to the more familiar classical expression 

§Q = i (3 cos 2 B,J - 1) = P 2 (cos t) u ) (11) 


where 0/j is the angle between I and J. The I J term in Eq. (8) is 
purely a quantum-mechanical one corresponding to the fact that the 
quantum-mechanical analogue of cos 2 0 is not (I-J) /I J • 

Although the above form for the quadrupole interaction is the one 
most frequently used in discussions of the quadrupole interaction in 
atoms, it is less suited to treatment of quadrupole interactions in linear 
molecules. This arises from the fact that qj, as indicated by the 
subscript ./, for *2 molecules is dependent on the magnitude of the 
rotational quantum number J of the molecule. This dependence results 
from the state mj = J having its J much more nearly parallel to the 
2 axis when J is large than when J is small. For discussions of such 
molecules it is, therefore, desirable to re-express Eq. (8) in a form such 
that all the J dependence is explicitly indicated. As shown in Sec¬ 
tion 2C, this can be done by replacing qj by 


QJ = 


J \d 2 V e 
2J + 3 e dz 0 2 


( 12 ) 


where V e is the potential from the charges external to a small sphere 
surrounding the nucleus (as emphasized by the superscript e) and z 0 is 
along the axis of symmetry of the molecule.' With this replacement 
Eq. (8) becomes 

_ eQ(d 2 V’/dz 0 2 ) 

~ ~ 2/(2/ - 1)(2 J + 3)(2 J - 1) 

(13) 


[3(I-J) 2 +2-IJ-I 2 J 2 ] 


Although this equation is applicable only to linear molecules, it can 
easily be modified to apply to symmetrical top molecules, as done m 
Section 2C and as discussed in greater detail in Section 3G. 


1 There is much notations! confusion in the literature on this point. Kellogg, Rabi, 
Ramsey, and Zacharias (K8) use the symbol q for what is here called qj. Bardeen 
and Townes (B4), on the other hand, use q to represent the quantity here represented 
by d 2 V e /dzo 2 , and Feld (F7) and others use d 2 V/dz 2 for this quantity. Also, Nordsieck 
(Nil) and Ramsey (Rll) have sometimes used the still different quantity q , which 
is related to the above by q' = (l/^Xd^FVdzo*)- 
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When the interaction between the vectors I and J is large compared 
to the interaction of either with any other field, Eq. (13) can be ex¬ 
pressed in an alternative form. Let the angular momentum which is 
the vector sum of I and J be F = 1 + J with quantum number F. I hen 
I-J can be evaluated from 

F 2 = (I + J) 2 = I 2 + J 2 + 2I-J (14) 

SO 

l J = £(F 2 - I 2 - J 2 ) = *[F(F + 1) - 1(1 + 1) - J(J + U1 s he 

(15) 

This can be used in Eq. (13), whence the quadruple energy Eq is 

E = eQ(4*V/dzo*) 

Q 1(21 - 1)(2 J + 3)(2 J - 1) 

xi|c(c + i)-i/(/ + iw + D] a® 


The above electrical quadrupole interaction occurs in general along 
with various magnetic interactions often of comparable magnitude. 
Consequently the determination of the energy levels in most actual 
problems depends on solving a secular equation of a matrix of a Hamil¬ 
tonian one of whose terms is similar to the above. Therefore in the solu¬ 
tion of most problems both the diagonal and non-diagonal matrix ele¬ 
ments of the above interaction must be evaluated. This can be done 
from Eq. (61). Alternatively, a table evaluating these has been pub¬ 
lished by Kellogg, Rabi, Ramsey, and Zacharias (K8), and it is often 
of value in actual probelms. Their paper also provides a detailed ex¬ 
ample of the application of the above quadrupole interaction expres¬ 
sions to a practical problem, the evaluation of the quadrupole moment 
of the deuteron. 

In order that the electrical quadrupole moment Q may be experi¬ 
mentally determined from the observed interaction energy, it is neces¬ 
sary according to Eq. (8) or (13) to have a determination of the atomic 
or molecular constant qj or d 2 V e /dz 0 2 . Various methods for estimating 
these quantities have been devised. For many atoms, qj can be eval¬ 
uated (C5, K29) in terms of the experimentally measured fine structure 
constant for the atom, since the latter, like qj, is also dependent on the 
mean value of l/r e 3 . Illustrative of such results is the following value 
of qj which applies when qj is due to a single electron in a 2 P*$ state: 



( 17 ) 
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where 8 is the experimentally observed optical fine (not hyperfine) 
structure separation, Z,- is the effective nuclear charge introduced by 
Lande (L2, W8) into the theory of fine structure, and tj is a correction 
factor which is approximately unity and is evaluated by Casimir (('(»). 
Recently Davis, Feld, Zabel, and Zacharias (D7) in studies of atomic 
chlorine have used their experimentally observable magnetic hyperfine 
structure splitting and the known nuclear magnetic moment to deter¬ 
mine the mean value of l/r e 3 as discussed subsequently in Sections 2B 
and 2E. With this determination and the assumption of the separa¬ 
bility of the angular and radial electron wave function, qj is directly 
determined and can be combined with their own determination of the 
quadrupole interaction of the same atom to yield the value of the nuclear 
quadrupole moment. This measurement is particularly direct and 
effective since it does not depend on such correction factors as Z, and tj. 
However, it has recently been pointed out by Sternheimer (S46) that 
the inner electron shells of an atom partially shield the nucleus from 
the gradient of the electric field from the outer charged particles. Con¬ 
sequently, gradients calculated from the latter alone are likely to be in 
error by approximately 4 to 45 percent and thus lead to errors in the 
measured quadrupole moments of this amount. Stemheimer’s correc¬ 
tion, however, does not apply to the quadrupole moment of the deuteron 
since in this case the effects of all the electrons are included in the 
calculation. However, the measurements of all other nuclear quadrupole 
moments have an uncertainty due to this phenomenon. 

In the important case of molecular D 2 , Nordsieck (Nil) and Newell 
(N7) have directly calculated qj from the molecular wave function. 
Extension of this method to other molecules is numerically quite diffi¬ 
cult. However, Townes (T22) has suggested for heavy atoms covalently 
bonded in molecules with p-orbitals that d 2 V e /dz 0 2 can be calculated 
from atomic fine structure separations in the same way as from atomic 
spectra. 

From Eq. (5) it might appear that an electric multipole moment of 
order 2' would be possible for any integral value of l greater than or 
equal to zero. However, by quite general arguments it can be shown 
that the orders of the possible multipoles are considerably restricted. 
The proofs of these restrictions are given in Section 2D, and the results 
only are summarized immediately below. Provided that the nuclear 
states are not degenerate in I, provided that all electrical effects arise 
from electrical charges, and provided that nuclear forces conserve 
parity, all odd (l odd) electric multipole moments vanish. This is the 
theorem used above to justify omitting electric dipole moments fnom 
consideration. The proof in Section 2D is essentially the same as in 
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the atomic case (VI) and depends on the parity properties of the wave 
functions. In the nuclear case there is no reason to expect a degeneracy 
of levels (as in the hydrogen atom) which would give rise to exceptions 
to the general rule, since the energy separations of the different nuclear 
energy levels are in general very large compared to any of electric inter¬ 
action energies within the atoms or molecules. However, Purcell and 
Hamsey (P28) have recently pointed out that this proof depends on the 
assumption that the electrical effects of a nucleus arise only from elec¬ 
trical charges or a related parity assumption and that these assumptions 
are not necessarily self-obvious in the case of little-understood particles 
like nucleons and nuclei. They have, therefore, searched with high 
precision for an electrical dipole moment for the neutron. In an experi¬ 
ment with J. Smith, they find (S45) that, if such a dipole moment exists, 
its magnitude must be less than the charge on the electron multiplied 
by a distance D = 5 X 10“ 21 cm. 

In addition to the above restriction on l it may be shown, as in Sec¬ 
tion 2D,‘ that for a nuclear spin of I it is impossible to observe a multi¬ 
pole moment of order 2 l greater than that corresponding to l = 21. 
In other words, for a quadrupole moment to be observable the spin 
must be at least 1=1. This result is very reasonable indeed, for, if 
the spin were and the nuclear charge distribution were spheroidal in 
shape with the spin axis being the spheroid’s axis of symmetry, the 
quadrupole moment would still be experimentally undetectable since 
only two values for m r of are allowed and for these two the charge 
distribution is essentially the same. Similar restrictions to the above 
apply to the angular momentum of the atom with which the nuclear 
multipole moment interacts. Thus, if J is less than 1, an electric quad¬ 
rupole interaction with a nucleus will not show up experimentally even 
though the nucleus may have a large electric quadrupole moment. 

There is one electrostatic effect in atoms which is often experimen¬ 
tally important even though it is not directly concerned with nuclear 
moments. This is the so-called isotope shift of heavy nuclei. As stated 
earlier, the expansion in Eq. (6) is valid only if r e > r„; it is incorrect 
to assume the simple l/r e dependence for the spherically symmetric 
term of Eq. (6) for r e < R, the nuclear radius. Approximate calcula¬ 
tions of the shift produced by this effect of the finite size of the nucleus 
have been made (B36, R8, K29). This effect is particularly important 
with penetrating outer orbits and heavy nuclei. With heavy elements, 
since different isotopes of the same element have nuclei of slightly dif¬ 
ferent size, the effect is different for different isotopes. This is the origin 

1 An alternative simple proof based on the Hamilton-Cayley equation is given by 
Nierenberg el al. (N9). 
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of its name, isotope shift. Recently Fierz (FOa), Brix (B44), Kopfer- 
mann (K32, B44), Breit (B43), A. Bohr (B30), and others have suggested 
that studies of the isotope shift may yield valuable information about 
nuclear charge distribution and perhaps about the polarization of nuclei 
by atomic electrons since the electrical polarizabilities of the isotopes 
may be different. 

B. Magnetic Interaction 

The magnetic interaction of a nucleus, with its associated atom or 
molecule and with any externally applied magnetic field, can be ex¬ 
panded in a multipole series closely analogous to Eq. (6). Also, anal¬ 
ogous parity and angular momentum arguments apply to limit the 
allowed multipole orders 2 l . For magnetic multipole moments the 
limitations are that l must be odd and l must be less than or equal to 
2/, where I is the spin of the nucleus concerned. 

The lowest order of magnetic interaction is therefore magnetic dipole, 
the next higher being magnetic octupole. So far no magnetic octupole 
or higher magnetic multipole interaction has been definitely observed. 
Tolansky (T13) has suspected octupole effects in iodine. However, 
Casimir and Karreman (C8) have developed a detailed theory of mag¬ 
netic octupole interactions. They find that an unreasonably large 
octupole moment would be required to give Tolansky’s results. Conse¬ 
quently consideration of magnetic interactions will here be limited to 
magnetic dipole moments for which the interaction energy is 

+ H 0 ) (18) 

where M-/ is the nuclear magnetic moment, H 0 the externally applied 
magnetic field, and H j the magnetic field at the nucleus arising from 
the rest of the atom or molecule which has angular momentum J in 
units of h. This form of magnetic interaction implies the assumption 
that the electron current distribution inside the nucleus does not con¬ 
tribute appreciably to the interaction energy. It can be shown (C6, 
B29) that this contribution is only a few percent even in the worst case 
—heavy nuclei and S electrons. 

As stated in Section 1, the magnetic moment vector of a nucleus can 
be taken (C16, W10, P5) as proportional to its spin angular momentum, 
which proportionality can be written as 

«-(?)* 

with the notation of Section 1. 


(19) 
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From Eqs. (18) and (19) the magnetic interaction energy may be 
written 

+ <*» 

If H i is zero, as in S states or '2 states of non-rotating molecules, 
n, may readily be evaluated from a measurement of the energy levels, 
from a knowledge of the applied field H 0 , and from Eq. (20). However, 
in other atoms where the contribution of Hy is important it is necessary 
to evaluate Hy theoretically. Just as |t/ in Eq. (19) above could be 
taken as proportional to I, so here Hy can be taken as proportional to 
J for matrix elements diagonal in J, so that, if the external field H 0 is 
zero, Eq. (20) becomes 

where a contains all the proportionality constants and is defined by 


a = 


w\HrJ 

i) J J 


( 22 ) 


The value of I-J obtained in Eq. (15) may be used here with the result 
that 


= - [F(F + 1) - HI + 1) - J(J + D] (23) 

2 


In order that gi may be experimentally determined from the energy 
levels it is necessary according to Eqs. (23) and (22) to have an esti¬ 
mate for H j, the effective magnetic field at the nucleus due to the rest 
of the atom. For hydrogen-like atoms this effective field has been 
calculated by Fermi, Goudsmit, and others (F8, G18, K29). A simpli¬ 
fied version of these calculations is given in Section 2E. The results 
are that for an S electron 


16 t 


yUno(0)| 2 - 3 n3(M/m) 


8 2?rhc Ry a 2 Z 3 gi 


(24) 


and for an electron of orbital angular momentum L j* 0 

2*hc Ry a 2 Z 3 g r 

a = —--- (25) 

n 3 (L + \)J(J + 1 )(M/m) 

where Ry is the Rydberg constant ( 2Tr 2 me 4 /h 3 c cm -1 ), a is the fine 
structure constant e 2 /(hc), M/m is the ratio of the proton to the 
electron mass, and ^„ 0 (0) is the wave function of the electron at the 
position of zero radius. Small corrections to the above have been intro- 
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duced by Breit (B32, B41, B42) and Margenau (M9) to allow for the 
reduced mass effect of the nucleus and for the relativistic effects of the 
atomic electron. The reduced mass effect introduces an extra factor of 
(1 + m/ M)~ 3 into Eq. (24). Low and Salpeter (LIOb) have recently 
introduced a small additional reduced mass correction corresponding to 
recoil of the nucleus from the virtual photons that are interchanged. 
An approximate formula for the calculation of the interaction constant 
in alkali metals has been calculated by Goudsmit (019) and is identical 
with Eq. (25) except that 7? is replaced by Z 0 2 Z, and n is replaced by 
7i 0 , where Z, is the effective charge when the valence electron is inside 
the core of closed electron shells, Z 0 is the effective charge when it is 
outside the core, and n 0 is the effective principal quantum number out¬ 
side the core. Therefore, for alkali atoms, 


27rhc Ry a 2 Z 0 2 Zi{m/InsM) 
ti 0 3 (L + i)J(J + 1 )(M/m) 


(26) 


If the fine structure separation 5 of the same term is known, it can be 
used empirically to eliminate the Z 0 and n 0 dependence, since by atomic 
theory 

. 2whc Ry c?ZfZ? 

(27) 


so 


n 0 3 L(L + 1) 
5L(L + 1) 


a 


(L + \)J(J + 1 )Zi(M/m) 


(28) 


Various corrections to Eq. (26) have been calculated by Fermi and 
Segr£ (F9), Breit (B34), Racah (R7), Goudsmit and Bacher (G17) and 
Wills (B37), and the results have been summarized by Kopfermann 
(K29). In addition to the relation (26) applying for alkali atoms with 
1 valence electron, it can also be used for halogens where just 1 electron 
is missing from the outer shell. It can further be applied approximately 
to atoms of the aluminum group, since the first two valence electrons 
form a more or less closed shell. More complicated relationships hold 
for 2 valence electrons such as alkaline earths. These have been sum¬ 
marized by Kopfermann (K29). 

All the states of a single hyperfine structure group have the same 
values of the quantum numbers I and J in Eq. (23) while F takes on 
values from / + J to 1 1 — J |. The energy difference between a state 
with F = F and F = F — 1 is, according to Eq. (23), 


$m(F) - $.„(F - 1) = aF 


(29) 
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This regularity is called the interval rule, and for this reason a is often 
called the interval factor. However, even with magnetic dipole inter¬ 
actions, exceptions to this rule can occur if two atomic states of different 
J are separated by an amount which is not large compared to the nyper- 
fine structure, in which case J in Eq. (23) is no longer a good quantum 
number and second-order perturbations must be taken into account. 
Calculations of the effect of perturbations have been made by fermi 
and Segrfe, Casimir, Goudsmit, and Bacher (F9, C4, G20). 

If J = y 2 , the separation, 2.rh A,, of the hyperfine structure levels is 

2irh A* = aF = a(l + ^ ^ 30) 

The quantity A* defined in this way is frequently referred to as the 
hyperfine structure separation, or the hfs A v. 



Fig. 2. Coupling of nuclear angular momentum I and electronic angular momentum 

J in weak magnetic field Ho- 

So far in the detailed discussion of Eq. (20) it has been assumed either 
that there was no intramolecular interaction or that the external mag¬ 
netic field was zero. However, in many of the practical cases which 
arise in nuclear moment measurements the magnetic interactions of 
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the electrons and the nuclei with each other and of one or both with the 
external field are of comparable importance. 

The effect of an external magnetic field on the hypcrfine structure of 
a spectral line illustrates such a combined interaction. In this case, if 
the interaction energy of the electrons as well as the nucleus with ex¬ 
ternal magnetic field is included, and if hj is the resultant electronic* 
magnetic moment defined analogously to Section 1, Eqs. (20) and (22) 
become 

£>« =al j-yj Ho-"l H 0 (31) 

If the magnetic field is very weak, corresponding to a weak field 
Zeeman effect, the term a I- J in the above is the largest, so that I and 
J are tightly coupled together to form a resultant F as in Fig. 2. As a 
consequence, only the components of the electron and nuclear magnetic 
moments along F are effective, since the perpendicular components 
average to zero and the above becomes approximately 

= “i'J ~7 J ' jYiiTf' h„ (32) 

where the nuclear moment’s interaction with the external field is neg¬ 
lected because of the small size of both the nuclear moment and the 
field. But 

M = (F - J) • (F - J) = | F | 2 + | J | 2 - 2J F (33) 

so the energy for the state specified by quantum numbers F and m, 
where m is the magnetic quantum number for F, is 

W m (F, m) « (F, m| | F, m) 

= a(F, m\ I J | F, m) 

m [F(F + D4- J{J 4- 1) - HI + I)] 

“ 7 2 F(F + 1 ) 

X ( F , m\ F H 0 |F, m ) 

= - [F(F + 1) - /(/ + 1) - 

2 

w IF(F + 1) + ■/(■/ + 1) - /(/ + 1)] 

J 


2 F(F + 1) 


(34) 
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In the limit of a very strong magnetic field c0 7 eSp ° n ^“®^ el ! 
Paschen-Back effect, on the other hand, I and J wi aua n- 

pr^cess rapidly about H as in Fig. 3, so that F is no longer a good quan 



Fig. 3. Coupling of nuclear angular momentum I and electronic angular momentum 

J in strong magnetic field H 0 . 


turn number but instead the good quantum numbers are the magnetic 
quantum numbers, m/ and mj, of I and J separately. 

Then from Eq. (31) 

W M (mi, mj) = (m/my| \mjmj) 

= a(m,mj\ (I) X (J)* + (Dy(J)y + W.(J). 


PJ rr M/ __ 

- Hmj -- Hmi 

J I 


fij y.j 

= - Hmj - Hmj + amjinj 

J I 


(35) 


since the diagonal elements of I z and /„ are zero. 
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The case of intermediate coupling is of particular importance in 
nuclear moment research, even though it is more difficult to work out 
the energy levels since a secular equation must be solved as in the 



Fig. 4. Variation of the energy with the magnetic field. Nuclear moment assumed 
positive. The dotted lines are the magnetic levels arising from the F = / — H 

state (R4). 


corresponding fine structure case (C16). The result of a straight¬ 
forward solution of the secular equation in the case J = Yi and for 
any I is (B35, M17) 



(36) 
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where 


A W = ^ (21 + 1) = 2rh Av 


_ (~»j/J + ( 37 ) 

1 AW 


and the + is used for F = I +'A and the - for F = I ~ H-J h 
energy dependence for the case of / = Vi and % is plotted in g ■ 
The quantity Av is the "hyperfine structure Av" or the hyperfine struc 

ture separation of Eq. (30). 

c. Appendix A. Form of Nuclear Electrical Quadrupole Moment Inter- 
action 

From Eqs. (5) and (6), 


r» 2 P.(r.) - (3 cos 2 6, n - 1) dr n dr. 


(38) 


The superscript e is used to indicate the charge density external to the 
nucleus concerned, since the expansion is valid only for r. > r„. Equa¬ 
tion (5) can alternatively be expressed in tensor form as 

(39) 


where 


$«=-££ Q.-,(VE‘)y 

Qa = f Pn(rn)(3r..x n; - «,>r„ 2 ) dr, 


and 


P»(r.)(3---) 

(vn„--JT*-w~0*. 


(40) 


= - f ^ (3x..x., - Si/*",e 2 ) dn 

J u r < 

= _r W + W _ Si ^ 2) du (41) 

Jr. r e 6 2 

The final forms above of Eqs. (40) and (41) arise from the fact that 
the components of r commute among themselves (x ,Xj = xyx,), whence 
the tensors are symmetric; this manner of writing explicitly exhibits 
the symmetric character of the tensor. It is also immediately apparent 
that the traces (diagonal sums) of Eqs. (40) and (41) are zero. 
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The next step of the proof is most simply taken from group theory. 
However, it may also be shown directly from simple matrix multiplica¬ 
tions. Since the latter proof, though numerically tedious, is con¬ 
ceptually simpler and is not conveniently available in the published 
literature, it is outlined in the addendum on page 378. This proof also 
automatically provides a numerical evaluation of the quantum- 
mechanical matrix elements of the quadrupole interaction. The theorem 
which can be proved either by group theory (W14) or as in the addendum 
applies to all second-rank tensors of, say, the form (40) which (a) are 
constructed in the same manner from vectors satisfying the same com¬ 
mutation rules with respect to I, (6) are symmetric, and (c) have a zero 
trace. This theorem states that the quantum-mechanical matrix ele¬ 
ments diagonal in I of all such tensors have the same dependence on 
the magnetic quantum number mj. 

The above theorem shows that, as concerns the m/ dependence of 
matrix elements (Im\ Qa\lm!) diagonal in I of Eq. (40), Q,, may be 
replaced by 

0 ,,c[3 ^ - ± (I - ) ^-.i^] (42) 

since this tensor satisfies the above three conditions. The arbitrary 
constant C can be expressed in terms of the scalar quantity Q, which 
is conventionally called the nuclear quadrupole moment and is defined by 


Q B ~f‘ P-.-/ [3*- 2 - r„ 2 ] dr„ = (//| Q 33 |//) 

= C(//| 3(I), 2 - I 2 |//) = C[3/ 2 - /(/ + 1)] 
= Cl (21 ~ 1 ) 

(D.(Di + (I MP■ _ 4y/a j 


Hence 


eQ \ 

Qii ~ 1(21 - 1) L 


1(21 - 1) L 2 

Likewise, for matrix elements diagonal in J, 


(43) 

(44) 


(VE%- = - 


_n 

•J - l) L 


(j).m- + (j),-(j).- 


where 


J(2J - 1) 

1 r 3 z? - r. 2 

qj = ~eJ 


^-M 2 ] 


(45) 


(46) 
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e 2 qjQ 


6 1(21 - DJ(2J - 1) 


^ f „ (I).(I); + (DiODi , t*1 

-5- ioI J 


X 3 


(J).(J), + (Jh(J)i 


- i. J 2 («) 


Equation (47) can be expressed in an alternative form which is often 
more convenient for calculations. This can be done by considering 
typical terms of the equation. Thus, as I and J commute with each 

other, 

E (D.(l)y(D.(J),- = {E (DdJ).-] | E (D>(Jhj = <W> 2 


Likewise 


E(I).(I),»oJ*“[E(I).- 2 ] 
E s.FJ 2 = 3I 2 J 2 

ij 


J 2 « I 2 J 2 


The only complicated terms are 

E (Dy(D.(J)i(J)> = E (D.(D>(J)>(J). 

H *> 

In this, from the usual commutation rules (Cl6) for angular momentum 
operators, we can write 

(I).(I); = (Di(I )i + * (Dw 

where the subscript i X j indicates the component perpendicular to 
the i and j components as in a vector product. Therefore 

E (D.(I)i(JMJ).- = E (Di(D.(J)i(J)< + i E (I).xi(J);(J)> 

a a « 

= (IJ) 2 + i E (D.x>(JMJ)< 

ij 

But 

rwIV (J)i(J)i + (J),(J). (J),(J).- + (J)t(J)i + t(J)ix< 
(J)y(J). =- ~ -2 


s° . ! 

i E <DocKJ>j(J>« = ; E (D<xj[(J)i(J)i + (J).-(J)il - o ? W'xfOJix* 

:: 2 it “ ij 
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However, the terms of the first sum on the right are antisymmetric in 
i and j and the sum vanishes. Therefore 

* 2 (I)*x>(J)i’(J)» = — 5 52 (I)«x>(J)>x* = i 52 (I)i'x>(J)«'xi 
a a *> 

= \ £2(I)*(J)* = I J 

k 

Therefore 

2(I).(I)i(JWJ).- - (W) 2 + W 

and 


$0 = 7 


—-(- (I-J) 2 + -1(1-J) 2 + (I-J)l 

6/(2/ - \)J(2J - 1) \2 K 2 l 


- 3I 2 J 2 - 3I 2 J 2 + 31*J 2 j 
e 2 gjQ 


2/(2/ - l)J(2J 


— [3(1 J) 2 + -I J 


3 

2 


- I 2 J 2 ] 


(48) 


which is the form of the quadrupole interaction used above. 

Although Eq. (48) is the one conventionally used for discussing 
quadrupole interactions in atoms, it is less convenient for quadrupole 
moments of *2 linear molecules rotating with different rotational angular 
momentum quantum numbers J. This is tme because the quantity qj 
is dependent on the magnitude of J. Hence it is desirable in the molec¬ 
ular case to replace qj by a quantity which is expressed in terms of the 
molecule’s axis instead of an axis fixed in space, since such a quantity 
will be the same for molecules which differ only in mj and ./. 

For this transformation let z 0 be along the axis of symmetry of the 
molecule and let 0 e and </>< be the angular spherical polar coordinates of 
a point in the molecule relative to an external z axis while 0< and <*>/ 
are the coordinates relative to the molecular axis of symmetry z 0 . Also 
let 0" and <t> " be the angles expressing the position of the z 0 axis relative 
to the z axis. Then, by the spherical harmonic addition theorem as 
summarized by Condon and Shortley (C16, p. 54), 

3 cos 2 0c - 1 = i(3 cos 2 0" - 1)(3 cos 2 0/ - 1) + terms involving e*" 

(49) 


Now, however, by Condon and Shortley (Cl6, p. 51), the wave func¬ 
tion for a rotating molecule in the rotational state mj = J is 


+M0", 0") = 


(-1 V (2J+1)! 1 

y/2* \ 2 2 J J! 


sin' 0"e 


n 


(50) 
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Therefore, the average of Eq. (49) oyer the rotational statecanbe 
found by multiplying Eq. (49) by | *jj | 2 and integrating over all angles 
SV= Sin Ideal. From this and the use of Pe.rce’s integral 483 
(P8) the following is obtained immediately: 


<3 cos 2 B e — 1 > mj-j - ~ 


Therefore 


2J + 3 


(3 cos 2 0/ — 1) 


l r 3 Z e 2 - 

QJ = - I -7 

e J r e 


3 Ze 2 ~ r ' 2 e , 

T- P e.mj-j dr 


3 cos 2 Be — 1 


;/ 
-ttf 


Pt'm,. dr 


1 r 3 cos 2 e,' - 1 


p'dr' 


where 


J 1 d 2 E‘ 
_ 2J + 3 e dz 0 2 

dz 0 2 J r* 


(51) 

(52) 


As is apparent from the form of this expression, V f can be interpreted 
as the potential from all charges external to a small sphere surrounding 

the nucleus. . , Tr * „ 

It is important to emphasize that V e is not the potential V oi all 
electrical charges from the rest of the molecule, including the electron 
density of the molecule inside the nuclear radius. The difference between 
these two can readily be evaluated. Let pi be the electronic charge 
density at the nucleus, and assume that in the immediate vicinity of 
the nucleus it is spherically symmetric. Then, as V — V e arises solely 
from the spherically symmetric charge distribution pi, from Poisson’s 
equation 


, 2(V - n a»(F - n _ = 3 (53) 

dx 2 + dy 2 az 2 


dz‘ 


a 2 F 


d 2 V‘ 

~d? 


4t 

+ ¥ P, 


(54) 


SO 
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Owing to its spherical symmetry the pi term does not affect the nuclear 
quadrupole interaction. 

From Eqs. (48) and (52) it follows immediately that 



-_ 3(1-J) 2 + - I-J 

2/(2/ - 1)C II + 3)(2 J - D L 2 J 



(55) 

If the molecule instead of being a linear molecule is a symmetric top, 
the above can easily be extended to include this case. For a symmetric- 
top molecule the angular momentum is no longer exactly perpendicular 
to the molecular axis; therefore, to define the situation, an extra quan¬ 
tity (J), 0 must be introduced which measures the component of./ along 
the axis of the molecule so that, if 0'" is the angle between J and the 
internuclear axis, 

cos = jj|° (56) 

For a symmetric-top molecule a procedure analogous to that for Eq. 
(49) therefore directly yields the relation 



eQ(d 2 V‘/dz 0 2 ) r 3(J)„n 

2/(2/ - 1)(2 J + 3)(2 J - 1) L J 2 J 

X[3(I-J) 2 + §I.J-I 2 J 2 ] (57) 


Addendum. The theorem used in the derivation of Eq. (42) is most 
easily proved by group theory methods (W10, W14). However, it may 
be derived in a less subtle though more tedious fashion from the matrix 
elements of a vector and the laws of matrix multiplication. Let T be 
any vector associated with the nucleus and satisfying the same com¬ 
mutation rules with respect to I as r or I. Let a represent all the quan¬ 
tum numbers except / and m/ that are associated with the nucleus in 
an /, mi representation, and let m temporarily be written for m/. Then 
the matrix elements that are desired are 




TjTj -f TjTj 
2 


inT 2 


aim 


(58) 


However, the matrix of a product equals the product of the matrices; 
thus, for example, 


(alm\ T.Tj | aim') = £ (a/m| T, \a"I"m")(a"I"m"\ Tj | aim') (59) 

aim 


Hence the desired matrix can be calculated from the matrices of the 
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components of the’correspondin, vec^ ho^ that, 

although only matrix in /. It is this 

* the veLr that mahes the 

(CIS, PS, * . — » 

(o/m | T \a'I +!»*»- 

(o/m| T \a'I + lm) = + » >* ~^ k 

(a/m | T |«7m ± 1) = T a , : „.,iV(/=F m)(/ ± m+l)(i ± <j) (60) 

(o/m| T |o'/m) = ^/y/mk__ 

(«/«| T |a'/ - lm ± 1) = ±r rfirf f-,iV(7=F«)(/T«-T)(i ± <j) 

(o/m| T |a7 - lm) = 7’«/ i «',-iV7* - m*k 

From Eqs. (59) and (GO) the matrix elements of; Bq. (58) can 
be directly calculated. These express.ons can be simplified by the use 
of various algebraic identities such as 

V(I ± m + 1)(/ ± m + 2)([j + l] 2 - (m ± DO__ 

= (/ ± m + 2)V(/ ± m + 1)(/ T m) 

The matrix elements of Eq. (58) then directly become 

= I 2 [”§7’ a / :a '/ + i7 , a' / + i;«/ — 

* a' ___ 

+ J j • I[V(/T m)(/T « - 1)(/± m + l7(/ ± m + 2)] 


X i[5,i 6>1 - 6,2 5>2 ± »(*«•! 5 >2 + 5 i2 6>i)] 6 m ' m 


• ■> 


-f- [(2m ± 1)V(/ =F m)(7 d= m + 1) ]J[S»3 5 >i + 5 *i 5 >3 

=fc t(5, 3 8j2 + 6,2 6 ;3 )]6 m ' m± i + VflSm 2 — I (I + 1)] 

X VJ| [5,3 6j 8 “ Hi *ii “ H* 6> 2 ]6m'mi (61) 

Since all the constants T aha r combine in the above to make a common 
factor with all the m dependence being contained in the other factor, 
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the m dependence of the above tensor components are the same for 
all such tensors regardless of the different relative values of the constants 
T a j. a T possessed by different vectors T. This then gives the desired 
theorem. Equation (61) also provides the m dependence of the matrix 
elements, and this is of value in the analysis of any problem in detail. 


D. Appendix B. Theoretical Restrictions on the Orders of Electrical 
Multipoles 

1. Parity Restrictions. From parity considerations it will first be 
shown that, if all nuclear electrical effects arise from electrical charges 
and if the nuclear Hamiltonian is unaltered by an inversion of the coordi¬ 
nate system, no odd (l odd) nuclear electrical multipole moment can 
exist. 

For the proof of this, consider the parity operator R which inverts 
the space coordinates, i.e., reverses the signs of the components of a 
vector r„. If $ is the Hamiltonian of the nuclear system, by assump¬ 
tion £ and R commute, whence if there is no degeneracy the eigen¬ 
functions of £ are also eigenfunctions of R. Hence, if R' is the eigen¬ 
value of the operator R and if ^(r) is a non-degenerate eigenfunction 
of 

R<KXn, Vn, Zn) = R'<K* n, J/n, Zn) = <K~X n , ~Vn, ~Z„) (62) 

Then 

R 2 'Kx„,y n ,Zn) = R1>(—Xn, -Vn, — *) 

= *(*„.y„.Z») = R'*KXn.V n.Zn) (63) 

Hence 

R' 2 = 1 (64) 

or 

R’ = ± 1 (65) 


Therefore, with the above assumptions, all states must be of either 
even or odd parity, i.e., must have eigenfunctions that are multiplied 
by either -f 1 or —1 on inversion of coordinates. In either case is 
unaltered on inversion of coordinates; therefore 


Pn(*n, Vn, Zn) = Pn(“*n, -y„, -Z n ) (66) 


However, from Eqs. (5) and (6) it is apparent that, in so far as the 
nuclear coordinates are concerned, the multipole of order 2 is propor¬ 
tional to 



2/n» Z n )Pl dr n 


(67) 
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s ion if ’l is odd and is unaltered if l is even; therefore 

Pl(.~Xn, -2/n, -*■) = V«< 2 ») ^ 68> 

Therefore from Eos. (66) and (67), if l is odd, the contribution from 
-i -v'n — Zn in the integral (67) just cancels the contribution from 
•r„ y„, *»■ Therefore the integral vanishes and no odd electrical mu - 

P t SETS £ Mw.bpo.e Order. It c.» next be shewn 

that for a nuclear spin / it is impossible to observe a nuclear electrical 

multipole moment of order 2' greater than that corresponding to l-ll, 

where I is the nuclear spin. . ,. . 

For the proof of this, consider the 2' multipole interaction term which, 

from Eq. (67), can be written as proportional to 


f rUn*Pt*n dr. 


(69) 


However, by the assumption that the nuclear spin is /, in and are 
each eigenfunctions corresponding to an angular momentum I. Since 
r n l has no angular dependence, r n ty„* is also an eigenfunction of angular 
momentum /. However, as is well known (C16), Pi is also an eigen¬ 
function of an angular momentum and corresponds to angular momen¬ 
tum /. Therefore the product of Pi and corresponds to a wave 
function in which the angular moments I and l are combined. By the 
vector model for combining angular momentum, 1 Ppfrn will therefore 
correspond to an angular momentum between l + / and \ l — I \. 
However, in the integral (69), r n tyn* and Pfa will be orthogonal and 
the integral will vanish unless they correspond to eigenfunctions with 
the same angular momentum eigenvalues. Therefore, in order that 
Eq. (69) may not vanish, I must lie between l + I and \l — 1 1. As 
this can occur only if l < 2/, the above statement is proved. 


E. Appendix C. Magnetic Hyperfine Structure Constants 

What is desired is a calculation of the constant a in Eq. (21). By 
Eq. (22) this can be obtained if the magnetic field H j arising from the 
electrons can be evaluated at the nucleus. For a hydrogen-like atom, 
H j can be calculated from the following simple classical considerations 

i For a detailed justification of this use of the vector model see Condon and 
Shortley (C16, pp. 57, 58). 



382 


Nuclear Moments and Statistics 


(Pt. Ill 


illustrated in Fig. 5. The electron’s magnetic field arises from the 
combination of the field H^, due to the electron’s orbital motion, and 
the field Hs, due to the electron’s spin magnetic moment; therefore 


Hj = H l + H.s (70) 

But, classically, if v is the electron’s velocity, r the position of the elec- 



Fig. 5. Schematic diagram of the interaction of the nucleus with the orbital and 
spin magnetic fields of the electron in an utom. 


tron relative to the nucleus, and L the electron’s orbital angular mo¬ 
mentum in units of h 


H L 


-ev X (-r) 
cr 3 


—r X mv e 
r 3 me 



(71) 


where no Is the Bohr magneton eh/2mc. Likewise, from expressions 
for the field of a classical magnetic dipole, \l = — 2*i 0 S, 


If 3 (HT)rl 2 Mo r 

*" * in' 1 ~ “iH" I s ~ 


3(Sr)r 


(72) 


Then 

2uq f 

HyJ = (H^ + Hs)*J = 


S + 3 


(-D 3 


(L + S) (73) 


Only the value of this expression averaged over the electron’s motion 
is of interest, so that, after the scalar multiplication is made, the terms 
may be averaged over the electron’s motion. Terms with a factor L-r/r 
may be omitted since they equal zero. Then, if <l/r 3 > indicates the 
averaged value of 1/r 3 , the average value of Hy J is 

Rj-J = (H L + Hs)- J = — 2mo< i > f L(L + 1) - S(S + 1) 
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But S-r/r is just the component of S in the direction r/r. Therefore 
for an electron with spin ]A it is ±'A. so that the square of this quantity 
is necessarily +K- With this and S = 'A, Eq- (74) becomes 

Hy J-2«,<^>L(L+1) ( 75 ) 


For hydrogen-like atoms, <l/r 3 > is well known 1 and is 

1 Z 3 

< ? > = a 0 3 n 3 (L + 1 )(L + \)L 


(76) 


where a 0 is the radius of the first Bohr orbit of a hydrogen atom or 
h 2 /me 2 . Therefore, from Eq. (22), 


2mo0 h/D& 2xhc Ry a 2 Z 3 g/ 

a 0 3 n 3 (L + \)J(J + 1) n 3 (L + \)J(J + 1 )(M/m) 


(77) 


where the last form is expressed in terms of the Rydberg constant 
Ry = mc 4 /47rh 3 c and the fine structure constant a = e 2 /hc. This 
equation is the result used in Eq. (25). It should be noted that this 
discussion is not rigorous when applied to an S state, since then Eq. (70) 
becomes infinite and Eq. (75) indeterminate. Nevertheless, if in Eq. 
(77) the values L = 0 and J = Yi arc substituted, the result is 


8 2irhc Ry a 2 Z 3 gj 
3 n*(M/m) 


(78) 


which is just the result of Eq. (24) that has been calculated in a rigorous 
relativistic wave-mechanical manner by Fermi (F8) and others. 


SECTION 3. EXPERIMENTAL METHODS OF MEASURING 
NUCLEAR MOMENTS AND STATISTICS 

A. Hyperfine Structure in Optical Atomic Spectra 

The experimental techniques for the optical study of hyperfine struc¬ 
ture are those of ordinary optical spectroscopy. However, because of 
the very close spacing (Ay ~ 0.05 cm -1 ) of many hyperfine structure 
lines, highly refined techniques must commonly be used. Carefully 
made Fabry-Perot etalons are often used to resolve the lines. Special 
light sources have been developed by Schuler and others which can be 
well cooled to reduce Doppler broadening and which are designed to 
reduce absorption broadening; use is often made of hollow cathode dis- 

1 See, for example, Condon and Shortley (C16, p. 117). 
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charges in which the cathode is a hollow cylinder, as illustrated in 
Fig. 6, which can be well cooled, often with liquid air. Jackson and 
Kuhn (J5), Minkowski (M23), Meissner (M14), Paul (P3), and others 
have designed their light sources so the emitting atoms are in a directed 



Fig. 6. Hollow cathode discharge source for optical hyperfine structure studies. 
The light is observed through the glass plate at the top, the thallium being studied 
is placed in the hollow aluminum cylinder Z, and the discharge is maintained with 

0.7 mm pressure of argon (K31). 

atomic beam which can be viewed transversely to reduce Doppler effect, 
as in Fig. 7. Fuller descriptions and summaries of the optical techniques 
employed and of the detailed methods of term analysis have been given 
by Tolansky (Til) and by Kopfermann (K29). 

The spin can be determined from hyperfine structure studies in sev¬ 
eral different ways. The easiest way, when applicable, is merely to use 
the number of components of the spectral line. If the hyperfine struc- 
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ture of one of the set of states concerned in the transition is negligibly 
small compared to the other, the number of hyperfine structure ines 
will be either 2J + 1 or 2/ + 1 according as I > J or J > I- Conse¬ 
quently, if J is sufficiently large, I can be obtained merely by counting 
the number of lines. Even if the hyperfine structure of one state is no 



Fig. 7. Typical atomic beam source for optical hyperfine structure measurements. 
The beam emerges from the oven O and is cross-bombarded by the electron beam 

from cathode K( P3). 

negligibly small, this procedure can be used if a term analysis of the 
spectrum is possible, in which case all that is necessary is to determine 
the multiplicity of a term for which J > I. 

Even if measurements cannot be made on a state /or which J > /, 
the spin can sometimes be determined by measuring the relative spacing 
of the components of a term and using the interval rule, Eqs. (23) and 
(29), to determine the different F values and consequently to determine /. 
However, great care must be exercised in using this method to make 
sure that there are no misleading departures from the interval rule due 
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either to perturbations of neighboring states as discussed in Section 2 
or to an electrical quadrupole moment. 

The relative intensities of the components of a hyperfine structure 
multiplet can be correlated (Til, K29) with the F values of the states 
concerned, and consequently, if J is known for the states, / can be 
inferred. Thus, if only one of the observed terms is split, the intensities 
of the hyperfine structure components are proportional to the statistical 
weights of the split terms, i.e., proportional to 2F + 1. From the rela¬ 
tive intensities, then, the maximum value of F can be inferred, and, 
from this and the known J, / is determined. This method is useful 
when the spin cannot be determined from the number of components, 
but it is much less reliable. 

A quite reliable but often difficult method of obtaining the nuclear 
spin is to apply a strong external magnetic field and observe the multi¬ 
plicity of the lines in the Paschcn-Back effect. In this limit Eq. (35) 
applies with the first term being the biggest one, with the second term 
being negligible owing to the smallness of vNMt and with the multi¬ 
plicity being determined by the last term. Since m 7 can have 21 + 1 
different values, the multiplicity of the state for a given mj will 
be 2/ + 1. Since in the strong field case Am/ = 0, each transition 
mj —► m/ will therefore consist of 21 -f 1 components. 

The sign of the magnetic moment can often be obtained directly 
from the hyperfine structure, particularly for alkali-like spectra where 
the signs of the factors entering into the determination of the constant a 
in Eq. (22) are known. The sign of the moment is determined by 
whether the term order is normal, i.e., if the hfs term with the largest /' 
lies above, or inverted, with the largest F lying below. The normal 
order corresponds to a positive moment and the inverted to a negative 
moment. The term order is usually experimentally determined from 
a comparison of the intensity of the components. 

The magnitude of the nuclear magnetic moments is obtained from 
the hyperfine structure by making a term analysis of the observed 
spectrum from which the quantity a of Eqs. (22) and (23) can be ob¬ 
tained, and, from this value together with Eqs. (24) and (25) or the 
alternative formulas of Section 2, the value of m/ may be obtained. 
This value of m/ is usually only approximate since the relation between 
a and m is only approximate. Schuler, Tolansky, Kopfermann, and 
others have measured a number of magnetic moments in this way. The 
results, together with references to the original papers, are given in 
Section 4. 

In interpreting the hyperfine spectrum of elements care must be 
taken (K29) to avoid confusion of the nuclear hyperfine structure with 
the isotope shift, since this shift is often of a magnitude comparable to 
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the nuclear hyperfine structure. The isotope shift is of two kinds: 
(1) a pure mass effect corresponding to the fact that the nucleus wit 
its non-infinite mass is not a motionless attracting center to the elec¬ 
trons, and (2) the volume and polarizability effects discussed on page 
365. The first of these is most important for light elements such as 
hydrogen and lithium, and the second is the important cause of isotope 
shift in heavy atoms. However, it should be noted that for atoms with 
more than one electron the mass dependent isotope shift is more compli¬ 
cated than a mere reduced mass calculation. The magnitude of the 
shift depends on the way that the electrons are coupled together in their 
motion. Thus, if two electrons are always on opposite sides of the nu¬ 
cleus, the mass effect is much less than if they are always on the same 
side. The exchange coupling between electrons in the same shell pro¬ 
vides a mechanism for relating their phases. A calculation of the isotope 
shift to be expected for Li II has been made by Hughes and Eckart 
(H16a). 

Even when the hyperfine spectrum cannot be resolved, it is some¬ 
times possible to estimate the interaction constant a and consequently 
the nuclear gyromagnetic ratio from a study of the polarization of 
resonance radiation, with incident polarized light, as a function of the 
strength of an externally applied magnetic field. The extent of the 
polarization of the resonance radiation is a function of ///a, and con¬ 
sequently the constant a can be obtained from the measurement. Hyper- 
fine separations less than 10“ 3 cm -1 have been studied in this way. 
The method has been used by Ellet and Heydenburg (El) to study the 
small separations of sodium and cesium. 

As discussed in Section 2B, departures from the interval rule, Eqs. 
(23) and (29), can occur for two reasons: (1) magnetic perturbations of 
nearby energy levels and (2) effects of a nuclear electrical quadrupole 
moment. The spectrum of mercurous iodide is a good example (SI6) of 
a departure of the first type. However, Schuler and Schmidt (S24) 
found in europium departures from the interval rule which could not 
be attributed to magnetic perturbations and which had all the charac¬ 
teristics of a nuclear electrical quadrupole interaction as discussed in 
Section 2A, including the possibility of accounting for the term energies 
by a combination of Eqs. (8) and (20), i.e., by the assumption of both 
a magnetic dipole and a nuclear electrical quadrupole interaction. 
Since this first measurement, a number of similar departures from the 
interval rule have been found with the result that from the magnitude 
of the departure and from the methods of estimating q discussed in 
Section 2A, a number of nuclear electrical quadrupole moments have 
been determined from hyperfine structure measurements. These 
results are tabulated in Section 4C. 
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B. Band Spectra Measurements 

An important means of measuring nuclear spins has been to study 
the band spectra of homonuclear diatomic molecules, i.e., diatomic 
molecules whose two nuclei are identical, such as H 2 . This measure¬ 
ment is possible because of the symmetry restrictions on the allowed 
complete wave functions of diatomic molecules with identical nuclei, 
i.e., the complete wave function must be symmetrical in the nuclear 
coordinates for nuclei of even mass number which, as discussed in Sec¬ 
tion 1A, satisfy Bose-Einstein statistics, and the wave function is anti- 
symmetrical for odd mass number or Fermi-Dirac statistics. 

A gas of homonuclear diatomic molecules essentially consists of 
molecules of two types: (1) molecules whose combined nuclear spin 
wave functions are symmetric in the two nuclei or so-called ortho mole¬ 
cules, and (2) para molecules whose nuclear spin wave functions are 
anti-symmetric. There is little intercombination between these two, 
since a transition from one type to the other can be induced only by a 
collision which acts quite differently on the spin of one nucleus than 
on the other so as to induce a relative reorientation. For given elec¬ 
tronic and vibrational states, one of the above types of molecules can 
exist only in even rotation states (which are symmetrical in the nuclear 
coordinates), and the other type can exist only in odd rotational states 
since the total wave function must be such as to satisfy the symmetry 
requirement of the preceding paragraph. Whether the ortho molecule 
has odd rotational quantum number J and the para molecule even ./ 
or whether it is vice versa is determined by a combination of the sym¬ 
metry in the nuclei of the electron states and the statistics satisfied by 
the nucleus, since the requirement is merely that the total wave func¬ 
tion have the proper symmetry in the nuclear coordinates. 

The statistical weights of the ortho and para molecules and, conse¬ 
quently, the relative abundances are different. If the nuclear spin is I , 
there are 21 + 1 different spin wave functions for a single nucleus, e.g., 
Xi, X2, * • X2/+i> corresponding to the 2/ + 1 different allowed values 

of mi. For molecules of two identical nuclei the number of anti¬ 
symmetric spin wave functions such as H(xi(1)x3(2) — xi(2)x 3(1)1 is 
equal to the number of ways 21 -f 1 wave functions can be combined 
two at a time or (21 + l)!/2!(27 — 1)! = 1(21 + 1), which is therefore 
the number of para spin states. Corresponding to each of the above 
anti-symmetric spin wave functions a symmetric spin wave function 
can be formed by replacing the minus sign with a plus. In addition, 
however, the 2/+ 1 states xi(l)xi(2), X2 /+i(1)x2/+i( 2) are also 

symmetric, so that the number of ortho spin states is 1(21 + 1) 
+ (21 + 1) = (/ + 1)(2/ -f 1). Therefore the relative weight (and 
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consequently relative abundance) of the ortho and para molecules is 


no = I + 1 (79) 

n p I 

Consequently, alternate rotational energy states of the molecule will 
be populated in this ratio, and the intensities of alternate band spectra 
and Raman effect lines will be in the above ratio; therefore measurement 



Fig. 8. Typical band spectrum in nuclear spin measurements. This is a photometer 
curve of a portion of the P branch of He 2 3 and He 3 He 4 . The calibrated relative inten¬ 
sity is as marked on the ordinate. The alternate intensities of the He* 2 3 lines are 
in the ratio 2.8 to 1, which is close to the theoretical ratio of 3 to 1 appropriate to 
spin H un d far from a ratio of 1.G7 which would be appropriate for a spin of ^ (D15). 


of these intensities gives a direct determination of the spin. This 
method is particularly effective for low values of spin, since the above 
ratio departs markedly from unity for low values of /. Thus (/ + 1)// 
for I = 0 is oo (alternate lines are missing), for / = is 3, for / = 1 is 
2, for I = % is etc. 

When the symmetry in the nuclei of the electron wave function is 
known, an experimental evaluation of whether it is the states of even 
or odd J that are most abundant determines whether the nucleus follows 
Fermi-Dirac or Bose-Einstein statistics. The statistics of a number of 
nuclei have been determined in this way. All results obtained so far 
are in agreement with the general rule that nuclei of even mass number 
obey Bose-Einstein statistics and those of odd mass number obey Fermi- 
Dirac statistics. Figure 8 shows a typical band spectrum with alter¬ 
nating intensities of spectral lines. 
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C. Molecular and Atomic Beam Non-Resonance Methods 

1. Molecular Beam Deflection Experiments. By essentially a highly 
refined form of the Stern-Gerlach experiment, Frisch and Stern (1*21) 
and Estermann, Stern, and Simpson (E3, E4) in a series of experiments 
measured the magnetic moments of the proton and deuteron by the 
deflection of the diatomic hydrogen molecules of a collimated beam 
which passes through an inhomogeneous magnetic deflecting field. 
These experiments with magnetic moments of nuclear magneton instead 
of Bohr magneton magnitude are necessarily difficult. Much longer 
deflecting paths and large field gradients are needed. Although the 
electronic state of the hydrogen molecule is '2 so that the non-rotating 
molecule has no electron magnetic moment, there is a magnetic moment 
induced by the rotation of the molecule which is of a magnitude com¬ 
parable to the nuclear moments. Hence the deflection of the beam 
due to the rotational magnetic moment must be allowed for. This was 
done in these experiments by making measurements with pure para- 
hydrogen, for which the nuclear spins are opposed and consequently 
produce no deflection. Since all the deflection in the parahydrogen 
experiment was therefore due to the rotational magnetic moment, the 
experiment provided an empirical value for the rotational magnetic 
moment. This value was then used as a correction in the experiments 
with ordinary hydrogen and deuterium. 

, 2. Atomic Beam Deflection Method. Breit and Rabi (B35) first 
pointed out the possibility of measuring nuclear spins and magnetic 
moments by studying the deflection of beams of atoms which have 
finite electron moments and are consequently much more easily de¬ 
flected in an inhomogeneous field. Data on nuclear spins and moments 
are obtainable from such studies since, as discussed in detail below, 
the magnitude of the nuclear moment determines the magnitude of the 
coupling between the nuclear spin and the electrons and consequently 
the strength of the externally applied magnetic field which is necessary 
to produce a given stage of intermediate coupling. 

If the energy of an atom in magnetic field is IF, the force upon such 
an atom in an inhomogeneous field is 


dW _ dw an 

dz dH dz 


(80) 


Therefore the effective component of magnetic moment along z, the 
direction of the gradient, is 

dW 
dH 


Med = 


(81) 
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However, in Eq. (36) we had an expressionfor j “ a func¬ 

tion of magnetic field. The denvat.ve of tins -th^espec ^ ^ % 

gives Mcff* This is plot tec m »g- provided that the 

The dashed lines correspond to the / - I siai " 


t-sio 

1*0 




nuclear magnetic moment is assumed posit.ve (if it is negative this 
statement holds if the dashed lines are interchanged in position with 
the corresponding curved full lines and the straight lines are unaltered). 
It is easy to check that Fig. 9 is qualitatively of the right shape to be 

the derivative of Fig. 4. , 

These curves for >* eB are dependent in both number and shape on the 
value of the nuclear spin. Consequently the nuclear spin can be deter- 
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Furthermore the 


mined from an analysis of the deflection pattern 
abscissas of the above curves are 


—hj/J + ni/I — (nj/J)H 

x ~~ --- ii ~ - 


AW 


AW 


where AW is related to m by Eqs. (37) and (22) just as in the hyperfine 
structure experiments. A measurement of the nature of the deflection 
pattern at a suitable intermediate field // therefore determines AW 
from which m can be calculated. The spins and magnetic moments of 
hydrogen, deuterium, and sodium have been determined in this way 
by Rabi and his associates (R2, R3, Rl). 

3. Atomic Beam Zero Moment Method. A major evil of the atomic 
beam deflection method is that the amount of deflection suffered by an 
atom in passing through the inhomogeneous field is dependent on the 
velocity of the atom, which is in turn different for different atoms corre¬ 
sponding to the thermal distribution of velocities in the beam. Conse¬ 
quently the deflection patterns instead of being sharp are considerably 
smeared and thus make accurate observations difficult. This difficulty 
was overcome by the so-called zero moment method. From the curves 
in Fig. 9 it can be seen that for a spin greater than there are one or 
more values of // for"which p o(T = 0. For these values there will be no 
deflection, and this will be true for atoms of all velocities. The beam 
intensity as measured at the undeflected position will therefore rise 
through a large velocity independent maximum for these values of II. 
The positions of these maxima will also depend on II and not on the 
more difficultly measured dH/dz. From the numbers of such zero 
moment maxima and from their relative spacing (supplemented by 
deflection pattern measurements if / < %) the nuclear spin is deter¬ 
mined. Likewise, from the fields required to produce the zero moment 
peak, AW and hence a can be obtained from which m is calculated as in 
hyperfine structure experiments. This method has been applied by 
Rabi and his associates to a number of different atoms, notably atoms 
of alkalies, with sufficiently low ionization potentials that they can be 
detected with the so-called surface ionization detection (T2, F17, F18) 
technique. By a refinement of the method in the case of indium (Ml7) 
the interaction of the nuclear moment with the externally applied mag¬ 
netic field was measured directly by virtue of the resolution being so high 
that the second term in Eq. (36) caused a measurable difference in the 
zero moment fields for the F = / -f y 2 and F = I — y 2 states. Further 
refinements with indium and gallium (H5, R24) made possible the 
measurement of the nuclear electrical quadrupole moment which inter- 
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act ed with the metastable 2 P* atomic states which were partially 

excited at the high oven temperature _ lInfortu _ ately the zero mo- 
4 Atomic Beam Refocusmg Methods. Unfortunately 

ment method is not applicable for a spin of ^ s >n“ [rom F* 

only zero moment in this case ^ curs /° r T t'° et f 0 d ^ therefore not 
deflection even of a non-zero moment. Kellogg Rabi, 

applicable to the import which 

shared aC th a e n zero moment method’s “‘'vantage , of being 
pendent although, unlike the zero moment method, a difficult "neasu 
ment of dll/dz was still required. In this experiment an n.t.al deflec 
tion was produced with a weak magnetic field, so that M /n » 
approximately 0.5 for the inner states of Fig. 9. The b «tm was then 
allowed to pass into a second strong field region with inhomogeney 
reversed. From Fig. 9 in this case M = Mo and is hence known. 1 rom 
the value of the gradient of the second field required exactly to com¬ 
pensate the deflection by the first field and from the gradient of the 
first field and the geometrical dimensions of the apparatus, the value 
in the first field could be calculated. From this and Fig. 9, * could 
be obtained and the value of // to produce this x in the first field could 
be measured. From these two values, m/ could be calculated as in bcc- 
tion 3C3. This method was successfully applied to both the proton and 


the deuteron. . , 

In this experiment the signs of the magnetic moments were also 
measured. From Fig. 9 the sign of the moment can be determined it 
it is possible to tell whether M of the state F ■= / - l A is positive or 
negative. The identification of which state has F - / - A - 0 
be made because the only m value for this state is zero, whereas for the 
p = i + y 2 = 1 state the values 1, 0, -1 are all possible. Conse¬ 
quently in the latter case non-adiabatic transitions between these states 
can take place in a region where // is low and rapidly changing m 
direction. This transition-inducing field is then placed between the 
deflecting and refocusing magnets of the hydrogen experiment, whose 
fields are set to refocus the middle states of Fig. 9. When the transi¬ 
tion field is such as to induce transitions, the extent of the refocusing 
for the F = I + Vi state is less because, by Fig. 9, one of the transitions 
can be to a state whose Mcff is of opposite sign in the strong field limit. 
This does not happen, however, to the F = / - M state. After the 
first deflecting field, a selector slit is introduced which can be moved 
to select atoms whose direction of deflection corresponds either to posi¬ 
tive or negative A determination in this way of the sign of p e ff 
for the state whose refocused intensity is unaffected by the presence or 
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absence of the transition field therefore determines the sign of the 
nuclear moment. In this way the sign of the proton moment was deter¬ 
mined as positive. A similar procedure may be applied to higher spins. 
In this way the signs of the moment of deuterium and a number of alka¬ 
lies have been measured. 

D. Molecular Beam Resonance Methods 

The results by the above molecular beam non-resonance methods 
have almost all been superseded by the much more precise results 
obtainable with the molecular beam resonance method. In addition 
many moments which could not be measured at all by the former method 
have been measurable by the latter. 

The resonance method developed by Rabi and his associates (116, 
K9) provides a means for observing the reorientations of atomic, molec¬ 
ular, and nuclear moments relative to a constant homogeneous mag¬ 
netic field when an oscillating or rotating magnetic field is superposed. 
The resonance reorientations, corresponding to absorption and stimu¬ 
lated emission, occur when the frequency of the oscillating field is in 
resonance with the frequency given by the Bohr relation: 

2irhv nm = AE nm = E n - E m (82) 

where E n and E m represent the energies of two states of the whole 
molecular system in the magnetic field and between which magnetic 
dipole transitions are allowed. The selection rules for this are (K39, 
C16) 

Am = 0, ±1 AF = 0, ±1 Am k = 0, ±1 (83) 

where the first two equations apply in the presence of weak external 
magnetic fields and the last equation applies to each constituent mag¬ 
netic moment when the external magnetic field is so strong that these 
moments are decoupled from each other. 

For the detection of the occurrence of these reorientations, a beam 
of molecules is spread by an inhomogeneous magnetic field and refocused 
onto a detector by a subsequent inhomogeneous field. Since this re¬ 
focusing depends merely on the effects of the two fields compensating 
each other and since any given molecule has the same velocity in both 
fields, this refocusing is not affected by the velocity distribution of the 
molecules. The transitions between states of different space quantiza¬ 
tion are produced in the homogeneous field of an electromagnet placed 
in the region between the two deflecting magnets. In the gap of this 
electromagnet is placed a loop of wire which is connected to a radio- 
frequency oscillator to produce the oscillating magnetic field. If a 




Fig 10. Schematic diagram of a typical molecular beam apparatus. The symbols S, F, and M represent the locations of diffusion 

pumps. In a typical high-precision apparatus lc = 150 cm. 
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reorientation of a moment occurs in this field, the subsequent conditions 
in the second field are no longer correct for refocusing and the intensity 
at the detector decreases. Thus, if the beam intensity is observed at a 
fixed homogeneous magnetic field while the oscillator frequency is 
slowly varied, a “radiofrequency spectrum” of the molecule in the 
field will be obtained with minima of beam intensity occurring when 
the oscillator frequency equals the frequency of Eq. (82). 

Figure 10 is a schematic diagram of a molecular beam apparatus 
with some typical molecular paths. The deflections in this figure are 
much exaggerated; the maximum deflection of a molecule with average 
velocity and a magnetic moment of a nuclear magneton is only about 
0.05 mm in a typical molecular beam apparatus, even though the gra¬ 
dient of the magnetic field may be 80,000 gauss/cm. Because of these 
small deflections the defining slits at the source S, collimator, and detec¬ 
tor D, respectively, must be very narrow, 0.01-mm widths being typical. 
Very low pressures, of the order of 10' 7 mm Hg, must be maintained 
in the main chamber of the apparatus to prevent both small-angle 
scattering from weakening the beam and unsteadiness of the detector. 
Further details of apparatus design can be found in the two papers 
referred to above (R6, K9) and in several general reviews of molecular 
beam techniques by Fraser (F17, F18), Estermann (E5), Kellogg and 
Millman (Kll), and Hamilton (HG). 

The first experiments using this method were with '2 diatomic mole¬ 
cules for which there was no permanent electron magnetic moment 
and for which it was initially assumed that all intramolecular inter¬ 
actions could be neglected. With these assumptions, Eq. (20) becomes 


W M {m/) = - y I H 0 = - y Hqttii (84) 

and with Am/ = =fcl 

AW JF. w (m/) — W M (m/ + 1) (jij/I)H 0 

= - = - = - (g5) 

27rh 2irh 27rfi V ' 


This is just the classical Larmor frequency. From Eq. (85) and from 
measurements of the field strength H 0 and corresponding frequency 
v 0} n//1 is determined. Because of the importance of this relation it is 
worth noting several other alternative but equivalent forms of writing 
the fundamental Larmor relation, Eq. (85). These include 


w 0 = 2rv 0 = 7 1H 0 


( 86 ) 


{7/MA'Af 

2*h 



(87) 


Vo = 
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( 88 ) 


and, in numerical terms (D17), 

, 0 = 762.30s,// 0 

A typical molecular beam magnetic resonance curve is shown .n Fig. 
11, where the beam intensity is plotted as a function of Ho- 
The nature of the resonance reorientations of nuclear magnetic mo¬ 
ments can be demonstrated in a particularly simple and informative 


Fig. 11. 



A typical molecular beam resonance curve in nuclear magnetic moment 
measurements. Li 7 nucleus in lithium chloride (RG). 


manner with the use of a rotating coordinate system. Consider that 
one or more nuclei are present, all with the same gyromagnetic ratio 
7 /, and that they are in the presence of an external magnetic field H. 
Then the equation of motion for such a nuclear moment is 

h ^ = 7,hi X H (89) 

at 


Now, however, consider this problem from the point of view of a coordi¬ 
nate system rotating with angular velocity <o. If dl/dt is the rate of 
charge of I relative to such a coordinate system, 


Hence in this rotating coordinate system the equation of motion is that 
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resulting from the elimination of dl/dt between Eqs. (89) and (90), or 

dl / co \ 

— = 7/! X ( H + —) (9.) 

Hence for the rotating coordinate system the equation of motion is the 
same as for the fixed coordinate system except for the addition of a 
fictitious magnetic field <a/y/- Hence, if H cn is the effective magnetic 
field in the rotating frame of reference, 

H cff = H H- (92) 

7/ 

This result may be applied to the usual molecular beam resonance case 
where a nucleus of gyromagnetic ratio y/ is in the presence of a fixed 
magnetic field H 0 about which a weaker field Hi perpendicular to H 0 
rotates with angular frequency w anti-parallel to H n . Now consider this 
from the point of view of a rotating coordinate system rotating with 
the angular velocity w of Hi and let k be a unit vector parallel to H 0 
and i be a unit vector parallel to Hi as in Fig. 12, so that in the rotating 
coordinate system 

H 0 = H 0 k Hi = // 1 i co = -uk (93) 

Then, by Eq. (92), in the rotating frame of reference 

H c ff = (//„ - k + ff,i (94) 

Hence the effective field is as in Fig. 12. At exact resonance, then, the 
H elT is simply Hii, and a nucleus originally parallel to H 0 will precess 
about //i i relative to this coordinate system and change its orientation 
from parallel H 0 , to anti-parallel, back to parallel, etc. If, instead of 
being at exact resonance, one were just a little off resonance, as in Fig. 
12, a nucleus originally parallel to H 0 would precess around H cfT but 
would never be exactly anti-parallel to Ho- A measure of the width 
of the resonance could be the frequency shift for H eff to be at a 45° angle, 
since then the nucleus can precess only from parallel to Ho to perpendicu¬ 
lar to it. From Eq. (94) this occurs when 

H 0 -- = H 1 (95) 

7/ 

or if oj 0 = 2ttv 0 =* yjHo. This occurs for 

" 0 //i 

u 0 — w = yitii = - 

H o 


(96) 
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Hence the full width at half value will be approximately 


Am 


2a>o H i 

~1lT 


(97) 


However, if H , is of sufficient strength to produce comptete ^orienta¬ 
tion at exact resonance in the time l that the molecule is exposed to 


Fig. 12. 



/ 


Effective magnetic field in the rotating coordinate system. 


oscillating field, i.e., to produce a reorientation of 

tt radians about II i. 

t = a»//,f = yiH\t 

(98) 

If this is used in Eq. (97), 

2*1*0 1 2* 

Aw = ——— = — 

(99) 

yiH 0 1 t 

or 

1 

Av = - 
t 

( 100 ) 


It should be noted that this frequency spread is of just the magnitude 
that would be expected from a Fourier analysis of a sine wave turned 
on for only a time t. 
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The exact quantum-mechanical transition probability in this case 
has been calculated by Rabi (R5, R6, It 13) with the following result. 
If P_ H is the probability for a transition from a state with m - Vi 
tom = — Yv when / = 


where 



sin 2 0 sin 2 \al 


26 

sin 0 = — 


a 


cos 0 = 



( 101 ) 


a = [(«o — w) 2 + (26) 2 )** o >0 = 2ttvq = 7;// 0 (102) 


26 = y/IIx 


wo//1 


This may be extended to any spin I with the same gyromagnetic ratio 
by using a formula due to Majorana (M4): 


Pm' - 


m' — m 


(cos|) 4, (7 + m)!(/ + - m)\(I - m')\ 

X H__T (103) 

L.o (X - w + + m - X)!(/ - m' - X)!J 


where a is defined by sin 2 (a/2) = P_ K - * and where any term con¬ 
taining factorials of negative numbers is to be omitted. 

Although Eq. (101) applies directly to H x rotating about // 0 , it can 
also to a very good approximation be applied to an oscillating field 
provided (B16) H x is replaced by one-half the amplitude of the oscil¬ 
lating field; this is a reasonable result since an oscillating field can be 
thought of as the resultant of two fields of one-half the amplitude rotat¬ 
ing in opposite directions, and the field rotating opposite to the Larmor 
precession is not in resonance and so produces a negligible effect. One 
unfortunate effect of replacing a rotating field by an oscillating one is 
that the possibility of determining the sign of the moment by measuring 
the direction of the Larmor precession is lost, since it is impossible to 
tell which of the two equivalent rotating fields produces a transition. 
However, Millman (M18) has pointed out that in actual experiments 
there exists a slight rotating component of known direction as a result 
of certain end effects of the oscillating field; this field may be used in the 
determination of the sign of the moment. 
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Torrey (T19), using Eq. (101) and averaging over the Maxwellian 

velocity distribution in the beam, has shown that the resonance widt 
with an oscillating current to give maximum transition probability al 
exact resonance is given by t Av = 1.07, where t is the time spen in 
the field by the molecule of most probable velocity. This is almost 
exactly the same as the approximate value of t Av = 1 estimated above 

in Eq. (101). . , . 

In actual practice the above resonance width frequently cannot oe 
achieved owing to the impossibility of obtaining a sufficiently homo¬ 
geneous magnetic field over the entire length of the oscillating ic c 
region. Ramsey (R13), however, has recently developed a new molec¬ 
ular beam technique which overcomes the effect of field inhomogeneities 
in adding to the resonance width and which in addition produces reso¬ 
nances that are 40 per cent narrower than those of the old method, 
even in a perfectly homogeneous magnetic field. In the new method 
the oscillating magnetic field is not introduced throughout the entire 
length of the homogeneous magnetic field, hut instead a much stronger 
oscillating field is used only at the beginning and the end of the homo¬ 
geneous field as shown in Fig. 10. This method can most easily be 
understood in terms of the above-mentioned method in which the prob¬ 
lem is considered from the point of view of a coordinate system rotating 
with the rotating (or oscillating) magnetic field. In such a coordinate 
system near resonance, the nuclei in the first oscillating field precess 
about H\. If then the mean nuclear precession frequency about 7/<> in 
the intermediate region is equal to the oscillator frequency, the nucleus 
in the intermediate region will undergo no net precession relative to the 
rotating coordinate system and will enter the second oscillating field 
with the same orientation relative to H\ as that with which it left the 
first. Hence in the second oscillating field it will exactly double its 
angle of precession about H\. This will be true regardless of the velocity 
of the molecule and, hence, the length of time that the molecule is in 
the magnetic field. This condition is the most favorable for producing 
the maximum transition probability. If, on the other hand, the oscil¬ 
lator frequency is not exactly equal to the mean precession frequency, 
the nucleus will enter the second oscillating field region with an orienta¬ 
tion relative to H x which is different from that on leaving the first and 
which, when averaged over the molecular velocity distribution, is less 
favorable to a maximum reorientation by H\. Therefore there should 
be a maximum transition probability when the oscillator frequency is 
exactly equal to the mean precession frequency of the nuclei in the 
intermediate region. Since the position of the resonance is dependent 
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only on the mean precession frequency of the nuclei and not on the 
instantaneous frequencies, the resonance is not broadened by inhomo¬ 
geneities of the magnetic field. This is the greatest advantage of the 
new method. Ramsey (R13) has calculated the theoretical transition 



(y 0 -y)l/a (for off resonance) 

Fig. 13. Theoretical transition probability as a function of frequency with separated 
oscillating fields method. Solid line, calculated near resonance; broken line, calcu¬ 
lated off resonance; dotted line, interpolated. I - length of oscillating fields. L = 
separation of oscillating fields, a = most probable molecular velocity (R13). 

probability for the new method and finds, corresponding to Eq. (101), 
p _ j* _ ^ = 4 sin 2 9 sin 2 £<zt(cos \\T cos \ar — cos 0 sin £X7’ sin \ar ) 2 

(104) 

where r is the length of time the molecule is in each of the oscillating 
field regions, T is the time it is in the intermediate region, X = d> 0 “ w, 
and the other quantities are as in Eq. (102). When this is averaged 
over the velocity distribution of the molecules, the result is as in Fig. 13. 
This theoretical prediction can be compared to the experimental results 
of Kolsky, Phipps, Ramsey, and Silsbee (K18) on D 2 shown in Fig. 14. 
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The virtue of the new method is clearly shown in Fig. 14, since, with 
the field homogeneity obtainable in that experiment, the broad back¬ 
ground peak is about as sharp as the sharpest resonances obtainable 
by the old method, whereas the superposed sharp resonances with the 
new method are many times narrower. Ramsey and Silsbee (R16a) 



Frequency ( Me ) 

Fig. 14- Experimental transition probability as a function of frequency with sepa¬ 
rated oscillating fields method (K18). 

have shown that by introducing various relative phase shifts between 
the two oscillating fields even greater improvements in the precision can 
be obtained. 

Magnitudes and signs of nuclear magnetic moments have been meas¬ 
ured for a large number of nuclei with the molecular beam resonance 
method. Figure 11 is typical of the resonance curves obtained. The 
numerical results of these experiments are included in the tables of 
Section 4C. 

In studying H 2 , D 2 , and HD in this way Kellogg, Rabi, Ramsey, and 
Zacharias (K9, K8, RIO) found marked structure. Figure 15 is typical 
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of their experimental results on H 2 . Although it was found possible 
to account fully for the results with H 2 by assuming purely magnetic 
interactions, this proved impossible with molecules containing the 
deuteron, as illustrated in Fig. 16, where the dotted lines at the top of 



1600 1660 1700 

Magnetic field (gauas) 

Fig. 15. Molecular beam radiofrequency spectrum of ortho-Hj molecules arising 
from transitions of the resultant nuclear spin (K9). 

the figure show the spectrum to be expected from magnetic interactions 
alone. However, by making the additional important assumption that 
the deuteron possesses an electrical quadrupole moment, all results 



1900 2100 

Magnetic field (sauas) 

Fig. 16. Radiofrequency spectrum of D 2 at 80°K arising from transitions of tho 
resultant nuclear spin. Dotted lines indicate spectrum predicted on assumption of 
no deuteron electrical quadrupole moment. Arrows indicate spectrum predicted 
on assumption of suitable quadrupole moment (K8). 
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could be fully accounted for. In these experiments;a total of: more 
than fifty different resonance minima were observed alo g 
dependence of the positions of some of these minima on external^ mag¬ 
netic field; yet all the results could be fully accounted for by »g 
the Hamiltonian of the orientation dependent interaction of the air 
ent '2 hydrogen molecules to be of the following form (corresponding 

to Fig. 17): 

§-|VH[1 - ffi(J)] - 1VH[1 - t 2 (J)) ~ N'H[1 - <ry(J)l 


- ffi'Gh-J) ~ + -5 |ti-N - 


?[' 


3(P-i -r)(m r) 




1 ,,, , f ***> _ 

2 UJ *-i 2h(2I k - \)J(V ~ 1 ) 

[3(1* • J) 2 + §I t ■ J - I* 2 J 2 ] 005) 

The first three terms correspond to the interaction of the two nuclear 
and one rotational magnetic moments with the external field; cf. Eq. 
(18). The [1 - <j] factors are the 
corrections introduced by Ramsey 
(R14, R16, R17) for the magnetic 
shielding of the nuclei as discussed 
on page 428. The fourth and fifth 
terms correspond to the interaction 
of the nuclear magnetic moments 
with the magnetic field produced by 
the rotation of the molecule; cf. Eq. 

(21). The sixth term corresponds 
to the magnetic interaction of the 
two nuclear magnetic moments. 

The seventh term corresponds to the 
diamagnetic interaction of the elec¬ 
trons of the molecule with the exter¬ 
nal field (R12a). The last term cor¬ 
responds to the assumed nuclear electrical quadrupole moment inter¬ 
acting with the inhomogeneous electric field of the rest of the molecule; 
cf. Eq. (8). The Hamiltonian, Eq. (105), can serve to predict the 
energy levels of the molecule if Section 2C is used to provide the matrix 
elements and if the perturbation theory on secular equation solution 
is used to find the energy levels. This theoretical problem is treated in 
detail by Kellogg, Rabi, Ramsey, and Zacharias (K9, K8) and by 






Fig. 17. Vector diagram illustrating 
relevant moments in HD molecule. 
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Ramsey (RIO). More accurate measurements on these molecules are 
now being made with the new and more sensitive separated oscillating 
field method by Kolsky, Phipps, Ramsey, and Silsbee (K18). Figure 
18 is a typical curve obtained with the new method. 

The hydrogen molecules in the above work have the great advantage 
that at the liquid-air temperatures of the source only the first rotational 
state is excited, so that the number of rotational states is sufficiently 
few that the individual spectral lines can be resolved. However, effects 
attributable to a nuclear quadrupole moment have been found by 
Kusch and Millman (K39), Nierenberg and Ramsey (X8), and others 
in several heavier diatomic molecules. A statistical theory of quad¬ 
rupole interactions for large J has been developed by Feld and Lamb 
(F6), Foley (Fll), Ramsey (R11, R17a), and others, which agrees well 
with the experimental results. Ry using this theory the values of qjQ 
can be calculated and the nuclear spin determined from the experimental 
curves. 

The resonance method has also been applied by Kusch, Millman, 
and Rabi (K39, K40) to the study of atoms possessing an electron as 
well as a nuclear magnetic moment. The energy levels for such an 
atom are given by Eq. (36) and are plotted in Fig. 4. Hence resonance 
minima occur for transitions which are allowed by the selection rules 
of Eq. (83). In this way the hyperfine structure of a number of atoms 
has been investigated with great precision. From these experiments 
the hyperfine structure separation Av of Eq. (37) is obtained, and hence 
m can be calculated. The number of spectral lines observed also deter¬ 
mines the spin. Measurements on a number of atoms have been made 
in this way. Of particular interest has been the measurement of the 
spin of the isotope K 40 , which is present in only one part in 8600, by 
Zacharias (Z2) and the measurement of Av in the hydrogen and deu¬ 
terium atoms by a group working with Rabi (Nl, N2, P26a) and an¬ 
other group with Zacharias (N3). 

Although the precision of relative values of nuclear moments can be 
very high indeed by the resonance method because only the measure¬ 
ment of frequency ratios is involved, the determination of absolute 
values has been difficult because of the difficulty in measuring the abso¬ 
lute value of the magnetic field in any one experiment. Millman and 
Kusch (M22) sought to overcome this difficulty by calibrating the 
magnetic field in terms of the electron magnetic moment and by assum¬ 
ing that the electron magnetic moment was exactly 1 Bohr magneton. 
This calibration is possible in an atomic experiment of the type of the 
preceding paragraph, since the effectiveness of an external magnetic 
field in producing a given stage of intermediate coupling in Fig. 4 de- 
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pends, by Eq. (37), on 

(-hj/J + m/I)H 
2irh Av 


(10b) 


where the second term in the numerator is only a small correction easily 
approximated by the measured value of m with approximately cali¬ 
brated fields. By observing the experimental spectrum of an atom 
whose hyperfine structure separation Av has previously been measured, 
x is determined; therefore from the above and the value of Av, H can 
be found in terms of the electron magnetic moment hj. However, 
when the experiments (XI, X2, X3) on the hydrogen Av mentioned in 
the preceding paragraph were performed, a disagreement was found 
with the value calculated from the proton magnetic moment obtained 
by measurements in which the above field calibration were used. It 
was suggested by Brcit (B38) and Schwinger (S37) that this discrepancy 
might be due to the electron magnetic moment being slightly different 
from I Bohr magneton. Kusch, Foley, and Mann (K42, M7) therefore 
performed a similar experiment with different atoms in 2 £ h , 2 P*, and 
2 P h states to see if different results would be obtained corresponding 
to the fact that in a P H state the resultant electron magnetic moment 
is the difference between an orbital and spin contribution whereas in 
the Pjj state it is the sum of the two contributions. They found that 
there was indeed a difference and that it was consistent with the theoreti¬ 
cal value of the anomalous electron moment as calculated by Schwinger 
(S37). Subsequently Koenig, Prodell, and Kusch (K15a) measured the 
magnetic moment of the 2 S 4 state of atomic hydrogen in terms of the 
proton magnetic moment. When this is combined with the experimental 
result of Gardner and Purcell (G2), which gives the proton magnetic 
moment in terms of the Bohr magneton as described in Section 4A, the 
value of the spin magnetic moment of the electron is determined to be 
(1.001145 d= 0.000013) Bohr magnetons. Schwinger's (S37) value for 
this with a second-order calculation is 1.00110. From a fourth-order 
calculation Karplus and Kroll (K4) have shown the theoretical value to 
be 1 + a/ 2tt - 2.973a 2 A 2 = 1.0011454. The agreement is most strik¬ 
ing and is evidence for the validity of a higher-order quantum electrody¬ 
namical calculation. These experiments also provide an absolute cali¬ 
bration of the magnetic fields in which nuclear moments are measured. 
However, other methods have also been devised recently. All of these 
will be discussed in Section 4A. 

Various modifications of the molecular beam resonance methods from 
those described above are possible and have been used. For example, 
the fields can be set to refocus an atom which does undergo a transition 



Sec. 3E] Experimental Methods 4U ‘ 

instead of an atom which undergoes no resonance transition. Like¬ 
wise, the methods have recently been applied to electric deflections and 
electric transitions (H18, T31). Nuclear electrical quadrupole moment 
interactions have been detected with such an electric resonance method. 

The chief experimental difficulty with the molecular beam technique 
is that of obtaining suitable substances that can effectively be detected 
by the molecular beam detectors. The most effective detector has been 
a surface ionization detector which relies on the fact that an atom with 
a sufficiently low ionization potential will give up an electron if it strikes 
a heated wolfram (tungsten) or oxide-coated wolfram wire, after which 
the charged ion can be measured electrically. However, this method 
has so far been applicable only to molecules containing lithium, sodium, 
potassium, calcium, rubidium, indium, gallium, aluminium, and barium. 
Nevertheless, many other nuclei have been studied in this way with 
the use of complex molecules containing the nucleus of interest and one 
of the above atoms. Recently an extension of this method has been 
achieved by Zacharias (D7), who finds that chlorine can gain an elec¬ 
tron on striking a heated wolfram wire. He also found that the sensi¬ 
tivity of the method could be markedly improved by analyzing the 
particles with a mass spectrometer after they pass through the molec¬ 
ular beam apparatus. The other detector that has been used most in 
molecular beams studies is the Stern-Pirani (F17, F18) detector, which 
relies on the change in temperature of a hot wire in a small chamber in 
which the detected molecules accumulate. This detector is much less 
sensitive than the other but is the only one so far applicable to the 
important case of molecular hydrogen. Recently, the radioactivity of 
radioactive atoms in a molecular beam has been used as an effective 
detector (S45b) 

E. Neutron Beam Resonance Method 

A method very similar in principle to the molecular beam resonance 
method has been used by Bloch and Alvarez (Al) and later by Roberts 
(A8) and Bloch (B24) and their co-workers to measure the magnetic 
moment of the neutron. In this experiment the deflecting and refocus¬ 
ing magnetic fields of the molecular beam resonance method are replaced 
by two magnetized iron plates through which the beam passes. As 
first pointed out by Bloch (B15), a neutron beam passing through a 
magnetized ferromagnetic substance will become partially polarized as 
a result of the interference between the nuclear scattering and the mag¬ 
netic scattering caused by the magnetic interaction of the neutron 
magnetic moment with the atomic magnetic moment. The theory has 
been improved by Schwinger (S35) and Halpern and Holstein (H3). 
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It is very important, as has been experimentally verified (1117, B19, 
H17), that the iron be magnetically highly saturated. Since the trans¬ 
mitted neutron beam is partially polarized, two such plates magnetized 
in the same direction can be used as a polarizer and analyzer to detect 
when resonance reorientations occur between them, since the total 
transmitted beam intensity will then drop. Recently it has become 
possible to produce even more highly polarized beams by reflecting 


BF, proportional 



Fig. 19. Experimental arrangement for a typical neutron beam magnetic resonance 

experiment (B24). 


neutrons from a magnetized sheet of cobalt (H19). A typical apparatus 
is shown in Fig. 19. 

In the most recent and most precise measurements (A8, B24), the 
ratio of the neutron moment to the proton moment was very accurately 
determined by also measuring the proton moment at the same time by 
the resonance absorption and induction methods discussed in Section 
3F. The results of these measurements are discussed in Section 4. 

This technique combined with the precision method of separated 
oscillating fields has been used by Smith, Ramsey, and Purcell (S45) 
to set an upper limit to the electrical dipole moment of the neutron. 

F. Nuclear Resonance Absorption and Induction Methods 

In the molecular beam resonance method the occurrence of resonance 
is detected by the effect of the transition on the molecules. Recently, 
however, Purcell, Torrey, and Pound (P27) and Bloch, Hansen, and 
Packard (B18) in independent but closely related experiments have 
succeeded in detecting the occurrence of resonance by the induced elec¬ 
tromotive force due to the reorientation of the nuclei at resonance. 
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The possibility of such experiments was first suggested by Sorter (Cl 14, 
G15) at a much earlier date, but his early expcnments were unfo.- 

tunately not successful. . ... 

One inherent feature of these experiments is that absorption 

radiation is largely canceled by stimulated emission; only m so la. as 
the lower energy levels are more abundantly occupied than the hig 
ones is there any net effect. Even if the nuclear spins are m 
thermal equilibrium, this means that only a small fraction of the nude 
have an uncanceled effect. For example, with hydrogen the fiaclional 
difference is just e 2 “'" /tT - 1 ~ 10" s at room temperature and -000 


gauss. .. 

Purcell’s method, in its original conception, was essentially a mag¬ 
netic resonance absorption method in that he observed the absorption 
of energy from a coil carrying an oscillating current when the frequency 
of the oscillator equaled the Larmor frequency, Eq. (85), of the nuclei 
or some other Bohr frequency, Eq. (82), for which a transition is allowed. 

Bloch’s method, in its original conception, however, was more appio- 
priately described as a magnetic resonance induction method. Two 
coils were used at right angles to each other in such a way that there 
was little pick-up between the two coils. Through one coil an oscillating 
current was passed while the other was connected to a sensitive receiver. 
As discussed in Section 3D, an oscillating magnetic field is equivalent 
to two rotating fields of one-half the amplitude rotating in opposite 
directions. Near resonance the equivalent field rotating in the same 
direction as the Larmor precession is much more effective in causing 
the magnetization of the nuclei to follow it. Consequently, near reso¬ 
nance the magnetization rotates in that direction at the frequency of 
the oscillating field and induces a signal in the receiver coil. This 
induced signal was a maximum at the resonance frequency in one form 
of the experiment. 

As the two methods have developed, they have become essentially 
very similar. A typical block diagram of the apparatus used for reso¬ 
nance studies by Purcell (B26) is shown in Fig. 20. 

Quantitative theories of these experiments have been worked out by 
Bloch (B20), Purcell (B26), Van Vleck (V3), and others. In these theo¬ 
ries it is necessary to take into account the magnetic and electric quad- 
rupole interactions of nuclei with their neighbors, with other magnetic 
substances, and with the elastic vibrations of the medium, since the 
resonance widths and the time required for the spins to reach thermal 
equilibrium are dependent on these. So far this has been done only in 
various approximate ways which are applicable to many but not all of 
the cases. One of the methods due to Bloch (B20)- consolidates the 
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effects of all these interactions into two empirical “relaxation times,” 
i.e., exponential decay times for various components of magnetization 
to reach their equilibrium values. The two relevant relaxation times 
are the longitudinal or thermal relaxation time T, and the transverse 
relaxation time T 2 . Because of this great simplification of the actual 
complex state of affairs, this treatment is necessarily only approximate. 

The first of these relaxation times corresponds to the establishment 
of thermal equilibrium between the nuclear spins and the elastic vibra¬ 
tions of the material; it is defined in the absence of an oscillating field by 




(107) 


where M x is the z component of M, the resultant magnetization of the 
nuclear moments per unit volume, and Mo is the equilibrium value of 
M a when H z = // 0 . From Curie’s law applied to the nuclear magnetic 
susceptibility with mIIq/I « kT, Mo is given by 


M 0 


XqHq 


1(1 + 1 w /) 2 

3 kT 


N 0 1Iq 


(108) 


where N 0 is the number of nuclei per unit volume. 

The transverse relaxation time T 2 corresponds to the relaxation of 
M z and M u to their equilibrium value zero. T 2 is frequently less than 
T lt since there is no problem of energy dissipation because the trans¬ 
verse components have no interaction energy with the field // 0 . T 2 is 
defined in the absence of external magnetic fields by 


M x 


My 

M.. -- 


(109) 


In the presence of an external magnetic field H the resultant mag¬ 
netic moment M is also changed owing to the torque M X H exerted 
on M and its associated angular momentum M/y. The combination 
of all the above sources of rate of change of M give 


M x 


M 


M - y(MXH) + ^i + -'j + 


If the oscillating field is 


(Mg - Mp) 

Ti 


k = 0 (110) 


H z = 211 x cos al H y = 0 (111) 

then near resonance, as discussed several times above, it is equivalent in 
polarizing the medium to a field of amplitude H x rotating in the direc¬ 
tion of the Larmor precession, i.e., if the nuclear moment is positive 
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the effective value of H in magnetizing the substance is 
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H = //1 cos wri — //1 sin wfj 4 //ok 
The steady-state solution of Eqs. (110) and (112) is 

i!/o(«otfi///o)[(«o ~ w) cosw/ 4- (I/T 2 ) sin wl] 


( 112 ) 


iV, 


Af, 


M z = 


(« - wo) 2 4 i/r 2 2 + («of/,/// 0 ) 2 (r./r 2 ) 

A/o(o» 0 //i///o)[ 1/7*2 cos— (w 0 — w) sin w/) 

(« - wo ) 2 4 i/ 7 V 4 (w„//,/// 0 ) 2 (r I /r 2 ) 

A/ 0 [(w ~ wo) 2 4 (1/7* 2 2 )1 
(w — wo) 2 4 l/7* 2 2 4 (wo//i///o) 2 (7*i/T 2 ) 


(113) 


where w 0 is the Larmor angular frequency (JiunmII o/h. That Eq. (113) 
satisfies Eqs. (110) and (112) is easily checked directly by substitution. 

The power absorption per unit volume from the oscillating field is 
then given by the following, where // x comes from Eq. (Ill) and M x 
from Eq. (113): 

w rr j . A/owow//i 2 ///o7* 2 

P(U) = 2 ; Jo MxH ‘ dl m (« - «o) 2 + I/T 2 2 + (<-oW./«o) 2 (7’,/T 2 ) 

(114) 


This shows that the power absorption goes through a resonance max¬ 
imum when w = wo whose width and intensity are determined by \/T 2t 
W 0 // 1 /// 0 , and T x /T 2 . This result is descriptive of many Purcell-type 
experiments. However, in some of his experiments the oscillating field 
is so weak and the relaxation time T x is so long compared to the time 
of sweeping through resonance that, contrary to the steady-state as¬ 
sumption in the derivation of Eq. (113), equilibrium between the 
induced transitions and this relaxation process is not reached. A theory 
applicable in this limit and taking more detailed account of the various 
interactions has been given by Bloembergen, Purcell, and Pound (B26), 
Van Vleck (V3), and Bloch (B20). However, when Purcell’s method 
is adjusted for maximum sensitivity in measuring nuclear moments, 
Eq. (113) applies. If H x in Eq. (114) is so small that the last term in 
the denominator can be neglected, the integral of P(w) tfw over the 
resonance is independent of 7* 2 and depends on Mo. By Eq. (108) Mo 
depends in turn on the spin, so from this measurement a determination 
of the spin is possible in favorable cases. A typical proton resonance 
curve obtained by Purcell is shown in Fig. 21. 



Sec. 3F] 


Experimental Methods 



Fig. 21. Proton resonance (absorption) curve in ferric nitrate solution by Purcell 

method (B20). 

The voltage induced in the receiver coil of Bloch’s experiment may 
also be evaluated from Eq. (113). The voltage induced per unit volume 
of substance in a tight-fitting coil of area A and N turns, since 
B u = 47ril/ u , is 


1 4tc 

V = - - B U NA = - NAM V 

c c 

(4tc/c)NAM o(o3Qij)Ii\/Ho)[(uo — w) cos at -+* I/T 2 sin u>f] 
(w — wq ) 2 + 1/7V + (wq// 1/^0) 2 (^1/^2) 


(115) 


The method of detecting the signal induced in the coils may be made 
to be such as to detect the cos o)t or the sin ul component or a combina¬ 
tion of these. If the cos wt term is detected, it can be seen from Eq. 
(115) that the result will be in the form of a dispersion curve as illus- 



410 


Nuclear Moments and Statistics 


|Pt. Ill 


trated by the experimental curve in Fig. 22. However, in many of 
Bloch’s experiments the above assumption of a complete steady state 
is not applicable. In particular he often uses relatively strong oscil¬ 
lating magnetic fields and sweeps through the resonance so rapidly that 
the relaxation times are not adequate to establish equilibrium. A 
transient solution to Eq. (110) can, however, be found corresponding 



Kig. 22. Proton resonance (induction) curve in ferric nitrate solution by Bloch 

method (B18). 


to this case with the result that at resonance the induced voltage passes 
a maximum more like Fig. 21. 

Bloch (B20) has shown that, in the limit of maximum sensitivity, 
the sensitivity of the two methods are the same. From an independ¬ 
ently derived version of Eq. (114) Pound (B2f>) has evaluated the 
maximum signal-to-noise power ratio to be 

K = V e QoW) 2 h*Njy,WT2\I(l 4 - l)] 2 
P n 2304 (kT) 2 {kTBF)T x 

where the symbols not previously defined are: V c , the volume of the 
coil; Qo, the Q of the circuit in which the coil is contained; a, approx¬ 
imately 1; $*, the fraction of V c occupied by sample; A r 0 , the number 
of relevant nuclei per cubic centimeter; B, the band width at the indi- 
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cuit (F19). The signal-to-noise ratio, Eq. (lib), strong y i 

on the magnetic moment both explicitly and ,mphcitly Thus the 
amplitude ratio, or square root of Eq. (116), with 1 cm 3 of water at 15,000 
gauss and a barn! Jdth of 1 cps is 1.4 X 10* for the protons, whereas 
a 1 -molar solution of nuclei whose moments are 0.1 nuclear njagneton 
under the same circumstances gives a ratio of only 1.3 In the1 ^ 
case, therefore, a very narrow band width must be used with a conse¬ 
quently very long searching time; this is one of the major evils of this 

^Soften convenient to interpret the above results in terms of the 
rotating coordinate system analysis described in Section 3D. in tni. 
analysis the effective magnetic field in the rotating coordinate system 
is that given by Eq. (92). However, owing to local molecular fields 
Ho is slightly different for different nuclei; consequently, different nuclei 
will precess in H..,, at slightly different rates and tend to get out of 
phase with time. The length of time to get out of phase in this manner 
corresponds to T 2 above. Likewise, owing to interaction with the 
crystal lattice, etc., there will be a tendency for the nuclei which have 
precessed about H r „ to an orientation other than that corresponding 
to thermal equilibrium to return to the distribution corresponding 
to thermal equilibrium. The time constant for this is measured by the 


above TV . 

Various modifications of the above methods have been introduced 
by different observers. Torrey (T20), Hahn (HI), and others (B5a) 
have used pulsed oscillating fields. Torrey studied the transient signals 
as the pulsed radiofrequency field was applied, and Hahn observed the 
decay of the residual nuclear signal immediately after the pulsed oscillat¬ 
ing field was turned off. This decay time corresponds to T 2 . In later 
experiments Hahn (H2) observed some particularly interesting effects 
which he called spin echoes. In particular, he applied a short r-f pulse 
followed by another similar pulse a time r later where T 2 « r « T x . He 
then found at a time t after the last pulse that the nuclei, whose r-f 
signal had already died out in time T 2 after the last pulse, suddenly 
emitted another r-f pulse. This so-called spin echo arises from the fact, 
that, despite the relaxation corresponding to T 2 , the perturbations 
from the two r-f pulses produce a coherent constructive interference 
effect a time r after the second pulse equal to the separation between 
the two pulses. As described by Hahn (H2) in greater detail, the origin 
of the delayed constructive interference which gives rise to the spin 
echoes can be understood by considering a few special cases from the 
point of view of the above rotating coordinate system. Alternatively, 
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the origin of the spin echo can l>e understood by considering the special 
case in which the first applied pulse is of just sufficient magnitude and 
duration to move the resultant magnetization from being parallel to 
the external magnetic field by a 90° angle so that it lwcomes perpen¬ 
dicular to same. After a further time 7* 2 , however, owing to transverse 
relaxation phenomena or perhaps to field inhomogeneities the nuclear 
moments which were originally pointing in one direction in a plane per¬ 
pendicular to the external field will be pointing in all directions in that 



Fig. 23. Typical spin echo (H2). 


plane. However, for lengths of time short compared to T,, they will 
still remain in that plane If at the time r after the first pulse, a second 
pulse is applied whose magnitude (to simplify the discussion) is just 
double that of the original pulse, this entire plane will be rotated 180° 
(twice the original 90°). The nuclear moments will therefore tend to 
unwind their loss of phase resulting from the transverse relaxation 
phenomenon and will exactly unwind after a time r, i.e., after the time 
in which they originally got out of phase. The method is somewhat 
analogous to having a number of runners all of whom run at different 
but constant speeds. If they were started in one direction, they would 
soon spread out because of their different speeds. However, if at a 
time t after the start each runner simultaneously reversed his direction, 
one would find that at a time 2r after the start all would be neatly 
drawn up abreast at the starting line. Figure 23 illustrates a spin echo. 

Pound (P15) has extended the nuclear magnetic resonance absorption 
method to the measurement of nuclear electrical quadrupole moment 
interactions in crvstals. The torques exerted by the crystalline electric 
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fields give rise to changes in the nuclear precession ^uend^nd 
from observations of these shifts the spins and quadrupj* 
can be inferred. Also he finds that he can mfer some 

action data from relaxation t.me measurements in ^tam JJ,clear 
These methods prove valuable not only as a means of W ( 
spin and quadrupole moment information but also as ajnean of stu y 
ing crystalline structure. The effect of the nuclear quadrupole mom _ 
the resonance lm„ i. given by E, W» t«bo™. 
cations of this expression which can be achieved from the symmetry 

properties of the crystal are discussed by Pound (1 U). 

Kastler (K5) and Bitter (B13) have introduced optical means 

observation of the occurrence of nuclear magnet, c resonances^by tho 

changes in the intensity and polarization of light emitted by atoms in 

magnetic field having an oscillatory component. 

Ramsey and Pound (R16) have introduced a new resonance metho 
called nuclear audiofrequency spectroscopy, by resonant heating ott ic 
nuclear spin system. This has been successfully applied to lithium 
fluoride which has such a long relaxation time T\ that after tie crys a 
is first placed in a strong magnetic field it takes of the order o .> minu es 
for the nuclei to become aligned, as can be measured by the stieng 1 
of the lithium resonance. If the crystal is removed from the field for a 
time short compared to 15 sec, however, the alignment can be imme¬ 
diately recovered when the crystal is reinserted in the strong field, 
is found, however, that this property is destroyed if the sample is ex¬ 
posed to a suitable oscillatory magnetic field at about 00 kc while 
away from the strong field. The spectrum for destroying this property 
can be observed, and it measures the spin-spin interactions within the 
crystal lattice. 

The resonance absorption and nuclear induction methods have been 
particularly favorable for high-precision measurements because the 
frequent collisions in liquids and high-density gases tend to average out 
the effects of the local molecular fields. When the collision frequency 
is large compared to the nuclear Larmor frequency, the local fields arc 
partially averaged out and the width of the resonance becomes less than 
that to be expected from the local fields alone. This “collision nar¬ 
rowing” becomes more and more effective as the collision frequency 
increases. This phenomenon has been discussed in detail by Bloem- 
bergen, Purcell, and Pound (B26). Although this “collision narrowing 
is often an advantage, as in the precision measurement of nuclear mag¬ 
netic moments, it is sometimes a disadvantage in that it precludes study 
of the local fields and interactions. For example, it prevents observa¬ 
tions of the deuteron quadrupole moment in studies of deuterium mole- 
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cules in a pas even though quadrupolc effects can easily he observed with 
such molecules by the molecular beam methods. 

The various nuclear induction methods have been used to measure a 
number of nuclear pyromapnetic ratios, quadrupole interactions, and 
spins as well as a number of molecular and solid-state properties by 
Purcell, Bloch, Pound, Bitter, and others (e.g., B26, P12, P13, P14, 
BIO, B23, P19, P20, P21, P23). Of particular interest have been 
the precision measurements of the ratios of the pyromapnetic ratios of 
the proton, neutron, deuteron, II 3 , and He 3 in a series of experiments 
by Bloch (B24, B23, B22), Staub (B24), Roberts (A8), Bitter (B9), 
Anderson (A4, A5), Siephahn (S41), and their associates. The results 
on nuclear moment measurements by this method are all summarized 
in Table 1 together with references to the original papers. This method 
has also been of great value in studying molecular and solid-state prob¬ 
lems which, however, are not directly relevant to nuclear physics. 
Furthermore, Pound (PI5) studied nuclear electrical quadrupole inter¬ 
actions in crystals by this means. An extensive review article on the 
magnetic resonance absorption and induction methods has been written 
by Pake (PI). 

Of particular interest has been the use of these methods in conjunc¬ 
tion with other experiments to determine an absolute scale for nuclear 
moments. One of these is the experiment of Gardner and Purcell (02). 
In this experiment the proton resonance was measured in the same 
magnetic field as the cyclotron frequency of the free electron, which 
should be cHo/2irmc. Hence the ratio of these two frequencies directly 
gives the proton moment in Bohr magnetons. A related experiment 
by Hippie, Sommer, and Thomas (H15) measures the proton resonance 
frequency in terms of the cyclotron frequency of the proton. In a some¬ 
what different manner Bloch and his associates (B25) have also meas¬ 
ured the proton resonance frequency in terms of the cyclotron frequency 
of the proton. These two experiments therefore directly measure the 
proton moment in nuclear magnetons. In a still different experiment 
Thomas, Driscoll, and Hippie (T4) measured the resonance frequency 
of protons in a calibrated Bureau of Standards magnetic field. The 
results of these different measurements will be listed in Section 4 and 
compared with the closely related measurements of Kusch and his asso¬ 
ciates described in Section 3E. 

Some data on nuclear spins has been obtained by Penrose (P9) and 
by Bleaney, Ingram, and Pryce (B14) by a quite different resonance 
method. They observe paramagnetic resonance, i.e., resonance of a 
diluted salt which has a resultant electronic angular momentum. By 
using a sufficiently dilute solution, they are able to find a hyperfine 
structure of the paramagnetic resonance which can be interpreted as 
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G. Microwave Spectroscopy Methods 

A recently developed but very effective means of measuring nuclear 
SP,t nuclear quadrupole interactions, and approximate values o 
nuclear magnetic moments is the study of the hyperfine structure of 
the microwave spectra of atoms and particularly of molecules at wave¬ 
lengths of the order of 1 cm. Although this method has not as yet pio- 
vided as much accuracy in the measurement of nuclear magMtwmo- 
ments as the methods of Section 3F, it is vety effective ,n the measure¬ 
ment of spins and quadrupole interactions and it can be used with quite 
small amounts of materials since the much greater frequency leads to 
both greater transition probabilities and a more favorable Boltzmann 

In this method the nuclear effect is usually a hyperfine structure 
associated with some other energy transition in the molecule for whic 1 


the Bohr frequency is in the microwave region. 

Such microwave hyperfine structure effects with molecules were first 
observed by Good (G7, C12) with ammonia. This hyperfine structure 
has also been studied experimentally by Strandberg, Van Vleck, and 
Wilson (Dl), Williams (Wl), Gordy (S42), and their co-workers. With 
ammonia the nuclear electrical quadrupole interaction provides a 
hyperfine structure to the so-called inversion spectrum which arises 
from transitions between different states which exist by virtue of the 
possibility of the nitrogen atom going from one side to the other of the 
plane containing the three hydrogen atoms of NH 3 . The wavelength 
corresponding to this transition is about 1 cm. 'I he theory of the hyper¬ 
fine structure resulting from a nuclear electrical quadrupole moment 
interaction in ammonia has been developed by Coles and Good (C12), 
Van Vleck (Dl, V2), and associates. 

In the microwave studies of Roberts, Beers, and Hill (R27) on atomic 
cesium the entire transition energy was due to a nuclear effect, i.e., 


the interaction between the cesium nuclear magnetic moment and the 
magnetic field of the electrons. This was possible because the hyper¬ 
fine structure separation of the atomic ground state of Cs 133 is 9192.6 
Mc/sec or just in the microwave region. By the application of an 
external magnetic field the Zeeman effect on this line was studied. 

A large number of linear and symmetric-top molecules have been 
studied whose rotational states have energies such that, for some of the 
allowed transitions between different rotational states, the energy dif¬ 
ferences correspond to convenient microwave wavelengths, usually of 
the order of 1 cm. Any large nuclear electrical quadrupole interaction 
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which may exist will then produce a hyperfine structure from which 
the spin and quadrupole interaction can Ik* inferred. Typical of these 
experiments has been the work on the linear triatomie molecules CICN, 
BrCN, OCS, and ICX, and on the symmetric-top molecules CH 3 I, 
CH 3 C1, and ClI 3 Br by Townes (T2I, T24), Gordy (C.8, GO, G10), Jen 
(J9, J10, Jll), and their associates. 

A typical apparatus for these experiments is shown in the block 
diagram of Fig. 24. A typical experimental result compared with a 



Fig. 24. Typical microwave spectrometer using rudiofrequency bridge and hetero¬ 
dyne detection (T25). 


first-order quadrupole interaction theory and a complete theory of the 
interaction is given in Fig. 25. 

The analysis of the microwave spectra for nuclear quadrupole inter¬ 
actions is similar to that described previously for studying such inter¬ 
actions in molecular beam experiments. However, in many of the 
microwave experiments symmetric-top instead of simple linear mole¬ 
cules are used. For these, in addition to the quantum number J , meas¬ 
uring the resultant rotational angular momentum J, there is also a 
quantum number K for the projection (J ), 0 of J along the molecular 
axis of symmetry. K takes on the values K = 0, ±1, • • •, ±J. With 
the use of K and with Eq. (15), Eq. (57) gives, for the quadrupole 
interaction energy' Eq, 

a 2 v f 3 K 2 1 IC(C + 1) - W + l)J(J 4- 1) 

EQ ~~ eQ ~d^V J(J+1)J 7(2/ — 1)(2J — 1)(27 + 3) 


(117) 
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This was first derived by Coles and Good (C12)g^'he^bove 
Y2) For a linear molecule K is necessarily seio, whence t 
expression reduces, as it should, to that for linear molecules n Eq. (16)^ 
If more than one of the nuclei of the molecule have quadruple 
the case becomes more complicated, but it has been ana yze 





Complete theory 


First-order theory 


_I-J-Megacycles 

23.883 23.886 

Fig. 25. Typical microwave spectrum showing comparison of portion of observed 
spectrum of C» W CN with first-order and complete theories (B4). 

and Townes (B4). The case of the asymmetric top has been discussed 
by Bragg (B33). 

Coles and Good (C12), Jen (J10, J12), Gordy (G9), and their asso¬ 
ciates have measured Zeeman effects in microwave spectra. In this 
way data for the first time have been obtained for the nuclear magnetic 
moments of I 129 and S 33 . 



H. Miscellaneous Methods 

There are several methods of measuring nuclear spins which have so 
far been applicable to so few cases that they are merely briefly men- 
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tioned, references being given to the original work in which more details 
can be found. 

One of these methods is the measurement of the rotational specific 
heat of hydrogen at very low temperatures; the theory was worked out 
by Dennison (1)9, K29). As in the discussion of band spectra, hydro¬ 
gen gas for which the two nuclei of the molecule are identical is essen¬ 
tially a mixture of two gases, orthohydrogen and parahydrogen. At 
low temperatures where kT is comparable to the spacing of the rota¬ 
tional energy levels, it is therefore reasonable to expect that this property 
should affect the specific heat of the gas. This it does, and from the 
experimental measurements it is possible both to identify which rota¬ 
tional states correspond to orthohydrogen and to measure the relative 
weights of the states. With these data and the results developed above 
in the discussion of band spectra, the spin and statistics of hydrogen 
may be found. The same measurements have been made in this way 
on D 2 . 

A historically important measurement of the ratio of the proton 
magnetic moment to that of the deuteron was made by Farkas (FI, 
F2) on the basis of a theory by Kalckar and Teller (Kl) of the relative 
effectiveness of paramagnetic 0 2 molecules in inducing conversion be¬ 
tween the para and ortho states of hydrogen and of deuterium. As 
shown in the discussion of band spectra above, such a conversion from 
a para to an ortho state requires a spin dependent perturbation which 
is different for the two nuclei of the molecule. The inhomogeneous 
magnetic field of the 0 2 electron moment provides such a perturbation. 
Its relative effectiveness in H 2 and in D 2 depends on the relative magni¬ 
tudes of these two moments. Hence a comparison of these two rates 
of ortho-para conversion yields the magnetic moment ratio. If, on the 
other hand, a polar molecule like H 2 0 is used to induce the para-ortho 
transitions, its relative effectiveness on D 2 will be increased because, 
in addition to the magnetic effect, the inhomogeneous electric field of 
the polar molecule acting on the deuteron quadrupole moments can 
induce transitions. Casimir (C7) developed a theory applicable to the 
experiments of Farkas and Sandler (F3). He found good agreement 
between these experimental results and the molecular beam value of 
the deuteron quadrupole moment. This agreement has, however, 
recently been destroyed by a correction made to the theory by Hammer- 
mesh (H7) so that a repetition of the experiment would be highly de¬ 
sirable. 

Another method of measuring spin and statistics which depends on 
the special symmetry properties required when two identical nuclei are 
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present is to measure the Coulomb scattering of a particle by an identical 
nucleus, e.g., proton-proton scattering or the scattering of alpha-particles 
by helium. Mott (M25) first showed in the scattering of identical 
nuclei, even in the absence of specific nuclear forces, that the scattering 
should depart from the classical Rutherford-Darwin Coulomb scat¬ 
tering formula because of the above symmetry requirements on the 
wave function. This departure is large and easily observable (a factor 
of 2 for alpha-particles scattered at 45° by helium) and is dependent 
on both the spin and the statistics of the particle. The spin and sta¬ 
tistics of alpha-particles and protons have been measured in this way 
by Gerthsen (G4) and others. 

Another example of special methods is the measurement of the proton 
magnetic moment by Lasarew and Schubnikow (L3) from the nuclear 
paramagnetic susceptibility of hydrogen at very low temperatures. 
The dependence of such a magnetic susceptibility on the nuclear moment 
and temperature is given in Eq. (108). At temperatures of the order 
of 1°K this susceptibility becomes comparable to the diamagnetic sus¬ 
ceptibility of the hydrogen molecule and hence measurable. However, 
just as in Stem’s molecular beam method discussed above, there is a 
contribution to the paramagnetic susceptibility from the rotational 
magnetic moment; this correction is quite small, however, and can be 
made. As can be seen from Eq. (108), the result of these measurements 
is a determination of the magnetic moment of the proton. The results 
from this method agree with the more accurate results obtainable by 
other methods discussed above. 

The above methods have so far not been applicable to an experi¬ 
mental determination of the spin of the neutron. However, as dis¬ 
cussed in Part IV, Section 2B, an analysis (S36) of the experimental 
scattering of slow neutrons by ortho- and para-hydrogen indicates that 
the neutron spin is J4- 

Important spin information on radioactive nuclei has been obtained 
by studies of the angular correlation of successive beta- and gamma- 
rays. The radioactive half-lives, shapes of the beta-spectrum, and ex¬ 
tent of internal conversion also contribute some spin information which 
in certain cases can be combined to determine spins of nuclear ground 
states (Ml2a). These methods will be discussed in Part IX of Volume 
III. 

Recently, radioactive nuclei have been aligned by their interaction 
with external fields (Glob, D2a) and the departure from spherical sym¬ 
metry of the emitted radiation has been observed. Experiments of this 
type in the future may be of value in giving information on moments of 
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radioactive nuclei. Several methods of aligning nuclei have been pro¬ 
posed. The most obvious but experimentally most difficult is by merely 
allowing the nuclei to interact with an external magnetic field at very 
low temperatures (S41a). Gortcr (G15a) and Rose (R32a) suggest the 
use of the magnetic interaction between the nuclei and the electrons 
with the electrons being aligned by an external magnetic field. Pound 
(PI5) proposes an alignment which would take place as a result of the 
interaction of the nuclear electrical quadrupole moment with the crystal¬ 
line field. Bleanev (Bl4d) suggests the use of the magnetic interaction 
between the nuclei and the electrons with the electrons being aligned by 
the crystalline field. At the moment of writing a possible small effect 
has been observed (Gl5b) with Gorter’s method and a large (44 =fc 5)% 
effect has been observed by Daniels, Grace, and Robinson (D2a) using 
Bleaney’s method. 


SECTION 4. RESULTS OF MEASUREMENTS OF 
NUCLEAR MOMENTS AND STATISTICS 

A. Results of Experiments to Determine an Absolute Scale for Nuclear 
Magnetic Moment Measurements 

Most nuclear magnetic moment measurements by the methods of 
Section 3 finally involve the measurement of only a frequency and a 
magnetic field. Although high-precision frequency measurements arc 
quite easy, high-precision magnetic field calibrations are very difficult. 
Consequently most nuclear moment measurements consist of a measure¬ 
ment of the ratio of the resonance frequency of an unknown and a known 
nucleus, usually hydrogen, in the same magnetic field. In this manner 
high-precision measurements of ratios of nuclear magnetic moments 
are easily possible. However, the determination of any one value with 
a high precision is very difficult. Nevertheless, as mentioned in Sec¬ 
tion 3, various observers have made measurements which contribute 
to a fixing of the absolute scales and which when combined also yield 
other nuclear and atomic data. 

Rabi, Nafe, and Nelson (Nl, N2), Nagle, Julian, and Zacharias 
(N3) and Prodell and Kusch (P26a) have measured the hyperfine struc¬ 
ture separation Aph> of the ground state of atomic hydrogen. They find 
Avh = 1420.4051 ± 0.0003 Me. From this and the theory of such a 
separation given in Section 2, the value of the proton magnetic moment 
could be calculated, and hence such an experiment in principle would 
provide a standardization of the nuclear moment scale. Actually, how¬ 
ever, when this is done it is found that the proton moment so deter- 
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mined disagrees with the values from the other methods listed below. 
As mentioned in Section 3, this has been interpreted as indicating that 
the electron spin magnetic moment differs slightly from 1 Bohr magneton. 

Kusch, Foley, and Mann (K42, M7) in their experiments described 
in Section 3D determined the spin magnetic moment of the electron in 
Bohr magnetons. This result combined with the experiment of the pre¬ 
ceding paragraph makes possible an absolute determination of the pro¬ 
ton magnetic moment and hence a calibration of the magnetic moment 
scale. Since, however, such a calibration agrees within experimental 
error with those discussed below, the results of these experiments are 
most effectively combined with the other calibration experiments listed 
below and the theory for Av in Eqs. (24) and (30) to yield a more accurate 
value for the fine structure constant a by virtue of the appearance of a“ 
inEq. (24). 

Taub and Kusch (Tl) by the molecular beam experiment described 
in Section 3D have measured the proton magnetic moment in terms of 
the orbital magnetic moment of electrons in an atom and found 
Mp//i 0 = 0.00152106 ± 0.005 percent. Gardner and Purcell (G2) by 
the resonance absorption experiment previously described have meas¬ 
ured the proton moment in terms of the cyclotron frequency of the 
electron and obtained a result which agrees with that of Taub and 
Kusch and is = 0.00152101 ± 0.0013 percent. 

Hippie, Sommer, and Thomas (H15) and Bloch and Jeffries 
(B25) have measured the proton magnetic moment in terms of the 
cyclotron frequency of the proton and have obtained the values 
of 2.79268 ± .00006 and 2.79245 =fc .00020 nuclear magnetons, respec¬ 
tively, when no correction is made for magnetic shielding. When the 
first of these is corrected with the magnetic shielding correction of 
Table 2, the value of the proton magnetic moment is (2.79276 =fc .00006) 
nuclear magnetons. 

Thomas, Driscoll, and Hippie (T4, T5) in their measurements of the 
magnetic moment of the proton in a Bureau of Standards calibrated 
magnetic field found y p = 2 Mp /h = 26753.0 =fc 0.6 sec” 1 gauss -1 after 
Ramsey’s (R14, T5, G34) correction for magnetic shielding is made. 

The above experiments separately provide more or less independent 
calibrations of the nuclear magnetic moment scale. It is found that 
they all agree within the limits of error of the fundamental constants 
used in the evaluations. Consequently, they have been compared by 
DuMond (DI7), Birge (B8), Purcell (P29), and others to provide 
even more accurate evaluations of many of the fundamental constants 
than heretofore available. A summary of the best values for the funda- 
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mental constants determined in this manner has been given by DuMond 

( 1 ) 17 ). 


B. Magnetic Shielding and Resonance Shifts 

As the precision of nuclear moment measurements has increased, 
various small magnetic effects affecting the magnetic moment measure¬ 
ments have become of increasing importance. The first correction of 
this kind was introduced by Lamb (LI), who calculated the diamag¬ 
netic shielding by the electrons upon the nuclei of atoms. In other 
words, when the magnetic field // 0 is applied, the electrons are given 
an induced diamagnetic circulation which produces a magnetic field 
— a// ( ) at the position of the nucleus which partially cancels the initially 
applied field, where a is the magnetic shielding constant. Since this 
induced diamagnetic field is proportional to the originally applied 
magnetic field, it cannot be distinguished from it by varying the magni¬ 
tude of the field. Instead, it has the experimental effect of making a 
measured nuclear moment appear slightly smaller than it actually is. 
Consequently, the diamagnetic shielding effect must be calculated 
theoretically and allowed for in inferring the magnitude of the nuclear 
magnetic moment from the externally applied field and the observed 
resonance frequency. Lamb showed that, for an atom with a spherically 
symmetric nuclear electrostatic field, 


e 2 C I** + j e 2 f f> j 

wJ - r dT 


( 118 ) 


where p is the density of electrons. This result follows almost immedi¬ 
ately from Larmor’s theorem and Ampere’s law of electromagnetism. 
Values for this correction have been tabulated by Lamb (LI) and by 
Dickinson (1)13), who used Hartree and Fock wave functions, respec¬ 
tively. Although Lamb’s theory applies directly only to atoms, most 
measurements are made in molecules. Since no better theory was 
available for a long time, all corrections in molecules were made accord¬ 
ing to Lamb’s theory, the correction being made only for the atom 
concerned. 

However, it was pointed out later by Ramsey (R12, R14, R17b) that 
with the increased accuracy of nuclear moment measurements the error 
from this approximate calculation of the diamagnetic correction was 
important. For very light molecules, like hydrogen in particular, the 
error in Lamb’s value of the diamagnetic correction should be compara¬ 
ble to the magnitude of the correction itself. Ramsey (R12, R14, R17b), 
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showed that in molecules the magnetic shielding correction could be ex¬ 
pressed as 


<r 




l(OX| 2 k m, k ° |nX')(nX'| 2 k m zk °/r k 3 |0X) 

1 + (OXl ^"hk°/r t 3 |nX')(nX'| 2 k m zk ° |0X) 

E„ - E 0 


(119) 


where the first integral is taken over the entire molecule; the origin of 
r and r* is the nucleus for which the shielding is desired; and 
(0\| |nV) is the matrix element between the molecular ground 

state and a molecular electronic excited state n, with the molecular axis 
in an orientation expressed by X, of the orbital magnetic moment opera¬ 
tor for the Ath electron of m zk ° = — (eh/2mci)\x k (d/dy k ) — t/*(d/dx*)l- 
The second term corresponds to the second-order paramagnetism which 
enters in the theory of the ordinary diamagnetic susceptibility of mole¬ 
cules as developed by Van Vleck (Vl). Since the last term depends on 
the excited electronic states of the molecule, it is very difficult to eval¬ 
uate. However, if E„ — E a is replaced by an average energy A E of 
the excited states, the expression can be reexpressed in a simpler form, 
involving only ground-state wave functions, as 


a = 




( 120 ) 


Nevertheless, even this is very difficult to evaluate experimentally. 
However, Ramsey (R14, R17b, R17c, Rlfic) further pointed out that 
for linear molecules the last term in Eq. (119) is proportional to the 
theoretical expression developed by Brooks (B47) and Wick (W9) for 
the spin magnetic rotational interaction constant, i.e., for the //' of 
Eqs. (18) and (105). With this the diamagnetic correction constant can 
be expressed for a linear molecule as 


e 2 C P ^ _ a2fl oJ 2Zi\isM _ H' \ 
3 me 2 J r 6/xa'a# \ * /a,- JM/ 


( 121 ) 


where a 0 is the radius of the first Bohr orbit, / the moment of inertia 
of the molecule, a,- the distance of the nucleus with charge Z, from the 
nucleus where the shielding is desired. Where H' has been empirically 
measured, such as for molecular hydrogen, the second term can be 
directly evaluated. From this for molecular H 2 Ramsey (R14, K18) 
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and Newell (N7a) find that o = 2.66 X 10 If should he noted that 
Eq. (121) comes directly from Eq. (119) without the approximations 
involved in Eq. (120). As an alternative to the above evaluation for 
II 2 , Hylleraas and Skavlem (1121) have evaluated, from an independ¬ 
ently derived form of Eq. (120), the difficult term from approximate 
molecular hydrogen wave functions, hut this calculation should he much 
less accurate than Ramsey's determination. Because of the difficulty of 
evaluating the diamagnetic correction in the manner for molecules other 
than hydrogen molecules, it is still customary to express the diamagnetic 
correction in molecules simply as the Lamb correction of the single atom 
containing the nucleus of interest. This procedure is fairly accurate for 
nuclei of large Z, since the innermost electrons of the atom are most 
effective in producing diamagnetic shielding due to the IV factor in 
Eq. (118). Thomas (To) and Clutowsky and McClure ((534) have re¬ 
cently measured the ratios of the apparent magnetic moments of the 
proton in H 2 , mineral oil, and 11 2 (>- When these measurements are 
combined with Ramsey's (R14) value for II 2 , the magnetic shielding for 
mineral oil and H 2 () can be computed directly. The results are that the 
shielding factors a for II 2 , mineral oil, and H 2 () are 2.66 X 10 — 2.82 
X 10“‘\ and 2.60 X 10“ 5 respectively. Ramsey and Purcell (RlOb) 
have recently estimated the effect of electron shielding on the nuclear 
spin-spin magnetic interaction of Eq. (105) and have shown that the 
electron spin magnetic moments make a particularly important contri¬ 
bution to the shielding in this case even though they do not enter in the 
shielding by an external field as in Eq. (119). 

An interesting magnetic effect has been discovered by Knight (K14). 
He finds that the resonance frequencies of sodium, aluminum, copper, 
and other metals are several tenths of a percent higher when the nuclei 
are in a metallic state than when they are in the form of either powdered 
or dissolved salts. Townes (K14, T29, K17a) has suggested that this 
effect is probably due to the paramagnetism of the conduction electrons 
in the metal when they are in the immediate vicinity of the nucleus. 
This shift in resonance frequency is illustrated in Fig. 20. 

A different magnetic shift has been discovered by Dickinson (B27). 
In many nuclear resonance experiments paramagnetic ions are added 
to the liquid sample to reduce the relaxation time, and it was originally 
assumed that, owing to the spherically symmetric nature of the prob¬ 
lem, the paramagnetic ions would not shift the resonance frequency. 
However, Dickinson (B27) has empirically found that such ions do 
shift the resonance frequency and that the magnitude of the shift is 
proportional to the ion concentration. The resonance frequency can 
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Fig. 26. Comparison of resonance frequencies of Cu 63 in CuCl powder and in Cu 

metallic powder (K14). 


inson (B27) have attributed this result to the effect of the electric field 
of the ion concerned upon the magnetic moment of the paramagnetic 
ion. From simple crystal studies it is known that this effect of the 
electric field upon the magnetic moment depends on the relative orienta¬ 
tion between the electric and the magnetic fields. Therefore this change 
in magnetic moment of the paramagnetic ion will not occur symmetri- 























































4,32 Nuclear Moments and Statistics [Pt. HI 

eally about the nucleus of interest, and consequently a resultant mag¬ 
netic field can be produced which gives rise to the observed shift. 

t magnetic shift different from the two immediately preceding ones 
has been discovered by Knight (K14), Dickinson (D12), and Proctor 



Fig. 27. The shift of the magnetic resonance of F 19 , H 1 , and Li 7 in aqueous solutions 
containing various amounts of FeCfe. The samples have the shape of a long cylinder 
with the axis perpendicular to //<>. The dotted line represents the result to be ex¬ 
pected if there were no contribution to the local field at the nucleus from the para¬ 
magnetic ions inside a small sphere surrounding t he nucleus (B27). 

and Yu (P24). These observers have independently found a shift of 
resonance frequency of the same nucleus in different chemical com¬ 
pounds. This shift is sometimes called the chemical effect. For exam¬ 
ple, there are shifts of 0.015 and of 0.05 percent in different compounds 
of nitrogen. Ramsey (R12, R14) and Proctor and Yu (P24) have 
attributed this shift to the changes in different molecular compounds 
of both terms of the magnetic shielding expression (119). Lindstrom 
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shifts of the order of a few parts m a million for hydrog 
mineral oil, and H„ as expected from Ramsey s RM) J ^ rrec tions, 
In view of the above magnetic shifts and dia g . c 

i. !, important that mp.rts on tu.nm high procrton * 

nuclear moments should include a precise stateme madc 

of the experiment and the nature of the diamagnetic ^rect'onsmad 
Another discrepancy exists in the measurements of the magneUc 
moments of gallium in gallium chloride and in atomic gallium^ If the 
atomic gallium measurements depended simply on he hype fine struc 
ture separation, the discrepancy would be expected because of the 
difficulty in calculating the factors in the interaction constant « of 
Section 2. However, the atomic measurements were made through 
the term of Eq. (36) depending on the direct interaction of the nude 
moment and the external field and hence do not depend on.the theory 
of Av. The magnitude of the discrepancy can be seen from the follow g 
numerical values: Pound (P14) and Bitter (BIO) find 


= 0.9148 ± 0.0004 = 0.7203 ± 0.0005 

and Becker and Kusch (B5, K47) find, with atomic gallium, 


M (Ga ^ = 0.9078 ± 0.0015 M = 0.7146 ± 0.0015 
A* (H 1 ) M (H ) 

All the preceding figures contain no diamagnetic corrections. The 
discrepancy has recently been explained by Foley (F12) as due to the 
mixing of the 2 P W and 2 P„ states of the atom by the external magnetic 
field. 


C. Nuclear Moment Tables 

The values obtained for the nuclear moments by the above methods 
are given in Table 1. All the magnetic moment values are based on 
the hypothesis that the magnetic moment of the proton is assumed to 
be exactly 2.79255, the most probable value at the time the table was 
prepared. The diamagnetic corrections used for these data are those 
listed in Table 2. Table 3 lists magnetic moment ratios and quadrupole 
moment ratios for pairs of isotopes in certain cases where the ratios are 
known much more accurately than is either quantity by itself. Table 4 
lists the hyperfine structure separation Av of certain nuclei for which 
this has been accurately measured. Extensive use has been made of the 
tables of Poss (P10) and Mack (M3) in the preparation of these tables. 
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TABLE 1 
Nuclear Moments 

Tho quantities and units of this tabic are defined as in the text. The asterisk C) 
after a mass number indicates a radioactive isotope. Spin values listed in paren¬ 
theses either are in doubt or are inferred only from theoretical arguments in the 
absence of experimental evidence. All magnetic moment values are relative to an 
assumed value for the magnetic moment of the proton of exactly 2.71)255 nuclear 
magnetons. This was the best value at the time the table was prepared. As this 
volume goes to press the best value is 2.71)270, so for the highest accuracy the mo¬ 
ments listed should be multiplied by 2.79276/2.79255. As the listed experimental 
errors also include no allowance for the error in the fundamental proton moment 
calibration, to obtain the error in the absolute determination of any magnetic moment 
one must increase the listed error to allow for the 0.0021) percent error in the proton 
moment value. Quantities following the ± express the uncertainty, on the above 
basis of the last printed numeral of the preceding listed value. These uncertain¬ 
ties do not include all systematic errors such as those from the use of incorrect 
magnetic shielding constants. The magnetic shielding constants assumed and the 
magnitude of the moment shifts made in obtaining the values below are listed in 
Table 2. Almost all the values of Q arc subject to a large uncertainty due to lack of 
knowledge of d V*/dz 2 ; for those cases in which the value of d 2 V'/dz 2 is particularly 
uncertain the value of Q is enclosed in parentheses. All the references relate to the 
reference list on pages 454 to 467; in this list the method of observation and the 
substance studied arc indicated. The present best value of the nuclear magneton is 
(5.04929 ± 0.00020) X 10 24 erg-gauss" 1 (D17). In mast cases, data published 
after January 1, 1952, arc not included in thus table. Values marked with n dagger 
(t) were added in proof and were not adjusted to a consistent set of shielding con¬ 
stants or absolute values. Only moments of nuclear ground states are given in this 
table. For excited states see Part IX of Volume III. 
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TABLE 1 ( Continued) 
Nuclear Moments 


Z Atom A 


** 

(nuclear 

magnetons) 


<? 

( 10 “* 4 cm*) 


References 


4 Be 


+0.92189 ± 4 
+3.25586 ± 11 


-1.1774 + 8 


+1.8004 + 7 
+2.68858 + 28 


0.0005 + 5 

+(0.02) + 2 


+0.06 ± 4 
+0.03 + 2 


M6 K44. K46 K43 

H 10.025. G26. F16. M22. K43 

G29 BIO. K44. 25 

HlOa K37. D10.C9. 

Ala. S39. Z6 

OIO. W4. 012 M19, BIO C,10.012 

GIO M19.B10.A2. G10 

U. A3. S39 


+0.70225 ± 14 

+0.40365 + 3 +0.02 

-0.28299 + 3 


M27. H12 

T21.H11.J14. H11.P11 
T24 

J14. R29 

K35. 04. R20. K38. P22. P23 Dl. T23. 

T23 T25, S39a 

K36. W13 Zl. P22. P23 


9 F 

10 Nc 


11 Na 22- 
23 


5 

0 

-1.8928 + 2 t 

J 

+2.6285 + 7 

(0) 


§ 

(>|T) 

<0 

(0) 

-0 

3 

+ 1.74582 + 30 

§ 

+2.21711 + 25 


-0.005 ± 2 
|<410->| 


M27 

Ala. G4a Ala 


G1.G9 C2.M22.P11. 

S41.Z5 


Lll.G4a 

T31 


D3 D6 

J IS. G27. R1 El. F16. M22. N9 
BIO. K44. Z5. 


12 Mg 24 

25 

26 

13 A1 27 


~0 

-0.85466+ 15 t 

+3.6408 ± 4 


+0.156 ± 3 


M28 

C21.C24.K12 Ala 
A13 

H14, L7. HlOa M20. BIO. Z5. L6. D7. L7 

S39 


14 Si 28 (0) ~0 

29 J -0.55492 + 4 1 ~0 

30 (0) -0 
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Nuclear Moments 


[Pt. m 


z 

Atom 

A 

/ 

(nuclear 

Q 

Reference 





magnetons) 

(10-** cm 1 ) 

/ 


Q 

15 

P 

31 

i 

+1.13185 ±20 


J13 

P14. BIO. C9. 

023. 839 


ie 

8 

32 

33 

34 
35- 

38 

0 

i 

(0) 

§ 

(0) 

+0.84292 ± 14 t 

-008 

| <210-»| 

+0.08 

<0.01 

N5.03 

T25 

C13, CI4 

JI2. H30, XI. 

Jll. D9a 

T25 

T24. T25 
T25. 013, 
C14 

L.l 

17 

Cl 

35 

i 

+0.82191 ± 22 

-0 07894 ± 2 f 

T23 

BIO. D7, 09 

T25. 09. 

D4. D7. 
U. D8. 

04a. 

845a. J1 



38 • 
37 

2 

1 

+0.88414 ±24 

-0.0172 ± 4 
-0.06213 ± 2 t 

T26. JI5* 

T23 

K39. D7. P22. 

P23 

T26. Jl5n 
T25. 09. 

D4. D7. 
Z4. D8. 

04a, 

845a. J1 

18 

A 


(0) 

-O 



K28 


16 

K 

38 

40* 

41 

i 

4 

§ 

+0.391 ± 1 

-1.291 ±4 
+0.215 ± 1 


M15. K38 

Z2 

M15. M5 

Ml. F16. K38. 

K40.T1 

Z2. Tl. D8 

M15. M5. K44. 
Tl 


20 

Ca 

40 

43 

(0) 

0 



F20 


21 

Sc 

45 

2 

s 

+4.7556 ± 10 


K26. S21 

K27. P25. 1120, 
S39. Rl4a 


22 

Ti 

47 

49 







23 

V 

51 

i 

+5.1478 ±6 


K25. P22. S39. 
Bl4b 

K15. P22, Z8 


24 

Cr 

53 

f 

(-MJ.45 


Z6 

Z6 


25 

Mo 

55 

s 

+3.4677 ± 4 


W6. Bl4c 

W6, F10, P22, 
CIO. P23, 

A 13a. S39 
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z 

Atom 



(nuclear 

magnetons) 

Q 

References 

(10* 14 cm*) 

/ 


Q 

— 




-0 



G31. B48. R34 


26 

Fe 

57 






27 

Co 

59 

1 

+4.6482 


G22. K25. 

M24. R22 

M24. P22, P23 


28 

Ni 

61 





A13 


29 

Cu 

63 

§ 

+2.22617 + 36 

-0.13 ± 1 

R25 

G21. S28. S32. 
PI3, BIO. Z5. 

S24. S28. 
B45. ZO 








A 13a, S39 




65 

i 

+2.3845 ± 4 

-0.12+1 

R25 

G2I. S28. S32. 
PI3. BIO. Z5. 

S24. S28. 
B45. Z6 








A13a. S39 


30 

Zn 

64 

(0) 

M) 



M28 



66 

(0) 




M28 




67 

5 

+0.9 


1.14. A9 

L14 




68 

(0) 

—4 



M28 


31 

Ga 

69 

i 

+2.0167+ 11 

+0.2318 + 23 

J2.CI 

G2i. S30. B5, 

PI4 

S30. B5, 1)7 



71 

i 

+2.5614 ± 10 

+0.1461 + 15 

J2. Cl 

G21, S30. B5. 

PI4 

S30, B5. D7 

n 

Ge 


(0) 


1 <7* 10”* 1 



T27 



72 

El 


1 <7 10-*l 



T27 



73 

mu 


-0.21 + 10 

T27 


T27 



74 



1 <710"»l 



T27 



76 

(0) 


1 <7 10~*l 



T27 

33 

As 

75 

i 

+ 1.4347 + 3 t 

+0.3 + 2 

T8. R18. C17. 

G2I. S24. S29. 

S24, S29, 






D2 

M33. D9a 

D2 

34 

Sc 

74 

(0) 



S47 





76 

(0) 

-0 

l <210"U 

S47 

R9 

S45, T30 



77 

1 


1 <2* 10 — * 1 

S47. Ml 


S40. (113. 








T30. ZG 



78 

(0) 

M) 

1 <2 * 10~* 1 

S47 

R9 

S47. T30 



80 

0 


1 <2-10-*l 

S47 


S47, T30 



82 

(0) 

-4) 



R9 


35 

Br 

79 

i 

+2.10576 + 37 

+0.26 ± 8 

B49. T7. T23 

C2. B46. P12. 

T14. G8. 







Z5. S39 

G9. T25, 









P12 



81 


+2.2696 ± 5 

+0.21 ± 7 

B49. T7, T23 

C2, B46. P12. 

T14.G8. 







BIO. Z5. S39 

G9. T25. 









P12 
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TABLK 1 ( Continued ) 


Xuoi.bar Momknts 


V. 

Atom 

fl 

I 

t* 

(nuclear 

m:itfhrton«> 

Q 

do"*' cm*) 

/ 

Refer cnees 

*< 

</ 

36 

Kr 

H 

M 




K22 




p 



+0.15 

M29. K34.KI6 

K22. 831. KI0 

K34. 831 



84 


^0 



K22 




86 

(9) 

-0 



K22 


37 

HI* 

85 

% 

+ 1 3532 ± 4 



K2I. K39. B10. 









K44.C9. VI. 









839 




86 • 

U 

-1.63 ±40 


B4». 

B4». 




87 

u 

+2.7501 ± 5 


K2I. M16 

KSI, K38.1'lO. 









U. V 1.839 


38 

8- 

a 

(0) 

it 




K20 




87 

!» 

-1.1 


II13 

1113 




88 

(0) 

-0 



V20 


39 

Y 

o 

\ 

-0.14 


W13. (*?2. 

WI2. <12. K30h 








K36a 



40 

7.r 

01 

% 



A10 



41 

Nl. 

93 

$ 

+ 6.165 ±32 

-0 

B3 

Ml?. CIO. 838. 

M12 








835 


42 

Mo 

92 

(0) 

-0 



A13 




04 

(0) 

^0 



A13 




95 

(?) 

-0.9140 ± 2 t 



A13. 7.6 




■LJ 

(0) 

-0 



A13 




97 

(?) 

-0.9332 t 1 » 



A13. 7.8 




u 

(0) 

-0 



A13 




100 

(0) 

-0 



A13 


43 

Tc 

99* 

5 

+5.3 ± 5 


Kilo 

7,6 


44 

Ku 

99 



• 






101 







46 

Kh 

103 

\ 

-0.11 


S40. K36a 

S40. K3Ga 


46 

Pd 

105 

(fa 

(— 0.6* 


Z6 

7.6 




111 • 

1 



Milo 



47 

Ag 

107 

f 

—0.111 ± 8 


J6 

J6.C19. K33a.Z6 




109 

\ 

-0.129 ± 8 


J6 

J6.C19, K33n. 76 




111 • 

\ 



Ml 2a 



48 

Cd 

110 

(0) 

-0 



S13 




111 

\ 

—0.59492 ± 8 


S13. M 12a 

(121. J16, P21, 









P22. P26 




112 

(0) 

-0 
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z 

Atom 

a 

I 

*» 

(nuclear 

Q 

(10 - ** cm 1 ) 

/ 

References 

* 

Q 

48 

i 


i 

-0.62238 ± 8 


S13 

G2I.JI6. P2I. 
P22, 1*26 




114 

(0) 

-0 



SI3 

SI3 



■ 

116 

■jfi 





49 

B 

111 • 
113 

n 

+5.486 ±3 

1.144 

M12. 

J3. Bl. H9 

H9.TI 

M7 



114 • 

115 • 

1 

+5.500 ±3 

1.161 

S45c 

Cl. J3. P2 

S31. M17. K42. 
Tl. M7 

824. Bl, 115, 
D7. M7 

40 

So 

111 • 

i 



MU 

G30. 1*21, P22. 
1*26 




115 

J 

-0.9177 ± 2 


030 




116 

(0) 

-0 



M28 




117 

i 

-0.9997 ± 2 


SI7.T9 

T9. T15. 1*20. 








P22. P26 




118 

El 

~-0 



M28 




119 

1 

— 1.0459 ± 2 


SI7.T9 

T9. TI5. 1*20, 








P22, 1*26 




120 

(0) 

—0 



M28 


41 


121 

i 

+3.3591 ± 5 


B2. CI8 

G21. CI8. P25. 

S24. T17, 







CIS 

M32 



PI 

i 

+2.5465 ± 5 

-1.2 ±2 

B2, CI8 

G2I. C18. P25. 

S24. T17. 






CIS 

M32 

42 


123 

n 

-0.73188 ± 4 t 


M2. FIS 

M2. R34, D9a 




125 

HI: 

-0.88235 ± 4 f 


F14. FI5 

R34. D9a 




126 

(0) 

M) 



R9 




128 

(0) 

-0 



R9 





(0) 

~-0 



R9 


53 

I 

127 

f 

+2.8086 ± 8 


M30. G8 

P13. Z5 

S10, M31, 








G8. G9. 









T25, 









W2a. Yl. 









S39 




1 

+2.6173 ± 3 t 

-0.43 ± 15 

L® 

G9 

L9, W2» 

54 

Xe 

129 

i 

-0.7766 ± 1 


K23. JI7. 

K22. 1*25 








R23. K17 





131 

§ 

+0.70 

1 <o-i| 

K23. K34. 

K22. Z6 

K34.S33 







R23, K17 





132 

(0) 

M) 



J17 




134 

(0) 

—Q 



J17 




136 

(0) 

-0 



J17 


55 

Cs 

133 

1 

X 

+23771 ± 9 

1*0*1 

K20. J4. Cll, 

Cll. K38. BIO, 

Sll 







F13 

D6. C9. S39 




134* 

■ 

4.1 ±4 


F21» 

F2U 
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Nuclear Moments 


z 

Atom 

i 

I 

** 

(nuclear 

magneton*) 

Q 

( 10 -** cm*) 

References 

/ 

** 

Q 

55 

Ca 

136 • 

\ 

+2.7271 ± 33 


N4 

N4. D6 




137 • 

i 

+2.8397 ± 30 


1)5. N4 

N4. D6 


58 

Ba 

134 

(0) 

-0 



AI3 




135 

i 

+0.8346 ± 25 


Mt9.Hll.AII 

HU 




136 

(0) 

M> 



AI3 




137 

§ 

+0.9351 ± 27 


K2. M29. 

HU 








1111. All 





138 

(0) 

-0 



A13 


57 

La 

130 

i 

+2.7760 ±28 

a*0 

W7. A6 

W12. Dll. C9, 

Dll 








S39 


50 

Pr 

141 

t 



W5 

CIO 


60 

Nd 

143 

i 

-1.0 ±2 


M33. Bl4b 

M33. 7.6 




145 

i 

-0.65 ± 9 


M33. Bl4b 

M33. Z6 


62 

Sm 

147 

il 



B44. M33 

M33 




140 


-0.25 ± 4 


B44. M33 

M33 


63 

Eu 

151 


+3.4 

+1.2 

S24 

S24 

S24 



153 

U 

+u 

+26 

S24 

S24 

S24 

64 

C.d 

155 









157 







65 

Tb 

159 




S19 



66 

Dy 

161 









163 







67 

Ho 

165 

5 






68 

Er 

167 

i 



Bl4b 



69 

Tm 

169 







70 

Yb 

171 

\ 

+0.45 


S33 

S33 




173 

1 

-0.65 

+3.9 ± 4 

S33 

S33 

S33 

71 

Lu 

175 

S 

+2.6 

+5.9 

S19 

S24, G6 

S25. S24, 









C5.G6 



176 • 

£7 

+3.8 

+7±1 


S34 

S34 

72 

Hf 

177 

(l i) 



R21 





178 

(0) 

~~0 



R21 




179 

<i 1) 



R21 






(0) 

—Q 



R21 


73 

Ta 

i 


+2.1 

+6 

G23. G5 

G5 

S12 
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— 

— 

a 

«K 

jft 

Q 

References 

z 

Atom 

B 


(nudear 

magnetons) 

( 10 -* 4 cm*) 

/ 

i* 

Q 

— 


m 

5 




G24 


74 

W 

182 

183 

(0) 

1 



G24. K30. F15 

G24 




184 

(0) 




G24 




186 

(0) 





76 

Re 

185 

187 

D 

+3.1433 ±6 t 
+3.1756 ± 6 t 

(+2.8) 

+2.6 

G28.M13.Z3 
G28. M13. Z3 

S32.S9. Ala 

S32, S9. Ala 

S32 

S32 

76 

Os 

187 





S47b 



189 

i 

+0.6 + 1 


K6 


77 

I r 

191 

■V 



V4. MSS. B44 

V4. M33 


• • 

193 

II 



V4. MS3. B44 

V4. M33 


78 

Pi 

194 


—0 



F23 



196 

1J 

+0.60692 ± 8 


T12 

S7, P2I, P22 




196 

(0) 

M) 



F23 


79 

Au 

197 

§ 

+0.20 


E2 

E2 


80 

Hi 

Cl 

(0) 

-0 



T8 



ri 

1 

+0.50413 ± 13 


S16 

G2I. S26, M26. 




M 




P2I. P22 





(0) 

-0 



T6 




ri 

i 

-0.5590 ± 1 

+0.5 

SIS 

G2I, S26. M28 

S24. S26 



202 

(0) 

-4) 



T6 




204 

(0) 

-0 



T6 


81 

Tl 

□ 

1 

+1.6114 + 3 


SI3. SI4. S39 

021. S3I. S32. 




■ 




P28. PI8. 
P11.C20 





9 

i 

+1.6272 + 3 


S13. SI4. S39 

G21.S31.S32. 




I 




P26. P18. 

PH. C20 



82 

Pb 

H 


-0 



G3 




206 

El 

-4) 



M28 




207 

1 

+0.5894 ± 1 


K19.C25 

G21. C25. P20, 









C20. S5. P26 




M 

isni 

~0 



M28 


83 

m 


; 

+4.0801 +5 

-04 

G16 

G2I. W12, XI. 

S27 



m 





P25. K12 


89 

Ac 

227 • 

§ 



T18 



91 

Pa 

231 • 

§ 



S18 



92 

U 

235 • 

(i b 



A7. T16. S47a 



2 

Np 

237 * 

1 



T18 
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TABLE 2 

Magnetic Shielding Corrections 

This table lists the magnetic shielding corrections assumed in the computation of 
Table 1. The second column is the value of 1 - a («r is defined in Section 4B). The 
fourth and eighth columns list the correction in nuclear magnetons that has been 
added to the nuclear moment to provide the data of Table 1. In so far as the de¬ 
pendence of the shielding on the chemical compound can be neglected, the frequency 
ratio that should be experimentally observed for two nuclei can be obtained by calcu¬ 
lating the frequency ratio for the moments resulting after the corrections below are 
subtracted from the magnetic moment values in Table 1 of each of the nuclei con¬ 
cerned. All shielding constants <r below are based on Lamb’s (LI) Hartree function 
calculations except for hydrogen, where Hamsey’s (K14) and Newell’s (N7a) value of 
0.0000200 is used for H 2 and where the combination of the results of Ramsey (U14) 
Thomas (T5), and Gutowsky and McClure (G34) leads to values of a for mineral oii 
and H 2 <) of 0.0000282 and 0.0000200 respectively. 


z 

1 - a 

A 

Added 

Correction 

(nuclear 

magnetons) 

z 

1 - a 

A 

Added 

Correction 

(nuclear 

magneton}’) 

0 

0 

1 

0 

m 

0.999744 

n 

0.00010 







Sits 

0.00007 

11 

0.9999734 

1 

0.000076 







2 

0.000023 

9 

0.999611 

19 

0.0010 



3 

0.000079 









11 


22 

0.00095 

1 X 

0.9999718 

1 

0.000081 



23 

0.00121 



2 

0.000024 







3 

0.000084 

13 

0.999282 

27 

0.00261 

i§ 

0.9999740 

1 

0.000074 

15 

0.999088 

31 

0.00103 



2 








3 

0.000077 

17 

0.998877 

35 

0.00092 







37 

0.00077 

2 

0.999930 * 

3 

0.000149 









19 

0.998687 

39 

0.0005 

3 

0.9999192 

6 

0.00007 



40 

0.0017 



7 




41 

0.0003 

4 

0.9998785 

9 

0.000143 

21 

0.998490 

45 

0.0072 

5 

0.999832 

10 

0.00030 

B 

0.998293 

51 

0.0088 



11 

0.00045 









25 

0.998083 

55 

0.0066 

6 

0.999802 

13 

0.00014 






f H 2 . t Mineral oil. § H 2 0. 
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z 

1 - a 

A 

Added 

Correction 

(nuclear 

magnetons) 

Z 

1 - a 

A 

Added 

Correction 

(nuclear 

magnetons) 

27 

0.997858 

59 

0.0100 

51 

0.994763 

121 

123 

0.0176 

0.0133 

29 

0.997612 

63 

0.00532 




0.00530 

65 

0.00569 

53 

0.994553 

127 





129 

0.0149 

31 

0.997387 

69 

0.0053 




0.0043 

71 

0.0067 

54 

0.994411 

129 

35 

0.996916 

79 

0.0065 

55 


133 

0.0148 

81 

y!Tiu!iE 



135 

0.0156 






137 

0.0163 

36 

0.996800 

83 

0.0031 

56 

0.994125 

135 

0.0049 

37 

0.996671 

85 

0.00450 



137 




87 

0.00915 

57 

0.993983 

139 

0.01672 

47 

0.99538 

107 








109 


78 

0.990702 

195 

0.00563 

48 

0.995248 

111 


79 

0.990526 

197 

0.0019 



113 



0.990349 

199 

0.00486 

49 

0.995110 

113 

0.0268 







115 


81 

0.990170 

203 

0.01584 







205 

0.01600 

50 

0.994973 

115 

0.00461 







117 

0.00502 

82 

0.989989 

207 

0.00590 



119 


83 

0.989808 

209 

0.0416 
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In certain cases the ratios of two nuclear moments are known to a much greater 
accuracy than is either of the moments alone. Such cases are listed in this table. 
If (hfs) is written after a magnetic moment ratio, it was determined from the ratio 
of the atomic hyperfine structure splitting; otherwise it is from the frequency ratio 
of the resonances in an external magnetic field. The number following the ± indi¬ 
cates the uncertainty in the last printed numeral of the preceding listed value. Data 
published after January 1, 1951, are not included in this table. 


Ratio • n Ratio 


,H 2 /iH l 0.3070125 ±30 

iH*/lH l 1.066636 ±10 

3 Li 7 / 3 Li* 3.96141 ±8 

3.96092 ± 8 (hfs) 
sB ,i /5B , ° 1.4931 ±4 

,6S M /,6S“ 
i 7 C1 36 / 17 CI 36 

pCP/nCl 37 1.2013 ± 1 

1.20136 ± 5 
»Cu M / w Cu M 1.0711 ±2 

3iGa 7, /3iGa 69 1.2701 ±4 

1.2706 ± 1 (hfs) 
3S Br«735Br 7 ® 1.0779 ±3 

^Rb^/jTRb 85 2.0327 ± 10 

2.0261 ± 3 (hfs) 

48Cd U3 /48Cd ,U 1.0461 ± 1 

49ln ,,6 /49ln n3 1.0022 ± 1 

wSn^AoSn 1 ' 6 1.0894 ± 1 

soSn'^/toSn 117 1.0465 ± 1 

5iSb ,23 /6iSb 121 0.760 

52Te ,28 /52Te 123 1.208 

mI'^/mI'* 7 0.9318 

M Xe ,3, /s4Xe ,w -0.90 
5 5 Cs ,3 V65Cs ,m 1.0578 ±9 

5&Cs' 37 /6sCs 133 1.1016 ±8 

&aBa ,37 /&6Ba 136 1.1174 ± 10 

mEu'^Eu 161 2.24 

TsRe^AsRe 186 1.01026 ± 8 

77lr I93 /77lr 1 ® 1 -1.109 

wHg^VsoHg' 99 -1.1089 
siTl^/siTl 203 1.00986 ± 5 

1.00947 ± 20 (hfs) 


Q Ratio References 


K9, A8, R28, B23, B9, 
W11.S41, Z5, S44, L5 
A4, B22 

44 ± 4 K46, K43 

K46, K44, K40 
0.47 ±4 B10, G10 

-0.70 ±16 C13, T25 

0.271 ±5 T26, D7 

1.26878 ±15 D7, G8, T25, Z4, P23, 

D8, G4a, L9a 
1.2686 ±4 D7, J1 

0 922 ± 7 B10, P13, Z5, B4a, B14a 

0.6302 ±2 P14, S30 

B5 

0.835 B46, P12, Z5, G8, T25 

B10, Z5, C9, K39 
M21 
P26 

1.0146 H9, M7 

P26 

P20, P26 
T17 
M2 

0.7353 G9, L9, W2a 

K22 
D6 
D6 
Hll 
S24, S9 
S32, Ala 
V4 
S26 

S32, Pll, P19, P26 
B7 
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TABLE 4 

Hyperfine Structure Separations 


This table lists certain cases for which there are very actuate•**£ 
hyperfine structure separation in ground states of atoms with an e,ec ^°“' 
momentum of «. The number following the ± ind.caU* the 
last printed numeral of the preceding listed value. T pa _i 0 0003 

verted into cm- by multiplication by 10 Vc = 3.33569 X 10 ‘cm ‘Me ±0.0008 
■percent. Data published after January 1. 1951. are not included in this table. 


z 

Atom 

A 

Ay (Me sec *) 

References 

1 

H 

1 

1420.4051 ± 3 

Nl, N2, N3 


D 

2 

327.38424 ± 14 

Nl, N2, N3 


T 

3 

1516.702 ± 10 

N2, A2a 

3 

Li 

6 

228.208 ±5 

K44, K40 



7 

803.512 ± 15 

K44, K40 

11 

Na 

22* 

1220.64 ± 4 

D6 



23 

1771.61 ±3 

K44, M21 

13 

A1 

27 

1450 ±30 

L7, J6 

19 

K 

39 

461.723 ± 10 

K44, K40 



40* 

1285.73 ±5 

D6, Z2 



41 

254.02 ±2 


31 

Ga 

69 

2677.56 ± 10 

B5, R24 



71 

3402.09 ±20 

B5, R24 

37 

Rb 

85 

3035.7 ±2 

K44, M21 



87 

6834.1 ± 10 

K44, M21 

49 

In 

113 

11387 ±4 

H9, H5 



115 

11413 ±3 

H9, H5 

55 

Cs 

133 

9192.76 ± 10 

K44, M21 



135* 

9724 ± 8 

D6 



137* 

10126 ± 7 

D6 

81 

T1 

203 

21113 ±3 

B7 



205 

21312 ± 3 

B7 
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D. Significance of Some Nuclear Moment Results 

Although there are many ways in which the measured values of the 
nuclear moments and statistics arc important, the following results 
are of particular significance. 

(1) A nucleus whose mass number is odd satisfies Fermi-Dirac sta¬ 
tistics, and a nucleus whose mass number is even satisfies Bose-Einstein 
statistics. This is reasonable since the proton and neutron each sepa¬ 
rately satisfies Fermi-Dirac statistics, whence interchanging two identical 
nuclei each of which has n such nucleons will multiply the wave func¬ 
tion by (—l) n as can be seen by interchanging the nucleons one at a 
time. Hence, if n is even, there is no change in the sign of the wave 
function, whereas it is reversed if n is odd. 

(2) The nuclear spin is half-integral if the mass number is odd and 
integral if the mass number is even. A combination of this result with 
the preceding one implies that Fermi-Dirac statistics is associated with 
half-integral spins while Bose-Einstein statistics and even spins are 
associated. Pauli (P6) from general field theory considerations has 
shown that this association must occur for all elementary particles. 
Pauli’s theorem is reasonable since a particle with spin H requires a 
Dirac type of equation with negative energy states and only with 
Fermi-Dirac statistics can these negative energy states be filled and 
other particles excluded from them. 

(3) The proton moment is not exactly one nuclear magneton and 
the neutron moment is not exactly zero, as would be expected from the 
simplest considerations based on Dirac’s electron theory. It is, however, 
always possible to add an additional magnetic moment (P5) to the one 
that naturally arises in Dirac’s theory. Attempts have been made (F22, 
P7, S43, K3, L13, C3, DIG, B31, L10) with partial success to account 
for this on the basis of the meson field theory of nuclear forces, since 
the resultant magnetic moment is contributed to by the magnetic 
moment and currents of the mesons which have a finite probability of 
existence within the range of nuclear forces of the heavy particle. 

(4) The existence of the quadrupole moment of the deuteron indi¬ 
cates that the ground state of the deuteron is not spherically sym¬ 
metrical as had been expected on the basis of the theories in existence 
prior to the time of the first discovery of the deuteron’s quadrupole 
moment by Kellogg, Rabi, Ramsey, and Zacharias (K8). Rarita and 
Schwinger (R19) were able to account for the spherical asymmetry by 
introducing an additional non-central spin-dependent force, or so-called 
tensor force, which makes the ground state of the deuteron a mixture of 
a 3 S and 3 D state. This is discussed in greater detail in Section 2A of 
Part IV. 
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(5) The magnetic moment of the proton plus that of the neutron is 
close to the moment of the deuteron, but not exactly so since it is too 
high by 0.0225 ± 0.003 nuclear magnetons. Hence the nuclear moments 
are nearly but not exactly additive. That there should be a departure 
was predicted by Rarita and Schwinger (R19) on the basis of their 
theory of the deuteron quadruple moment. In fact, they predicted 
the observed departure from additivity with a surprising accuracy, 
which may be in part accidental because of several approximations 
involved in the theory. Analyses of this problem, including discussion 
of the approximations involved and in particular relativistic effects, 
have been given by Sachs (S3), Breit (B39), and Primakoff (P18). 

(6) The magnetic moments of ill* 1 and 2 He 8 are not exactly the 
same as the moments of the proton and neutron as would be the case 
with central forces and an S ground state, in which case in jH 3 , for 
example, two neutron moments would just cancel, leaving the proton 
moment. Sachs and Schwinger (S2) and Anderson (A5) found that, 
although the existence of tensor forces easily accounts for an orbital 
contribution to the moment and a consequent non-additivity of the 
intrinsic moments, it is necessary to make very artificial assumptions 
to iccount for the observed results on this basis alone. A more natural 
explanation offered by Villars (W2, T3) is that, in addition to the above 
orbital contribution, a magnetic moment arises from the mesons which, 
on the meson theory of forces, exchange back and forth between the 
particles to give rise to the nuclear forces. 

(7) The magnetic moment of the electron measured experimentally 
(K15a, 02) as discussed in Section 3D is (1.001145 =fc 0.000013) Bohr 
magnetons in remarkable agreement with value calculated (S37, K4) 
from quantum electrodynamics of 1 -f a/2r — 2.973a 2 /*- 2 = 1.0011454. 

(8) The magnetic moment of the proton as measured directly by its 
interaction with an external field within experimental error agrees with 
the value calculated from the hyperfine structure separation when the 
electron’s intrinsic magnetic moment is taken to have the value given 
in the preceding paragraph. This agreement is of particular historical 
significance because it was the experimental lack of such agreement 
which first suggested that the electron magnetic moment was not ex¬ 
actly 1 Bohr magneton. 

(9) The ratio of the measured hfs of hydrogen to that of deuterium 
disagrees slightly with that calculated from the moment ratios with the 
use of Eqs. (24) and (30) and with Breit’s (B40, B42) reduced mass 
correction discussed in Section 2B. The discrepancy can most easily be 
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expressed as (P26a, LI Ob) 

A = 1 — 1 _ (1 . 702 ± 0.008) X .0- 

L(A*/ D /A*'H) l hoorJ 

If Low and Salpeter’s (LlOb) reduced mass correction is used, A becomes 
(1.4 ±0.1) X 10 -4 . A number of suggestions have been made relative 
to the source of the disagreement (H4, B40) of which one of the most 
promising, due to A. Bohr (B28), is that the electron charge near (he 
nucleus follows the proton in its motion in the deuteron, and hence in 
computing the magnetic interaction of the neutron with the electrons 
the neutron cannot be considered to be at the exact center of the atom. 
Low (LlOb) has made quantitative calculations on Bohr's proposal and 
finds that it leads to a value of A equal to (1.98 =fc 0.10) X 10~ 4 . Low 
and Salpeter (LlOb) attribute the discrepancy of (0.58 ± 0.20) X 10~ 4 
to the structure of the nucleons themselves. 

(10) Except for Eu, all measured isotopes whose constitutions differ 
by just 2 neutrons and which have the same spin have moments which 
are the same to within 30 percent, and in eleven such cases the agree¬ 
ment is within 12 percent. It is as if the two added neutrons chiefly 
canceled each other’s effect. Various attempts by Inglis (14) and 
others have been made to account for this. This tendency of two suc¬ 
cessive neutrons just to cancel each other's effects lends support to the 
various shell structure theories of nuclear structure that have been 
much discussed, particularly since Maria Mayer (Mil) and Haxel, 
Jensen, and Suess (H8a) emphasized the so-called magic numbers in 
nuclear structure. 

(11) It has been pointed out by Schmidt (S8) that almost all nuclear 
moments of odd mass number nuclei fall between two limits set by a 
very simple (overly simple) consideration. These limits correspond to 
assuming that the entire nuclear spin and magnetic moment arise from 
the extra nucleon, and that one limit arises from the spin and orbital 
angular momentum being parallel and the other from their being anti¬ 
parallel. This is illustrated in Fig. 28 and Fig. 29, where the nuclear 
magnetic moments are plotted as a function of the spin with the first 
figure giving nuclei with an odd number of protons and even number 
of neutrons and the second giving nuclei with an odd number of neu¬ 
trons and an even number of protons. The full lines are the above- 
mentioned Schmidt limits. The derivations of the equations for these 
lines are given in Section 3B7 of Part IV. As pointed out by Inglis (II), 
if it is assumed that the orbital g factor for a neutron in a nucleus is % 
instead of 0, as assumed by Schmidt, and that for a proton it is % in- 
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Fig. 29. Magnetic moments and Schmidt limits as functions of spin in nuclei of odd .V 
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stead of 1, the above lines are altered in such a way that they go through 
the two main groups of nuclei. Margenau and Wigner (M10, R33) have 
also calculated limiting curves analogous to the Schmidt curves but on 
the basis of a liquid drop model of the nucleus. Their results, however, 
are in less good agreement (M10, R33) with experiment than the simple 
Schmidt lines. This result provides some measure of support for the 
extreme one-particle models of nuclei that have been considered in 
detail by Schmidt (88), Mayer (Mil), Haxel, Jensen, and Suess (II8a), 
Feenberg (F5), Nordheim (NIO), and others (B29, \V3). Foldy (FlOa), 
Townes (SO), and others have considered the deviations from the 
Schmidt lines which can arise from a less simplified coupling for the 
nucleons. Miyazawa (M23a), DeShalit (D7a), and Bloch (B25a) sug¬ 
gest that the departures from the Schmidt lines are due at least in part 
to a change in the intrinsic magnetic moment of a nucleon when it is in 
a nucleus. Such a change might be expected in a meson (heory of the 
anomalous nucleon moment since the Pauli exclusion principle will in¬ 
hibit, say, the dissociation of a proton into a neutron and a meson in 
dense nuclear matter. 

(12) The variation of the nuclear quadrupole moment with the num¬ 
ber of nucleons in the nucleus has l>een studied by Kligman (K13), 
Gordy (Gil), and Townes, Foley, Low (T28) and others. Some of the 
authors have plotted the quadrupole moment divided by the square of 
the theoretical nuclear radius as a function of the number of odd nucleons 
in the nucleus as in Fig. 30. This indeed shows marked periodicities. 
The arrows on the curve indicate closing of odd nucleon shells at the 
“magic numbers”—2, 8, 20, 28, 50, 82, or 126. The authors can account 
for many of the characteristics of these variations of Q but some, such 
as the magnitudes of the In 113 , In 115 , St 123 , Lu ,7fi , are very difficult 
to account for. Furthermore, the sign of the quadrupole moment of 
Li 7 is in disagreement with their theory. This, however, may be due 
to a wrong sign of the d 2 V e /dz 2 used in calculating Q. Avery and 
Blanchard (A 14) and Present and Feenberg (Pi7) have attempted to 
develop a theory consistent with the observed positive quadrupole 
moment of Li 7 . Rainwater (R9a), Bohr (B30a), and Preiswerk (P5) 
have attempted to account for the large magnitudes of many nuclear 
quadrupole moments by considering shell models in which the nucleons 
moved in fields which were not spherically symmetrical. 

(13) The observed nuclear spins have been analyzed from a shell 
model point of view by Feenberg (Fo), Nordheim (N10), Mayer (Mil), 
and Haxel, Jensen, and Suess (H8a). They have been quite successful 
in accounting for the observed spins. For a detailed discussion of 
nuclear shell models see Section 3B7 (pages 545ff.). 
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(14) As shown in Table 3, the ratio of the Rb 87 and Rb 85 moments 
differs by 0.33 percent when it is calculated from the ratio of the hyper- 
fine structure splitting than when it is determined from the ratio of 



Fig. 30. The plotted points are quadrupole moments divided by the square of the 
nuclear radius (1.5 X \Q~ n Al4) 2 . Moments of odd proton nuclei and of odd proton- 
odd neutron nuclei (except Li* and Cl 36 ) are plotted as circles against number of 
protons. Moments of odd neutron nuclei are plotted as crosses against number 
of neutrons. Arrows indicate closing of major nucleon shells. The solid curve repre¬ 
sents regions where quadrupole moment behavior seems established. The dashed 
curve represents more doubtful regions (T28). 

resonance frequencies in an external magnetic field. A similar dis¬ 
crepancy exists for Li 6 and Li 7 , for Tl 203 and Tl 205 , and for K 39 and K 41 
(01). These discrepancies have been interpreted by Bitter (Bll), Kop- 
fermann (K29), and Bohr and Weisskopf (B29) as due at least in part 
to the effect of the finite size of the nucleus, since both the electron 
density and nuclear magnetic dipole density vary throughout the 
nucleus and the distribution of the latter may well be different in dif- 
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ferent isotopes, particularly in a shell model theory of nuclear structure. 
It. has so far, however, been difficult to account for a Cl 35 and Cl 
discrepancy in this manner, since the Cl atom is in a P state for which 
the electron density at the nucleus is small. However, recent measure¬ 
ments (J1) indicate that the Cl discrepancy is probably due to experi¬ 
mental errors in earlier measurements. 

(15) Most nuclei with the number of protons equal to the number 
of neutrons and with each of these numbers odd have a spin like the 
deuteron. At one time it was thought that all such nuclei would have 
a spin of 1. Now, however, as shown in the tables, it is known experi¬ 
mentally that B 10 and Na 22 depart from the rule. 

(16) As discussed in Part IX, the spin measurements of the vari¬ 
ous radioactive isotopes, such as K 40 and Na 22 , have been of great 
value both in checking beta-ray theory and in inferring spins of other 
members of radioactive series, because of the theoretical dependence 
of the beta-ray spectrum on spin changes. 

(17) Considerable success has been achieved in interpreting the spins 
and magnetic moments of the lighter nuclei by Inglis and others (13, 
12, 14, R32, B6, F4, S2, S4). Sachs (Si) has shown that particularly 
simple relationships hold for mirror or conjugate nuclei (nuclei such 
that the number of neutrons in the first equals the number of protons 
in the second while the number of protons in the first equals the num¬ 
ber of neutrons in the second). These relationships arise from assump¬ 
tions that there is charge independence of nuclear forces, that the nuclei 
are sufficiently light for the asymmetry from the Coulomb force to be 
neglected, and that the nuclear moment is the resultant of the spin 
and orbital magnetic moments of the constituent nucleons. The only 
such mirror pair for which there are data so far is H 3 and He 3 . As 
stated above, this pair could be adapted to Sachs’ theory only with 
the inclusion of the magnetic effect of exchange currents. The discus¬ 
sion of any self-conjugate nucleus, i.e., a nucleus for which the number 
of neutrons equals the number of protons, is also simplified for the same 
reasons as are the comparisons of mirror nuclei. These calculations 
have been summarized by Rosenfeld (R33). 

(18) In high-precision nuclear moment measurements careful con¬ 
sideration must be given to the magnetic shielding and related molecular 
effects discussed in Section 4B. Various discrepancies, due in part to 
these effects, have been observed in nuclear moment measurements 
and are discussed in detail in Section 4B. 

(19) An interesting anomaly has been observed in ratio measure¬ 
ments with the nuclear quadrupole moment interactions. Dehmelt 
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and Kruger (D8) found that the ratio of the nuclear quadrupole mo¬ 
ments of Cl 35 to Cl 37 varied in different molecular compounds. Most 
of the proposals for accounting for this anomaly have proved unsatis¬ 
factory. A proposal of Gunther-Mohr, Geschwind, and Townes (G33) 
that the anomaly is due to the polarizability of the nucleus might prove 
satisfactory. Recent experiments (J1, L9a, Z7) indicate that this anom¬ 
aly is smaller than originally thought but still definite (about 0.02%). 

(20) Pound, Purcell, and Ramsey (PIG, P30, R15) have performed 
a series of experiments with lithium fluoride crystals with a very long 
relaxation time. They found, among other things, that the spin system 
is essentially isolated for times which vary from 15 sec to 5 min and 
that for times short compared to these the spin system can be placed 
in a state of negative temperature. In a negative temperature state 
the high-energy levels are occupied more fully than the low, and the 
system has the characteristic that, when radiation is applied to it, 
stimulated emission exceeds absorption. 
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PART IV 


Nuclear Two-Body Problems 
and Elements of Nuclear Structure 1 

NORMAN F. RAMSEY 

Harvard University 

SECTION 1. INTRODUCTION 

A. Neutrons and Protons as Elementary Constituents of Nuclei 

Since the discovery of the neutron it has been considered that neutrons 
and protons are the basic constituents of all nuclei. This assumption is 
consistent with the empirical results that the nuclear charge Z in units 
of the electron charge e is integral for all nuclei whereas the atomic 
weights of all nuclei are close to integers, the nearest integer for a given 
nucleus being called the mass number, A, of the nucleus. These results 
can be accounted for by assuming that each nucleus consists of Z 
protons and N = A — Z neutrons. The departure of the exact atomic 
weights of the nuclei from integers is due to the neutron and protons not 
having exactly integral atomic weights and to the loss of mass from the 
mass equivalence of the binding energy of the nuclei. From the very 
fact that the neutrons and protons are bound together in the nucleus 
they necessarily have less energy than if they were all free; if the energy 
deficiency or binding energy of a nucleus is « it is related to a mass 
deficiency AA/ by Einstein’s mass-«nergy relation 

€ = Ailfc 2 (1) 

If the unit of mass is He of the mass of O' 6 corresponding to the physical 
atomic weight scale, this energy relation is (T5, D5a) 

1 mass unit = (931.152 ± 0.008) Mev (2) 

Because of the importance of neutrons and protons as the elementary 
constituents of all nuclei, it is frequently convenient to apply the term 
nucleon to describe either a proton or a neutron when it is not necessary 

1 This material was closed as of January 1, 1952. 
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to distinguish between these. The number of nucleons in a nucleus is 

^Befmelhe 0 discovery of the neutron it was assumed thatallnuclei 
consisted of protons and electrons. This assumpt.on however ran m 
several difficulties which are not present m the neutron-proton the .y 
One of the difficulties of the electron-proton hypothesis is the difficu y 
of reconciling the empirical sizes of nuclei with the electron wavelengths 
at the probable electron kinetic energies inside the nucleus. Fro 
scattering experiments and from studies of radioactive nude. mu dis¬ 
cussed in greater detail in Section 3, the radii of nuclei are known to 
range from 2 or 3 X lO' 13 cm for the alpha-particle to 9X10,™ 
for uranium. On the other hand, for medium-weight nuclei the binding 
energy is approximately 8 Mev per nucleon. It would be reasonable to 
expect the kinetic energies of the particles inside the nuclei to be of the 
same order of magnitude as the nuclear binding energies. However, in 
order that a particle can be confined inside a nucleus its circular wave¬ 
length 

X = — = - (3) 

2ir p 

must be less than the nuclear radius, which for a medium-weight nucleus 
is about 5 X 10" 13 cm. In the case of an electron it may easily be seen, 
by using the relativistic relation between the momentum p and the 
kinetic energy, that this requirement corresponds to the kinetic energy 
being greater than 40 Mev, which is considerably more than 8 Mev.^ On 
the other hand, for a nucleon of 8 Mev kinetic energy X is 1.6 X 10 cm, 
so that a number of these particles could be fitted inside a medium-weight 
nucleus. 

Another difficulty of the electron-proton theory which is not present 
in the neutron-proton theory was the inability of the former U> account 
for the observed nuclear statistics, particularly in the case of N 14 , which 
has been shown experimentally by Rasetti (Rll) to satisfy Bose- 
Einstein statistics. It has been proved by Ehrenfest and Oppenheimer 
(El) that a nucleus composed of elementary particles each obeying Fermi- 
Dirac statistics obeys Bose-Einstein or Fermi-Dirac statistics according 
to whether the number of particles is even or odd. The reasonableness 
of this result can be seen by considering the exchange of two identical 
nuclei to take place one particle at a time, in which case the wave 
function would be multiplied by — 1 on the interchange of each particle 
and the above theorem would apply. According to the electron-proton 
hypothesis 7 N 14 would consist of 14 protons and 7 electrons or 21 
particles in all, and hence by the above theorem it should satisfy Fermi- 
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Dirac statistics instead of the observed Bosc-Einstein. On the neutron- 
proton hypothesis, on the other hand, there would l>e 14 particles and 
Bose-Einstein statistics, in agreement with experimental results. In 
fact, the neutron-proton hypothesis accounts for the general result of 
Section 4D of Part III that nuclei of even A satisfy Bose-Einstein statis¬ 
tics while those of odd A obey Fcrmi-Dirae statistics. In a similar way 
the neutron-proton hypothesis is successful, whereas the electron-proton 
hypothesis is unsuccessful, in accounting for the approximate magnitudes 
of nuclear moments and for the integralness and half-integralness of the 
nuclear spins as listed in Section 4C of Part III. As a result of all these, 
the arguments in favor of the neutron-proton hypothesis of nuclear 
constitution as opposed to the electron-proton hypothesis are very 
strong indeed. 

B. Nature of Nuclear Forces 

Experimental knowledge of the nature of nuclear forces arises from 
a number of sources. One of the most fruitful of these has been the 
experimental study of those problems in which only two nucleons are 
involved, e.g., the ground state of the deuteron or proton-proton scatter¬ 
ing. The importance of these nuclear two-body problems arises from the 
fact that they are the simplest and the most suitable to theoretical inter¬ 
pretation. For this reason, all of Section 2 is concerned with nuclear 
two-body problems. However, not all information is obtainable in this 
way, and much important knowledge of nuclear forces comes from experi¬ 
mental information about heavier nuclei. This will be discussed in 
Section 3. The remainder of the present section will be concerned with 
some qualitative information on the nature of nuclear forces that can 
be inferred from a preliminary analysis of a few of the experiments that 
will subsequently be discussed in greater detail. 

As will be discussed in detail in Section 2B, it is found experimentally 
in the scattering of neutrons by protons that up to energies of about 
10 Mev the scattering is spherically symmetric, i.e., quantum mechani¬ 
cally, it probably corresponds to an S wave or a wave of zero orbital 
angular momentum. For the scattering to be only S wave, the range of 
nuclear forces must be sufficiently small that at lower energies particles 
of higher orbital angular momentum do not pass close enough to the 
nucleus to be within the range of the nuclear force. At this energy, then, 
the P wave of angular momentum h should be outside the range of nu¬ 
clear forces. If b is the closest distance between the proton and the path 
of an undeflected neutron of orbital angular momentum h as in Fig. 1 
and if R is the range of the neutron-proton force, then, for the neutron 
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just to be outside the range of the nuclear force, 

b>R W 

However, if m is the reduced mass of the neutron-proton system which is 
\M (where M is the approximate neutron or proton mass), it v is me 


M E l L l “ 6mV 



Fig. 1. Relation between classical closest distance of approach and angular mo¬ 
mentum. 


initial relative velocity between neutron and proton, if E is the initial 
energy of the neutron in the laboratory system, and if | L | = h is the 
orbital angular momentum of this assumed P state neutron, then 

im- w-e( t )"- 1 « 

Then, from Eqs. (4) and (5) and with E = 10 Mev, 

* <»-*(^7)"- 27 * io_, ‘ <6> 

The above derivation of Eq. (6) is necessarily not rigorous in that, if the 
interaction of the nucleons in the P state is very weak even inside the 
range of nuclear forces, there will be little P wave scattering even if 
Eq. (4) applies. As will be discussed in subsequent sections, information 
on the range of nuclear forces is also obtained by scattering protons by 
protons and by comparing the binding energies of jD 2 , 1 T 3 , 2 He 3 , and 
2 He 4 . Unfortunately, from these studies it is not possible to determine 
uniquely the shape and exact range of the attractive potential of the nu¬ 
clear particles. However, one frequently assumed and particularly 
simple potential between nuclear particles is a potential that has a con¬ 
stant non-zero value when the particles are closer than a fixed distance, 
R, and has the value zero at greater distances, as in Fig. 2. In much 
early work R was taken as 2.8 X 10“ 13 cm which is equal to the classical 
electron radius e 2 /mc 2 , but more recent studies (S3a) indicate that R is 
nearer to 2.1 X 10 -13 cm. Other forms of potentials are discussed in 
Section 2A. 
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If this shape of potential well is assumed, the depth of well for a 
neutron and proton with parallel spins and zero orbital angular momen¬ 
tum is automatically determined by the fact that the binding energy of 
the deuteron calculated from this must agree with the experimental 
value of 2.220 Mev. As will be shown in Section 2A, this requirement 
yields a value of 33.0 Mev for this depth if R = 2.1 X 10“ 13 . However, 
when the same theory is applied to account for the observed neutron- 
proton scattering, it is found that, although this depth is satisfactory 


V(r) 



Fig. 2. Nuclear square well potential. 


when the neutron and proton spins are parallel, a value of 21.0 Mev must 
be assumed when the spins are anti-parallel if the same value of R is 
assumed. 

Another empirical result that can be observed by even a superficial 
study of a table of stable isotopes is that the number N of neutrons in a 
nucleus is approximately equal to the number Z of protons for the light 
elements up to about argon. This suggests that the neutron-neutron 
and proton-proton forces are approximately equal, since if they were 
very unequal the maximum of stability would be shifted toward the 
particle with the greatest like particle attractive force. In heavier nu¬ 
clei it is true that the number of neutrons exceeds the number of protons, 
but, as will be seen in Section 3B, this shift is of just the amount which 
would be expected if the above relations applied for the specifically nu¬ 
clear forces between nucleons while in addition the normal Coulomb 
forces were assumed to act between protons. 

A more effective demonstration of the charge symmetry of nuclear 
forces can be obtained by a study of the differences in binding energy of 
mirror or conjugate nuclei, i.e., nuclei such that the numbers of neutrons 
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in one equals the number of protons in the other and vice versa Th s 
difference in binding energy can often be measured f ™m‘he '.pper hm’t 
of the beta-ray spectrum as in the beta-decay senes beginn.ng with 


and extending up to 


21 


•C n 

7 N 13 

Sc 41 


iB 11 + i«® 
r.c 13 + ,e° 


20 


Ca 41 + i«' 


(7) 

( 8 ) 


The observed differences in binding energy are found to agree with those 
predicted on the assumption that the only difference between neutron- 
neutron and proton-proton forces are due to the added Coulomb mtei- 
action in the latter case. 

In the comparision of neutron-proton and proton-proton scattering in 
Section 2 it will be seen that in the 'S state of the neutron-protron and 
proton-proton systems the depths of nuclear potential wells that need 
to be assumed to account for the observed scattering results are approxi¬ 
mately equal, at least at energies below 10 Mev. This result, together 
with the results of the preceding paragraph, forms the basis of the 
frequently assumed charge independence of nuclear forces, i.e., the 
assumption that, except for Coulomb forces, the nuclear forces between 
nuclear particles is independent of the nature of the particles. Some 
recent high-energy scattering experiments (C5) seem somewhat incon¬ 
sistent with charge independence of nuclear forces (C13, 03) but do not 


yet definitely exclude it (C2, J3). 

The existence of the quadrupole moment of the deuteron as discussed 
in greater detail in Part III and in Section 2A implies the existence of a 
non-central spin and position-dependent force or so-called tensor force. 
Although this tensor force must be included in any complete treatment 
of a nuclear problem, it can often be neglected in approximate calcula¬ 
tions since in many theoretical calculations the effects of the tensor 
interaction are small. As a result the two-body problems of Section 2 
will all be calculated initially on the basis of a central force, with the 


effect of the more complicated tensor force being introduced later. 

A final important characteristic of nuclear forces which can easily be 
seen qualitatively is the need for assuming a saturation character for the 
forces. When the binding energies of the deuteron and the alpha-particle 
are compared, it is seen that the binding energy increases even more 
rapidly than the number of nucleon pairs in the nucleus, i.e., more rapidly 
than A (A - l)/2, where A is the number of particles in the nucleus. If 
there were no saturation of nuclear forces, this result would be expected 
in heavier nuclei as well, so that the binding energy should increase at 
least as rapidly as approximately proportionally to A 2 . Instead of this, 
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for medium-weight nuclei, the binding energy is approximately propor¬ 
tional tc A, being about 8 Mev per particle for medium-weight nuclei. 
Since the binding energy of the alpha-particle is 28.3 Mev or about 7 A, 
saturation is almost completely reached in the alpha-particle. One 
possible way of attaining saturation might be to assume the existence 
of a potential between nucleons which is strongly repulsive at short 
distances, as in the Morse potential used in the theory of molecules; this 
repulsive potential could prevent too many nuclei from being in the 
range of each others’ attractive potential and hence could give saturation. 
However, Farzen and Sehiff (P4) have shown that such a short-range re¬ 
pulsive force cannot be made to fit all existing data. Therefore, in nu¬ 
clear theory it is usually considered that the saturation arises from the 
so-called “exchange” nature of nuclear forces. From this point of view 
it is considered that the effective nuclear potential is not merely a simple 
function V(t x — r 2 ) but instead an operator V(t x - r 2 )P, where P is 
an operator which alters any wave function multiplying it on the right 
side. Thus, in the case of the so-called Heisenberg exchange force, the 
operator P// interchanges the space and spin coordinates of the two 
interacting particles in the wave function on which it operates; in the 
case of Majorana forces, Pm interchanges only the space coordinates of 
the two interacting nucleons; in the case of Bartlett forces, Pn inter¬ 
changes only the spin coordinates of the interacting nucleons; in the case 
of Wigner or ordinary forces, Pw does nothing and can be replaced by 
unity. Actual nuclear forces are probably a mixture of several of the 
above types. Exchange forces will be discussed in greater detail in 
Section 2B. However, for many two-body problems in which only a 
single nuclear state is involved, as in the ground state of the deuteron 
or in low-energy neutron-proton scattering, the exchange nature of the 
nuclear force makes no difference since it affects only the relative sign 
and magnitude of the interaction potential in different states. Con¬ 
sequently, in the initial discussions of two-body interactions no explicit 
assumption need be made as to the exchange nature of the nuclear forces; 
allowance for it can be made later when comparisions are made between 
different states and when heavier nuclei are considered. 

SECTION 2. NUCLEAR TWO-BODY PROBLEMS 
A. The Deuteron 

1. Empirical Data on the Deuteron. The experimental methods of 
obtaining data on the deuteron have been described earlier, so the 
results need merely be collected together. These results for the proton 
and neutron which make up the deuteron and for the deuteron are as 
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follows. The proton has a charge of e, a mass (To, Mb) of 1.008142 
± 0.000003 (including the mass of an electron in an H ) 
physical atomic weight scale, a spin of H, F erm. stat.st.es and a mag 
netic moment of 2.79255 nuclear magnetons. The neu ron has ero 
charge, a mass of 1.008982 ± 0.000003. a spin of Vi, Fermi -stati-stic. 
and a magnetic moment of 1.91280 ± 

deuteron has a charge of c, a mass of 2.014735 ± 0.000005 (m 4u 1 U 
1 electron), a spin of 1, Bose statistics, a magnetic moment of (h8o/348 
± 0.000009 nuclear magneton, and an electrical quadrupole moment 
(K5a) of 2.738 ± 0.014 X 10" 27 cm 2 . The binding energy of the 
deuteron (138, M14a, S3a) is 2.220 =fc 0.004 Mev. 

2. Theory of the Deuteron on a Central Force Approximation. As 
mentioned in Section IB, no special consideration of the exchange nature 
of nuclear forces is necessary in a discussion of the ground state of the 
deuteron. The effect of a space exchange operator on a wave function 
following it is to exchange the coordinates of the two particles or in 
spherical relative coordinates as used below to make the exchange 
r -+ r 0—>TT — > 7 r + <*>. However, as shown below, the ground 

state of the deuteron to a first approximation is an S state, whence the 
wave function is unaltered by the above transformation. Therefore the 
exchange operator produces no effect on this state. Although it will be 
shown below that in a higher approximation the ground state of the 
deuteron contains a small amount of D state intermixed with the S state, 
the above argument is still valid. The angular dependence of a state of 
orbital angular momentum l (C16) is Ptm(0) e ' m *> where Pt m an 
associated Legendre polynomial. It is easy to show (.12) that 


PvPi,n(0)c im * = PU* ~ 0)e imiw ++ ) - (-1 yPUOW"'* 


(9) 


Therefore the space exchange operator does not affect calculations con¬ 
cerned only with even l states. In odd states the sign of the potential 
associated with Pm is reversed. 

In the initial discussion of the deuteron the effect of tensor forces will 
be neglected, although these will subsequently be incorporated into the 
theory. 

Just as in the non-relativistic theory of the hydrogen atom (P7, R16) 
the wave equation for the relative motion of a proton and a neutron is 


- — v 2 + T(r) - E Hr, <t>) 

2m 


( 10 ) 


where m = M n M P /(M n + M p ) « \M is the reduced mass; M is the 
average of the proton and neutron mass; r, 0 , <f> are the coordinates of the 
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proton relative to the neutron; and V (r) is the relative attractive potential 
of the nuclear forces. 

Because of the short range of nuclear forces, the lowest energy state 
will be the one for which the wave function has the greatest amplitude for 
small r, since only then is the large negative potential effective. Just as 
in atomic theory (P7) or as in the discussion associated with Eq. (5), 
this occurs for S states, for which l = 0 and for which there is spherical 
symmetry. With the assumption of spherical symmetry for \p(r, 0, 4>) in 
Eq. (10) the angular derivatives in the Laplacian vanish and Eq. (10) 
becomes 

1 d / d\ M 

? dr V Jr) + - [E ~ V < r) W r) = 0 


h 2 


(ID 


Let 


and this reduces to 


Hr) 


u(r) 


^ ^ [R - V(r)]u 

dr 2 h 2 


0 


( 12 ) 


(13) 


As mentioned in Section 1, the shortness of the range of interaction 
makes the solution to the deuteron problem relatively insensitive to 
the exact shape of the potential well provided only that it is a potential 
well of short range. For this reason, F(r) can be taken in the particularly 
simple form of a square well of radius R, as in Fig. 2, with V (r) being 
equal to — V 0 for r < R and equal to zero for r > a. Other forms are 
given by Eqs. (23) to (32). Then, if t is the binding energy of the 
deuteron, 2 

d ^+‘"(V o - t )u = 0 (r < R) (14) 


h 2 


dr 2 


Mt 


— - — u = 0 (r > R) 


h 2 


The solutions of these equations are 

u = A sin kr 
u = Be- 1 ' 


(r<R) 
(r> R) 


where 


k = 


y = 


y/M(V o - t) 



(15) 

(16) 

(17) 

(18) 
(19) 
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The cosine solution and the positive exponential are excl.K ed by t 
fact that * = u/r must be finite at r = 0 and at infinity m the two 
cases, respectively. Since u and u’ must be continuous at r - K, 
also must u'/u, whence from Eqs. (16) and (17) 


cos kR D 

k — -- k cot kR 

sin kR 


— y 


( 20 ) 


Equation (20), together with (18) and (19), provides a functional relation 
between V 0 and R, provided that £ is taken as known from the expei imen- 



Fig. 3. Deutcron wave function with a square well of radius R. 

tal value of the binding energy of the deuteron. V 0 and R t however, are 
not separately determined from this. If the value of 2.1 X 10 13 cm 
for R discussed in Section IB is assumed, the value of V 0 to give the 
experimental value of the binding energy of the deuteron is 33.6 Mev. 
From (18), (19), and (20), it can be seen that, for e« V 0 , V 0 R 2 is 
approximately constant. Hence, the inaccuracy of R produces a less 
serious effect if this result is written as 

V 0 R 2 - 1.48 X 10 “ 24 Mev - cm* for /? ~ 2.1 X 10 " 13 cm (21) 

The shape of u(r) from Eqs. (16) and (17) is shown in Fig. 3. As can be 
seen from the figure, the range of forces R is considerably less than the 
radius of the region over which u(r) has appreciable amplitude. An¬ 
alytically this can be seen from the fact that, from Eq. (16), 1/7 is a 
measure of the radius of the deuteron and 

1 _h_ 

7 y/ Me 


= 4.36 X 10 “ 13 cm > 2.1 X 10 “ 13 cm = R (22) 
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For this reason the wave function of the deuteron in many calculations 
is approximated by taking Eq. (17) as applicable for all values of r with 
the error introduced for r < R being neglected. 

This problem has been solved with the same essential results by using 
other shapes of potential well. The nature of these different assumed 
potential wells can be seen by writing the potential 

v - -■'/© 


Then the more frequently used well shapes correspond to the following 
form of the function /(x): 

(a) Square well (B12), 


/(I) = 1 (I < 1) 

(24) 

/(X) = 0 (x > 1) 

(25) 

(b) Exponential well (B12), 


/(x) = e -1 

(26) 

(c) Morse potential (R16), 


/(x) = 2e -2 ' - e~* x 

(27) 

(rf) Gauss potential (B12), 


/(x) = e - ** 

(28) 

(e) Meson or Yukawa potential (R16), 


f(*) = — - YM 

r 

(29) 


(/) HulthSn approximation to meson potential (H25), 

m = Yz~=i. (30) 

(g) Hylleraas potential (H36), 

f(x) = 1 - tgh 2 x (31) 

(h) Christian and Noyes highly singular potential (C13), 

/Or) = ^ (32) 

Sets of values of J and R for these wells to account for the binding 
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energy of the deuteron have been summarized by Rosenfeld (R16). J ll( “ 
meson potential is of particular interest in that there ts a heoret^l 
basis for it in the meson theory of nuclear forces d.scussed '"Section 
2F. Quantum-mechanical variational methods developed by HulthSn 
(H25, H26, H29), Svartholm (S29), Schwinger (S9), and others have 
been particularly valuable in treating these different assumed potentials. 
In Section 2B5 below there is given a method of discussing the deuteron 
which is equally applicable to all well shapes. , 

Bv a procedure similar to the above square well treatment of the 
deuteron ground state (but no longer limited by the restriction l = 0) 
it can be shown that with the above radius and well depth there should 
be no other bound state for the deuteron (B14) with a different orbital 
motion. 

Since the ground state of the deuteron found above is an 6 state and 
since the spin of the deuteron is 1, the neutron and proton spins must 
be “parallel.” Hence in ordinary spectroscopic notation (CIO), the 
ground state of the deuteron is a triplet S state or 3 5i. 

3. Effect of Tensor Force on the Deuteron. The wave function, 
Eq. (11), of the deuteron obtained above is spherically symmetric and 
consequently cannot give the experimentally observed quadruple 
moment of the deuteron. For this reason Schwinger (R8) introduced a 
tensor force which coupled the spin and orbital motion together. This 
interaction potential was assumed to be of the form 


12 


3(<r,r)(o- 2 r) 

r 2 


— <ri<r 2 


(33) 


where crj and <r 2 are the Pauli spin operators for the proton and neutron, 
respectively. It is of interest to note that the angular dependence of 
Eq. (33) is just the same as that for the classical magnetic interaction of 
two magnetic dipoles. The assumption of this form of tensor interaction 
can be justified on quite general ground, since it has been proved by 
Wigner (Wll, R8) that, if the interaction between two particles of spin 
Y 2 is assumed to be velocity independent and invariant to the choice of 
the observer’s coordinate system, the most general interaction gan be 
reduced to the form 


V 


[/(r) + L(r) -- + K(r)S l2 


(34) 


In quantum theory the constants of motion whose eigenvalues are 
used to specify the eigenstates of the energy must all correspond to 
operators which commute with the Hamiltonian and with each other 
(C16, D5). When the Hamiltonian contains a potential of the form of 
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Eq. (27), which couples the spin and orbital angular momentum together, 
the operators (C16) for L 2 and L, no longer commute with the Hamil¬ 
tonian. Consequently the eigenstates of the energy can no longer 
correspond to definite values of the orbital quantum numbers L and mr, 
but correspond instead to a mixture of several values, for example of 
L = 0 and L = 2 or of an S and a D orbital state. In a similar way, if 
S = \(<t\ + <r 2 ), (S) z will not in general commute with the Hamiltonian, 
so ms will not be a good quantum number either. 

However, there are other quantities which are constants of motion 
even when a tensor force is present. Corresponding to the conservation 
of the total angular momentum I = L 4- S, the quantum numbers I and 
mi may be used along with the energy E. In addition, there are two 
other valid constants of motion. In the case of only two particles, if 
P„ is an operator corresponding to the interchange of <t\ and <r 2 , then as 
can be seen by inspection V is not altered by the application of the, 
operator P„ so P, commutes with the Hamiltonian, whence its eigen¬ 
values are constants of motion. If i is a simultaneous eigenstate of 
both the Hamiltonian and P„ then P„* = ty, where k is a constant and 
P a 2 j/ = fcty. However, P„ 2 corresponds to interchanging the spins twice, 
which is equivalent to doing nothing, so k 2 = 1 and k = ±1. Con¬ 
sequently, even with tensor forces, there is still a sharp split into sym¬ 
metrical and anti-symmetrical spin functions. However, just as with 
two electrons (P7), symmetrical spin functions correspond to S - 1, 
and anti-symmetrical to S = 0, therefore in the case of two particles 
each having spin ]/ 2 , S can be used as a good quantum number even with 
a tensor force. The remaining constant of motion can be the eigenvalues 
of the parity operator P r , which replaces r by -r. Since this inter¬ 
change does not affect Eq. (34), P r commutes with the Hamiltonian and 
the eigenvalues of P r are suitable constants. By exactly the same 
argument as with P„ the only possible eigenvalues p of P r are ±1; 
states with +1 are said to have even parity, and states with -l odd 
parity. Therefore a set of constants to specify the different states is E , 
/ m/, S, and p. If there is no degeneracy (other than spatial) of nuclear 
states, all these quantities (except m r ) are uniquely determined by a 
specification of the energy of the state. 

Since the effects of the tensor force are small, it is reasonable to expect 
that the lowest-energv state would be one which is as nearly similar as 
possible to the 3 S, state found previously, and in particular a state which 
has the same value of /, 5, and p. Since 7 - 1 and p - 1 m a 
state, the ground state of the deuteron in the presence of a relatively 
weak tensor force can be taken as specified by these same values. A 
single value of L will not be associated with the state; however, this 
state can be represented as a superposition of a number of eigenstates 
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to the central force problem since the latter form a ^^rely^limited in 
D5). The contributing eigenstates are, however, severy „ and 

4 er ^^ 

values L = 0, 1, and 2 However l_= 1 has f^ en 

state of the deuteron for which I 1 , *S » 

must be a superposition of a 3 S X state and a i s a e. 

he, i = 1. */, S - 1, V - 1) - + a2 * (3/>l) (35) 

Since S is known and since «r, is just twice 
the <n <r 2 in the general interaction potential, Eq. (34) 

S 2 = S(S + 1) = i(«ri + ^s) 2 = + ** + 2a ' ,£r2) 

so 

= 2S(S+ 1) - 3 

For the ground state of the deuteron, therefore, where S = 1, <Ti «r 2 
and the middle term in Eq. (34) vanishes, leaving 

V = — V(r) + K(r)S, 2 1 

Rarita (R8), Schwinger (R8, S10, F19a), Feshbach (F19a, P8),, and 
others (G12, R5, P8) have made extensive calculations on the deutero 
ground state. Feshbach and Schwinger (F19a) give tables of possible 
varieties of Yukawa potentials that satisfy the known properties ot the 
deuteron and that agree with low-energy scattering data. Pease and 
Feshbach (P8) suggest a specific form of potential that accounts not 
only for the above data, but also for the binding energy of the triton. 
Their potential is defined in Eq. (40). For this potential there is a 4 per¬ 
cent admixture of 3 D, state with the 3 S, state to yield the experimental 
value of the quadrupole moment of the deuteron; that is, if Pd ,s ^ e 
fraction of Z D X in probability (proportional to the modulus square of 
the amplitude), 


(36) 

(37) 
= 1 , 

(38) 


Pd = 


a 2 


(I «» | 2 + I a 2 | 2 ) 


= 0.04 


(39) 


This result, however, is very sensitive to the range assumed for the 
nuclear force. The potentials assumed by Pease and Feshbach (P8) 


were 


J(r) = 46.1 F(r/1.184 X 10~ 13 cm) Mev 
K(r) = 24.9K(r/1.67 X 10~ 13 cm) Mev 


(40) 


L(r) = 0.4F(r/1.184 X 10 -13 cm) Mev 


where F(x) is as defined in Eq. (29). 
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With central forces only and a consequent 3 S\ ground state for the 
deuteron, the deuteron magnetic moment should equal the sum of the 
neutron and proton magnetic moments since there should be no orbital 
contribution to either the angular momentum or the magnetic moment. 
This, however, is not the case with a tensor force. In fact, it can be 
shown quite easily (R8, S10) that with the above definition of P/> 

MZ> “ Mn + Mp — i(PD ± 0.016)(Mn + Mp “ \) ( 41 ) 

The indicated uncertainty of ±0.010 about Pd arises from unevaluated 
relativistic effects discussed by Sachs (SI), Breit (B32), Primakoff (PI9), 
and others (Fl9a). From the experimental values of the moments listed 
in Part III, Pd can be calculated independently of the previous calcula¬ 
tion. The result is 4 =fc 1.6 percent in agreement with Eq. (39), which 
results from the potentials of Eq. (40). 

B. Scattering of Neutrons by Free Protons 

1. Introduction. When neutrons of an energy of the order of 1 ev 
or less are scattered by protons bound in a molecule whose vibrational 
energy is also of the order of 1 ev, the molecular binding affects the 
scattering in several ways which will be discussed in Part VII of Volume 
II. The experiments discussed in this section will therefore be limited 
to those above 1 ev, so that the protons can »>e regarded as essentially 
free. 

In discussions of elastic scattering of nucleons by light nuclei it is 
necessary to make frequent transitions between a frame of reference 
fixed in the laboratory relative to which the experiments are made and 
a frame of reference which is such that the motion of the center of mass 
of the nucleons is separated out while r is the coordinate of the proton 
relative to the neutron (P7, RIO). This coordinate system is often 
called the center-of-mass or barycentric system. The relation between 
quantities in the two systems denoted by subscripts lab and c.m. is as 
follows for elastic scattering: if a particle of mass M i strikes M 2 which 
was initially at rest, if M x is deflected by an angle 0 while the M 2 recoils 
at an angle <t> relative to the initial velocity of M i, if E c . m . is the kinetic 
energy associated with the relative motion of M\ and M 2 in the center- 
of-mass system (i.e., the energy to use in the center-of-mass Schrodinger 
equation), if E ]ab is the initial kinetic energy of M x in the lab system, 
if /x is the reduced mass to be used in the Schrodinger equation, if 
relativistic effects can be neglected, if dR is an element of solid angle, 
and if <x{0) is the differential scattering cross section defined as in Eq. 
(55), 
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M 2 sin 0 c .m. 


Ml + M 2 COS 0 c .m. 
<t >lab = £(* ” ^o.m.) 

M 1 M 2 




£ 


A/i + A/ 2 

Af 2 


'c.m. 


E lab 


^o.ru.C^o.m.) 


M\ + A/ 2 
[tf, cos flub + (^ 2 2 - Ml* sin 2 »i«b) H l ; 
Mt(M 2 2 - M, 2 sin 2 0i.b)* 

<y|ab(0lab)dfl|qb 

dVr. m. 

M 2 (M 2 2 - M, 2 sin 2 0i„b ) H 


'/'-hab 
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(42) 

(43) 

(44) 

(45) 

(46) 


[Mi cos 9i„b + (.Mi 2 - Mi 2 sin 2 0i«b) H l ! 


<Hnb(01ab) 


The above equations can be derived (S5, B12, R18) from the conserva- 
tion of energy and momentum and the usual procedure (P7) for reducing 
a Schrodinger equation for two particles to relative coordinates. It 
should be noted that the above equations apply only for elastic scatter¬ 
ing. For inelastic scattering the corresponding relations are given by 
Schiff (S5) and others. If M, = M 2 = M as in neutron-proton scatter- 
ing, the above reduce to 


'c.m. 


0|ab = J0< 

<*>lab “ £(»■ “ ^c.m.) = h* - *lab 


(47) 

(48) 


M 



#c.m. = ^lab 

dficm. = 4 COS fllabdftlab 


(49) 

(50) 

(51) 


<r. 


1 . (^c.m.) 


<Tlab(01ab) 

4 COS 0| a b 


The above special case can very easily be derived directly. The difference 
between the laboratory coordinates and the center-of-mass coordinates 
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in the case is illustrated in Figs. 4 and 5. It should he noted that the 
total cross section is the same for laboratory and center-of-mass systems 
and also for both particles, since the total number of collisions must be 
independent of the mode of description. 



velocities. 



Fig. 5. Neutron-proton scattering as viewed in ccntcr-of-mass system at non- 
relativistic velocities. The relation to the angles and velocities in the laboratory 
system after scattering is shown by the dotted lines. 


2. Experimental Results on Scattering of Neutrons by Free Protons. 

A large number of measurements of neutron-proton scattering have 
been made. The experiments have been of two kinds: those which 
measured the total cross section and those which measured the angular 
distribution of the scattering. 

The total cross section for neutron-proton scattering has been measured 
at a number of different energies by many observers including Williams 
(Bl), Frisch (F29), Sherr (S15), Salant and Ramsey (S3), Aoki (All, 
K3), Zinn (Zl), Amaldi (Al), McMillan (C19), Sleator (S20), Segrfc 
(HI, H16, D4), Rainwater (R3, M14), Melkonian (M14), and others 
(G9, G8, S18, H8, C15, B40, J6, M16a). 
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' The procedure in most of these experiments is rather ^milar and .s 
illustrated in Fig. 6. A suitable neutron 

is placed about 30 cm from a neutron source of about the sam 

detector A cylinder of the scattering material being studiea 
Xed between ^source and the detector. Paraffin and carbon ar 

often used as scattered so that the neutron-proton ^"^““rer 

obtained by comparing the results. The intensi y ° c 

is measured by the detector for a given intensity of a mon "^ ^ d for 
and then the intensity / with the scatterer in place is determined 


Proton recoil 



Fig. 6. Typical scattering apparatus for the total neutron-proton cross section (F29). 


the same monitoring intensity. If the geometry were perfect, i.e., if 
all defining angles were negligibly small, the total cross section <r, would 

b ““ Ve " by , . (52) 


where N is the number of scattering and absorbing nuclei per unit 
volume of scatterer and x is the thickness of the scatterer. In most 
experiments, small corrections (Bl, F29, S15) are made to Eq. (52) to 
allow for the lack of perfect geometry. 

A number of different sources and detectors have been used with these 
experiments, depending on the energy of neutrons being studied. A 
“resonance filter” method has been used by Cohen, Goldsmith, and 
Schwinger (C15) and Simons (S18, S19). In this a material with a 
suitable resonance level such as indium, surrounded with cadmium to 
eliminate thermal neutrons, is used as a detector and the same material 
is used as a filter. Hydrogen-filled or paraffin-lined ionization chambers 
have been used at higher energies. The D(rf, n)He 3 reaction makes a 
particularly convenient source for homogeneous neutron energies in the 
region of 2 to 6 Mev. Salant and Ramsey (S3) have used the Li(rf, n) 
reaction, which gives a more or less continuous neutron spectrum up to 
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about 15 Mev, together with a threshold detector which is not sensitive 
below about 12 Mev to define a higher-energy range. The threshold de¬ 
tector was a copper dish which undergoes the reaction Cu 63 (n, 2n)Cu 02 
with a 12-Mev threshold; the Cu c2 is radioactive with a 10-min period. 
Sherr (S15) and McMillan (C19) have used a similar procedure with 
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Fife- 7- Results of experiment* on the total neutron-proton cross section (A0). The 
experimental data associated with the different reference numbers were obtained by: 
(1) Wattenberg (Wla); (2) Frisch (F29); (3) Bailey cl al. (Bl); (4) Lampi el al. 
(LO); (5) Aoki (A10. All); (6) Zinn cl al. (Zl); (7) Ageno el al. (Al); (8) Sleator 
(S20); (9) Salant and Hamsey (S3); (10) Sherr (S15); (11) Hildebrand and Leith 
(H16); (12) Cook cl al. (C19); (13) De Juren and Knable (D4); (14) De Juren el al. 
(D4); and (15) Fox el al. (F26a). 


carbon detectors. Van Allen and Ramsey (VI) and Amaldi (Al) have 
used as a detector a paraffin layer which produces recoil protons which 
subsequently pass through several counters in coincidence which are 
separated by aluminum absorbers so that the energy is defined by the 
number of counters passed through. The results of these investigations 
are given in Figs. 7 and 13. The results of Williams (Bl) and Frisch 
(F29) cover the energy range from 0.035 to 6.0 Mev in a fairly con¬ 
sistent manner and are taken as particularly reliable in that energy 
region by Bohm and Uichman (B22) in their theoretical analysis of 
neutron-proton scattering. The results at very high energies are (HI, 
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Hie, c, m, 

10" 24 cm 2 at 90 Mev, and (0.03o ± 0.009) X 10 : n be i ng 

As mentioned above, neutrons whose energy is ess ^ sections 

scattered from molecules, have them apparentscattenngcro^ 

affected by the nature of the molecule to which the p eri . 

The theory of .his is discussed in Part VII of Volume IL Tta-tpen^ 
ments on such bound protons are also d.scuss^nthatvolum. 
shown there, the equivalent free-proton cross sect.on an te nfe 
from the experimental results with bound protons. Th's qu^t.ty 
also be measured directly with velocity setej-tor techniques at ene gi 
slightly above thermal (MU). The best value* J* the f “ t 

proton cross section is probably that of (20.36 ±. \ . . neutron 
obtained by Melkonian, Rainwater, and Havens (M14) "'.th a neutron 
velocity selector. Of particular importance with bound protons ha 
been experiments with very slow neutrons and with orthohydrogen and 
parahydrogen. These experiments are also discussed m Par VH 
Volume II; they give information about the spin dcrndence o nuc ea 
forces and the range of nuclear forces. They also show that the lowest 
energy state of a neutron-proton system with anti-parallel spins is virtual 

(not bound) and that the spin of the neutron is Vt- 
The study of the angular distribution of neutron-proton scatteiing is 
particularly valuable because of its implications regarding the nature 
and particularly the range of nuclear forces. The early experiments on 
angular distribution gave widely divergent results due chiefly to the 
inhomogeneity of the neutron sources and the failure to identify all the 
high-energy recoil protons. However, Dee and Gilbert (D3) with a 
large cloud chamber obtained apparently reliable results using D (rf, n) 
He 3 neutrons and found at their energy—about 2.5 Mev—that in the 
center-of-mass system the scattering was isotropic to within the experi¬ 
mental error of about 10 percent in the determination of isotropy. 
Kruger (K8) and Bonner (B25) obtained about the same results with a 
similar method. Barschall and Kanner (B6) with the same source 
obtained similar results using as a detector of the angular distribution 
the energy distribution of the proton recoils as measured by the ioniza¬ 
tion in an ionization chamber attached to a linear amplifier. Tatel (Tl), 
using a Be(d, n) source, a recoil proton detector consisting of a coinci¬ 
dence system of two ionization chambers, and two different scattering 


angles, found isotropy to within 10 percent. 

In the energy range of 12 to 14 Mev the results were at first somewhat 
contradictory. Amaldi (A6, A7), using as a detector of the recoil protons a 
coincidence system of three proportional counters, concluded that at this 
energy the ratio of backward to sideward scattering in the center-of-mass 
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system was between O.o and 0.7. On the other hand, Powell (PI1 5 > 

and his collaborators, by observing the tracks of proton recoils in a 
photographic emulsion, found at 8.8 and 13 Mev that there was approxi¬ 
mate spherical symmetry in the center-of-mass system. I.aughlm ana 
Kruger (L4), Barschall and Taschek (B7), and others (Bla) in recent 
experiments have also found spherical symmetry in the center-of-mass 
system at 12 to 21 Mev. 

‘ At neutron energies of 40 Mev and above definite departures from 
spherical symmetry in neutron-proton scattering have been found by 
Segrt and his collaborators (HI, B38). The neutrons used originated 
from the bombardment of beryllium by high-energy deuterons and 
protons and have been grouped around 40, 90, and 260 Mev in the 
different experiments so far completed. The neutrons were allowed to 
strike a scatterer, and the recoil protons from the scatterer were observed 
by a coincidence telescope of counters as in Fig. 8. These results are 
given in Fig. 9. As discussed below, they are particularly informative 


with respect to the nature of nuclear forces. 

3. Phase Shift Analysis of Neutron-Proton Scattering. As shown in 
Eq. (12) the wave equation for a neutron-proton system in center-of- 
mass coordinates is 




0 


(53) 


if tensor forces are ignored, as they may reasonably be in this prelim¬ 
inary discussion; the effect of tensor forces will be discussed later. The 
boundary conditions for scattering, however, are different from those 
for the bound state of the deuteron. For scattering the boundary con¬ 
dition is that at large distances from the nucleus the wave function 
should correspond to the superposition of an incident plane wave and 
an outgoing scattered spherical wave so that all the ingoing particles 
correspond to a plane wave at large distances, i.e., a solution yp of Eq. 
(53) is sought with the asymptotic form 

e ik r 

* = *incid + *scat = + —m (54) 

• r 


for large r, where k = y/JlE/h = 1/X. That Eq. (54) satisfies (53) 
in the asymptotic limit where F(r) =0 is easily seen by direct substi¬ 
tution. Equation (54) also clearly corresponds to an incident plane 
wave and an outward scattered spherical wave. If a solution with this 
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asymptotic form can be found, the quantity f(0) can be directly related 
to the scattering cross section. If <r(0) dP. is the cross section for scatter¬ 
ing into solid angle dil in the center-of-mass system: 

o{e) dn 

Number scattered into dU per second 
Number of incident particles per square centimeter per second 


or 


I ’/'scat | 2 X c 8Cat X r 2 dil 
I ’/'incid * X Vincid 


I m I 2 


*(•> = | m | 2 


(55) 

(50) 


The quantity, /(0), can be expressed in a form whose parameters are 
subject to a more direct physical interpretation if the scattering problem 
is looked at from a somewhat different point of view. Since there is 
symmetry about the z axis, the asymptotic solution, Eq. (54), can also 
be expressed in an infinite scries of Ix?gendre polynomials, P n (cos 0): 

70 

* = E F«(r)P,(cos 8 ) (57) 

I- 0 


As in atomic structure, these different terms correspond to different 
orbital quantum numbers / or to S, P, D, etc., orbital states. 

An expansion like Eq. (57) is also possible when V(r) = 0 everywhere, 
i.e., when ^ = e lkz . From the present point of view, then, the scattering 
can be attributed to the effect of the nuclear potential in changing the 
coefficients F /(r). f( 0 ) can then be expressed in terms of this change in 
FAr). 

The relation of f(0) to this change is particularly easy to work out for 
scattering which is spherically symmetric in the center-of-mass system. 
If, in this case, i^frec is the above ^ when T(r) = 0 everywhere, 

sin kr f .. sin Arr~l 

- e - -tt + r - ~kr\ (58) 


The advantage of the second way of writing is that the first term contains 
the entire spherically symmetric part whereas the terms in the brackets 
correspond to terms of Eq. (57) with / > 0. This can be seen from the 
fact that the average of the bracketed quantity over all directions is 
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2 sin 0 dd 


sin kr 
kr 


e ikr - e“* r 


2ikr 


sin kr 
kr 


= 0 


(59) 


As discussed in Section IB, the experimentally observed spherical sym¬ 
metry of the scattering below 10 to 15 Mev is generally interpreted as 
corresponding to the nuclear forces being of such short range that only 
the spherically symmetric or S part of Eq. (57) is affected by the presence 
of the nuclear force. Hence the presence of the nuclear force can affect 
only the S part and the solution in the presence of an interaction must 
be of the form 

sin Avl 

6 - -j^r\ (° 0) 

The quantity in brackets, corresponding to only P and higher waves, is 
unaffected by the short-range force at the energies considered. But 
fa must satisfy the form, Eq. (13), of the wave equation of the neutron- 
proton system when spherical symmetry is assumed, i.e., as in Eq. (12), 

, u(r) 

ts =- 

r 

where i/(r) satisfies 

5+S [E - v(r),u=0 

dr 


(61) 

(62) 


At distances beyond the range of nuclear forces V(r ) may be taken as 
equal to zero, and the general solution of Eq. (62) beyond the range of 
the nuclear force is 

it = C sin (kr -f 5 0 ) (63) 


so Eq. (60) becomes 



C sin (kr 4- $o) 
r 



sin kr 
kr 


(64) 


Equation (63) shows that the effect of the potential on the solution be¬ 
yond the range of nuclear forces is merely the introduction of a phase 
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shift 5 0 into the sinusoidal S wave solution as in Fig. 10. With the sines 
written as exponentials, this is 


* = e ikz + 


e ikr ^Ce ,a ® - l/k ^ l//c ^ 


(05) 


r V 2t / r \ 2i 
However, in order that the entire incoming wave may be part of a plane 



Fig. 10. Phase shift of the S wave in neutron-proton scattering. The dotted curve 
shows the form of the S wave function in the absence of the nuclear potential. 

wave, the last term which corresponds to an ingoing spherical wave must 
be zero and 

e ,4# 

c = — ( 66 ) 

and 

,i*r /e 2i*o _ r 


* = e ikt + 


e /e 0 - 1\ 

T \ 2 ik ) 


(67) 


Hence, by comparison with Eq. (54), 

e 2,4# - 1 e ,4 ° sin 5 0 


and, from Eq. (56), 


m - 


m = 


2ik 
sin 2 6 0 


k 

X 2 sin 2 6 0 


( 68 ) 


(69) 


For very slow neutrons, k and, hence, $o are small since 5 0 must ap¬ 
proach zero with k, as otherwise (68) would become infinite. In this 
limit, therefore, 

5 0 

m = - = -a 

k 


(70) 
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where the quantity a has the dimensions of length and is called ' J - v 
Fermi and Marshall (F18) the scattering length. With this dehmt , 
for very slow neutrons 

(71) 


ikr c »(*r+r) 

e*** — a — = e ikz 


+ a 


The scattering length, a, to a very good approximation is a real number, 
and its imaginary part can be neglected except in cases of extreme y 
high absorption. 

For slow neutrons and low values of kr and 6 0t Eq. (63) becomes 

i/ = C(kr + So) = Ck(r - a) ( 72 ) 

The quantity a may therefore physically be interpreted in Fjg. 11 as 
the intercept on the r axis of a linear extrapolation from a point jus 



Fig. 11. Phase shift of the S wave in very low-energy neutron scattering showing 

the scattering length a. 

beyond the nuclear force range of the wave function u for a zero-energy 
incident particle. A positive value of a corresponds to the intercept 
being on the right in Fig. 11. 

From Eqs. (70) and (56), for slow neutrons 

o(6) = | a | 2 (73) 

It should be noted from Eq. (71) that a positive value of a corresponds 
to a 180° phase shift in the scattered wave. In some of the earlier papers 
the opposite sign convention was used. 

In calculating Eq. (69) it was assumed that the nuclear potential 
only distorted the S wave. However, it has been shown by Mott (Ml6, 
S5) that, if the nuclear potential introduces a phase shift 5, in the asymp- 
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totic form of the wave of orbital angular momentum quantum number l, 

K0) = — E (2/ + Die”" - 1 IP,(cos 0) (74) 

2 tk , =0 

= ' E (2 1+ l)*'* sin 9,P,(cos 9) (75) 

h 1—0 

The proofs of the above expressions are rather straightforward generali¬ 
zations of the procedure used here in the case of l - 0 and are clearly 
given in a number of books on quantum mechanics such as Schiffs (S5). 
From (56) and (75), 

<r(9) = 4 I £ (2i + ly" sin S,P ,(cos 9) | 2 (76) 

* I 

By the integration of Eq. (69) over 4ir, the total cross section a in the 
case of spherical symmetry may be evaluated to be 

a = 4tX 2 sin 2 & 0 (77) 

For slow neutrons, from Eq. (73), a - 4xa 2 . Similarly by the inte¬ 
gration of Eq. (76) and the use of the orthogonality properties of Pi, 
when integrated over 4 r, the total cross section in general is 

90 

a = 4tX 2 E (2/ + 1) sin 2 9, (78) 

f-0 

4. Interpretation of Low-Energy Neutron-Proton Scattering with Spe¬ 
cific Potentials. The development of a theory for the scattering cross 
section amounts to the development of a theory for the phase shifts 5/ 
in Eq. (78). The theory in turn depends on assumptions regarding the 
nature of the nuclear potential F(r). The calculations have been made 
for the various proton-neutron potentials listed in Section 2A2. ihe 
results of several of these calculations have been tabulated by Rosenfeld 
(RIG). By way of illustration, the calculation will be carried out first 
only for the same rectangular potential well assumed in Section 2A2 for 
the deuteron ground state. In Section 2B5 there is a treatment applica¬ 
ble to any well shape. 

For a rectangular well and for spherically symmetric scattering only, 
the Schrodinger equation is expressed by Eqs. (61) and (62), which are 
the same as Eqs. (12) and (13) for the ground state of the deuteron. 
However, in the present case the binding energy € is replaced by a 
positive energy E and the solution outside the well is of the form sin 
{[VME/\\]r + 5 0 )- Hence a comparison with Eqs. (18), (19), and (20) 
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shows that in the present case the joining conditions at r = R >s 




The subscripts R and E on the left side of the equation mean that (u'/u) 
is evaluated at a radius R and an energy E. This result can be compared 
with the joining condition, Eq. (20), for the ground state of the deuteron, 
which was 



where € is the binding energy of the deuteron. 

If now Vo » € and V 0 » E, the behavior of u inside the potential well 
and hence of ti'/u at r = R is only slightly affected by the difference of 
energy between the scattering and the bound state. Therefore, the left 
side of Eq. (79) can be evaluated in a series expansion of which the first 
term is Eq. (80), i.e., from Eqs. (79) and (80), 




dE \u/r,_. 


{E + *) + 




(E+e) 


(82) 


To the first approximation, the second term on the right in Eq. (82) 
may be neglected and the range of force s R may be taken as a small 
fraction of a wavelength so that [VME/h)R may be neglected on the 
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(83) 

(84) 

(85) 

(80) 


The absolute value sign placed around the e may seem unnecessary 
because it has been assumed throughout that«is positive, i.e., that there 
is a real bound state. However, if there is no bound state but if the po¬ 
tential well depth is almost sufficiently great for there to be one, the 
logarithmic derivative ( u'/u)r.e will be of the opposite sign to that, 
when there is a bound state. However, from (83) and (84), the cross 
section approximately depends only on the square of the logarithmic 
derivative, so that approximately the same cross section can be ob¬ 
tained when the potential is such that there is a real bound state and 
when it is such that there is no real bound state but the magnitude of the 
logarithmic derivative is the same. In the latter case there is said to be 
a “virtual” state. The “binding energy” of the virtual state is then neg¬ 
ative and is defined analogously to Eq. (80) by « = — h 2 (tt'/w)*.-« 2 /M. 
With this definition Eq. (86) is readily seen to hold when the absolute 
value sign is used. An alternative definition of « for virtual states 
that is suitable for other well shapes is given in Section 2C5. Since 
there is no sharp resonance at scattering energies of -e, there is some 
degree of arbitrariness in the definition of € for virtual states. 

To the second approximation, the second term of Eq. (82) must 
be included. The indicated differentiation in Eq. (82) can be carried 
out directly. Since the term being calculated is only a small cor¬ 
rection, after the differentiation the approximation can be made that 
[VM(V q - €)(l/h) R) ~ t/ 2 since the binding energy of the deuteron 
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is small compared to V 0 (this relation would be exactly true if* ° 
as can be seen from Eq. (80). The result of this simple calculation 
that the derivative in Eq. (82) is — %(MR/h 2 ) t so 

The left side of the above equation may easily be expanded for 

VWijtfR « So' 


J^r cot So ~ [ a/P] R(l + cot2 4o) 




+ <) 


The small [VME/h 2 ] 2 R cot 2 J 0 term may be approximated by Eq. (83): 

Jfr c °t «o- - Jv + 1 2 MR (i^) (E+t) 

whence, by Eqs. (84) and (85) and to first order in R, 

ME/h 2 L £ Vh/\ A/J 

_ 47rh 2 1 4- 7# (g7) 

" ~aT £ +« 

where y = VA/«/h. As discussed under Eq. (86), this result can be 
extended (B14, R16) to virtual states (small negative values of e) by 

writing 7 = Va/ | € j/h and 

4irh 2 1 4- (</| < \)yR ( g8) 

a ~~M~ E + \* I 


Results analogous to Eq. (87) have been found in which Eqs. (79) 
and (80) have been solved to an even higher order of approximation and 
in which other potentials such as the meson potential have been used. 
This work has been done by Kittel and Breit (K4), Rarita and Present 
(R7), HulthSn (H27, H29, H28, H31, H32), Hylleraas (H37), Bohm 
and Richman (B22), Camac and Bethe (Cl), Schwinger (S9, S10, L5), 
and others (P2, H21, F25, H35, B37, P18) and has been summarized by 
Rosenfeld (R16). Variational methods have been effectively used by 
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Hulth4n (1127, 1129, 1131, H32, H33). Hylleraas (H37), Schwinger (S9, 
S10, L5), Blatt and Jackson (B19, B20), and others (G7a). For a s(|imro 
well, the result is similar to Eq. (87) except that the numerator of (87) is 
replaced by a power series in yR whose first two terms are the above 
numerator. The results with other potentials are also quite similar in 
form. The result for a square well (K4) is 

* = T n t w \ K i* + («/l«M + c 2 (7 R) 2 + ••• m 

where G 2 = 1 — 4/w 2 — (l + E/\ < |)/4. It should be noted that these 
total cross sections are in the center-of-mass system so that, to express 
them in terms of the neutron energy E n in the laboratory system, E 
should be replaced by E n / 2. 

6. Effective Range Theories of Low-Energy Neutron-Proton Scat¬ 
tering. Scattering analyses of the above type for neutron-proton and 
proton-proton scattering by Breit and his collaborators (B30, II18, B29) 
indicated that for almost any reasonable shape of potential well a depth 
and range could be selected to account for the observed scattering results 
below 10 Mev. This showed that little information about the shape of 
the potential could be obtained from such experiments. This was 
further emphasized by Landau and Smorodinsky (LI, S23), who 
developed a semi-empirical formula for the phase shifts. Recently 
Schwinger (S9, S10, L5), Blatt and Jackson (B19, B20), Bethe (BIO), and 
others (CIO, K5, S3a) have provided a rigorous basis for the Landau- 
Smorodinsky approach. The essence of these procedures is a prediction 
of a simple functional form for the variation of the phase shifts with 
energy on the basis of very general assumptions as to the nature of 
nuclear potentials. A simplified derivation of this relationship due to 
Bethe (B16) follows. 

By Eq. (62) and the expression for k following Eq. (54), the radial 
equation for low-energy neutron-proton scattering at energy E x is 

Similarly for a different energy E 2 it is 

Now the first of these may be multiplied by u? } the second by U\> the 
two equations can be subtracted and integrated, and use can be made 
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U 2 Ui" - U 1 II 2 " = — [** 2 i*i' - U 1 U 2 ] 

dr 


This directly gives the result 

1121*1' - 1*11*2' | = (* 2 2 “ *i 2 )J* Wii * 2 dr 


where so far R is arbitrary. 

Now introduce a comparison function t which represents the asymp¬ 
totic behavior of u for large distances which, by Eq. (G3), is 

= Ci sin (Aqr + 6 0 i) 


It is most convenient to choose the normalizing factor Ci so as to make 
^ = 1 at the origin, whence 

= sin (t.r + S 0l ) (90) 

sin 601 

It should be noted that this determines the normalization of u as well, 
since 1 * is supposed to approach t asymptotically for large r. 

Since the ^’s are also special examples of the i*’s for the particular 
case V(r) s 0, the preceding proof also shows that 


M'l' — I' 1^2' 




R 

M 2 dr 


This can now be subtracted from the similar relation among the i*’s. 
Then, if the upper limit R is chosen large compared with the range of the 
nuclear forces, each function t*, will be equal to its asymptotic form 
and after the subtraction there will be no contribution to the left-hand 
side from the upper limit R. At the lower limit 1*1 = i * 2 = 0 on the left 
side, so this term does not appear. Finally, after the subtraction the 
integrand on the right vanishes for large values of R so that the integral 
can just as well be extended to infinity. Consequently 

(* 1 * 2 ' - Mi')r-o = (fc 2 2 - * 1 2 ) f (M 2 - W 1 “ 2 ) dr (90a) 

*'0 


However, from the expression for ^ given in (90) and from the analogous 
expression for * 2 , the left-hand side of the above equation may immedi- 
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where 


k 2 cot 802 — k x cot $01 = (fc 2 2 “ *i 2 ) | “ tqu 2 ) dr 

Jo 

= (A- 2 2 - k x 2 )\p(E u E 2 ) 
p(E\, E 2 ) = 2 J (+ x f 2 “ w,u 2 ) dr 


(90b) 


p(E 1 , /? 2 ) clearly has the dimensions of a length and is of the order of the 
radius of action of the nuclear forces since the integrand vanishes out¬ 
side the range of nuclear forces. p(E x , E 2 ) is therefore called the effec¬ 
tive range for the energies E x and E 2 . The preceding equations are 
exact and are the fundamental relations in the effective range theories. 

In the special case of k x — 0, by Eq. (70) 


kp x cot 601 


kpi 

$01 


1 

a 


where a is the scattering length for zero-energy neutrons. If now the 
subscript zero is used for zero-energy neutrons and the subscripts are 
dropped for neutrons with wave number k 02 , 


k cot 8 --h - k 2 [ 2 f ('/'o'/' — Uqu) 

a 2 J 0 


dr] 


(91) 


Now \f/ and u differ from each other only inside the range of the neutron- 
proton force, whence the integrand differs from zero only inside the 
nuclear force range. However, inside this range kr is small, so is 
approximately independent of k as can easily be seen by expanding Eq. 
(90) for small values of kr and by using Eq. (91) to evaluate cot 8 ap¬ 
proximately. Thus 

sin (kr + 8) sin kr cos 8 + cos kr sin 8 
sin 5 sin 8 

1 + kr cot 8 as 1-~ 'I'O (92) 

a 


Likewise, inside the potential well the potential energy is much larger 
than k 2 , so that u is approximately independent of the incident energy. 
Hence in the integral on the right side of Eq. (91) u can be replaced by 
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u 0 and * by *o to a very good approximation. Hence 

2 ~ uou) dr - 2jT*(#0* - »o 2 ) dr = p(0,0) 

= 2 / [(* “ a) ” “**] ^ = T ° (93) 

The quantity r 0 defined by the above is energy-independent and is 
called the effective range r„. Some authors 

convenient, in discussions of the deuteron ground state to introduce m 
effective range p, defined as p( 0 . -«) and p/ defined as 
t is the binding energy of (he deuteron. 

If Eq. (93) is used in Eq. (91), it gives the first two terms on the right- 

hand side of the following equation: 

fc cot i -- + ifc*r 0 - PkW +■•• W 

a 2 

Equations (94) and (84) together determine <r in terms of a, r„, P, and A- 
The third term on the right-hand side of Eq. (94) is the next higher tei 
in the series and is shown by Blatt and Jackson (B19, B20) and Bethe 
(B16) to arise if the previously used approximations are carried out o 
higher terms. P is dependent on the shape of the potential well, but 
it is so small that to the accuracy of many experiments below 10 Mev 
it can be taken to be approximately zero, as discussed in detail by Blatt 
and Jackson (B19, B20). Blatt and Jackson (B20) give curves which 
determine P as a function of r 0 /a for different well shapes. In so far as 
P is negligibly small, all the different effective ranges defined above are 
equal. However, for a non-negligible P, Bethe (B16) and Salpeter 
(S3a) show that the different effective ranges are related by 

p(Ei, E 2 ) = r 0 - 2Pr 0 3 (k, 2 + k 2 2 ) 


Only in the most recent high-precision experiments has the effect of P 

been appreciable. , , . 

It can readily be seen that Eq. (93) is of the order of the range of the 
nuclear force, since the integrand is zero beyond the range of the nuclear 
force as a result of the asymptotic form of the second term being equal 
to the first term. The effective range r 0 is, unfortunately, dependent 
on both the range and the depth of the potential well. Therefore in the 
shape-independent theories it is also frequently of value to introduce a 
quantity 6 , called the “intrinsic range,” whose definition is independent 
of the depth of the well, b is defined as the r 0 which would occur if the 
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well depth were adjusted so that the first resonance occurred at zero 
energy or so that 1/a = 0. Expressions relating b to r 0 as a function of 
well depth or scattering length and for different well shapes have been 
evaluated by Blatt and Jackson (B20) and are shown in Fig. 12. Even 



Fig. 12. Intrinsic range 6 in terms of effective range r 0 for different well shapes. 
Y indicates Yukawa potential, E exponential. G Gaussian, and S square well, a e 1/a 

(B20). 

the intrinsic range b, however, is not the same as the parametric range R 
used in Eq. (23). As shown by Blatt and Jackson, for a square well 
b = /?, for an exponential well b = 3.5412/?, for a Gaussian well b 
= 2.0004/?, and for a Yukawa potential 6 = 2.1196/?. The strength of 
interaction to go with wells of different shapes for different scattering 
lengths and intrinsic ranges can be obtained from Fig. 13. Alterna¬ 
tively, the strength of interaction can be related to the scattering length 
and effective range by the use of Fig. 12 in conjunction with Fig. 13. 
Equation (94) is of great value in interpreting scattering results at 
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below 10 Mev, einee a a*. ™ 

interpreted in terms of the thre ^““ Verily be applied to the ground 
The effective range theones can also readily De app 



Fig. 13. Relation of scattering length and intrinsic range to well C P“ ; 

s, for different well shapes. Note that a is identical with a and th “‘ '^° r ’ , 

of this curve is the product of the ordinate and abscissa of Fig. 2 . The quantitj . 
which in Eq. (23) measures the strength of the interact™ .is given in Mev by 
s(102.276)6” 2 for the square well (S), by s(229.208)6- 2 for the Gaussian well (G). 
by 8(751.541)6-* for the exponential well ( E ), and by 8(147.585)6 for t e u a 
well (K) provided that 6 is measured in 10 centimeters (B20). 


state of the deuteron. In Eq. (90a) let the state 1 have fc, = 0 andjhe 
state 2 correspond to the ground state of the deuteron so that k 2 ty 
with y defined as in Eq. (19). Then, from (17) and with the normaliza¬ 
tion of the effective range theories, i 2 = e ^' so M _ y ‘ , m 
Eqs. (90) and (70), W (0) = -1/a- With the definition of the effective 
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1 i 1 1 

a =y ~ 2 y p( °’ = 7 ” 2 y2pt ~ y ~ 2 * y2r ° (94tt > 

When there is a bound state as in the deuteron, the binding energy of 
the bound state by Eq. (19) is € = h 2 y 2 /M. For virtual states (see 
Section 2C4), the “binding energy” of the virtual state is defined by 
€ — —h 2 y 2 /M, with y being determined from Eq. (94a). 

6. Singlet and Triplet Scattering. When the predictions of Eqs. (8f>), 
(88), (89), and (94) are compared with experiment, there is good agree¬ 
ment between 11 and 15 Mev but complete disagreement for slow 
neutrons even when scattered by free protons. Thus the predicted value 
at If) Mev is 0.7 X 10 -24 cm 2 , in good agreement with the experimental 
value of Salant and Ramsey (S3), discussed earlier, of 0.06 X 10“ 24 cm 2 . 
On the other hand, the predicted value at E = 0 is 4 X 10“ 24 cm 2 in 
contrast to the value of Melkonian (M14), discussed above, of (20.36 
zt 0.10) X 10 24 cm 2 for the scattering of low-energy neutrons from free 
protons. This difficulty was first resolved by Wigner, who pointed out 
that the binding energy of the deuteron is the one that is applicable when 
the neutron and proton spins are parallel, i.e., are in a triplet state as in 
the ground state of the deuteron. However, if there is a spin dependence 
of nuclear forces, the potential to be used in Eq. (62) and consequently 
the values of « and a will be different. Alternatively, in the effective 
range theories, a and r 0 may be different for the singlet and triplet states. 
Since the weight of a triplet state is 3 and of a singlet state is 1, this 
means that the total cross sestion a will l>e 

* * i 1 * + if 3 * (95) 

where the superscripts 1 and 3 correspond to the singlet and triplet 
states and where ‘a and 3 a are each given by expressions like Eqs. (88) 
and (89) or (84) and (94) with different values of y, «, a, and r 0 . From 
Eqs. (84), (94), and (94a) of the effective range theories, it is easily seen, 
if terms in P are neglected, that approximately 

V = 4tt {Ca~ l - i Vo* 2 ) 2 + k 2 r l (94b) 

and 

3 <r = 47r{(A 2 -f V](l - 3 y 3 r 0 + \ V(* 2 + V)]) -1 (94c) 

The reason for the difference in form between Eqs. (94b) and (94c) is 
that in the triplet case the binding energy of the deuteron is known 
directly, so that Eq. (94a) can be used to evaluate 3 a. It is of interest 
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t0 note that the only arbitrary parameter in 

experimental result (MI 4 ) tha t. - value of the bind- 

f,om Eqs. (89) and <9o) sTnglet state ». can be cal- 

ing energy of the deuteron the gy ^ q[ 2 g x 10 -« cm 

eulated on the assumptio ^lute value of '« is 65 kev. 

radius with the result tha or wjth (77 ) 

With Wigner's hypothes.s Eq- (95)^ ^ J^ experiment and 

and (94), excellent agreem ^ The theore tical results, however, 

theory at energ.es bdo ^ ^ exaet shape of t he potentia 

as mentioned previous y obtained wit h wells of a number of 

well, so good agre Richman (B22), however, state that, if the 

different shapes. Bohm and Rahman ^ ^ ^ ^ ^ ^ 

^SgSer 

" r: trssr Si: l “ 

and 21.2 Mev in the triplet state gave best agreement with experiment. 
The necessary parameters for wells of other shapes have been sum- 
marized by Rosenfeld (R16). 

Since « enters Eqs. ( 86 ) and ( 88 ) with an absolute value sign except 
for the small range-dependent correction, the same cross section can be 
obtained for positive and negative values of ., i.e for ml andI for v rtual 
states of the singlet system. Similarly, from Eqs. (84) and (94),the 
cross section is approximately independent of the sign of a. The effe. ts 
of the corrections to the total cross section that are dependent on the 
sicn of e or a have been too small to distinguish whether the singlet 
state is real or virtual from scattering experiments with free protons. 
However, as discussed in Part VII of Volume II, it has been possible to 
make this distinction in the scattering of neutrons by orthohydrogen 
and parahydrogen molecules (S28), in coherent scattering of neutrons 
by crystals (S17) and in reflection experiments with liquid mirrors 
B40a). All these experiments agree in showing that l a is negative or 
that the singlet state is virtual and that the spin of the neutron (S7) 

The experiments with liquid mirrors of Burgy, Ringo, and Hughes 
(H23 B40a) are so precise that they are also used in the determination 
of the magnitude of ’a. As discussed in Part VII of Volume II, they 
measure the coherent scattering length / = 2{\ l a + 4 3 a) - —(3.78 
± 0.02) X 10 “ 13 cm. On the other hand, from Eqs. (73), (95), and 
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(94b), Melkonian determines the value of a = J 4 w l a 2 -f- 3 4 3 « 2 = 
(20.36 =fc 0.10) X 10 ~ 24 cm 2 at k = 0. These two simultaneous equa¬ 
tions can be solved for 1 a and 3 a with the results indicated below in 
Eqs. (96). From the value of 3 a and Eq. (94a), p, can be calculated 
with the result given in Eqs. (96). Finally, with these quantities deter¬ 
mined, Vo is found by fitting the data below 10 Mev as well as possible 
with Eq. (94b). The best values for the .quantities (B20, BIG, S3a, 
B-JOa) are 3 Q _ (5 377 ± 0 023) x , 0 -i 3 cm 

'a = (-23.69 ± 0.06) X KT * 3 cm 
0 , = (1.704 ± 0.030) X 10 - 13 cm = 3 r„ (9G> 

Vo = (2.4 ± 0.8) X 10 -' 3 cm 


The excellent agreement that can be obtained between theory and 
experiment is shown in Fig. 14. This figure, however, also illustrates 
the insensitiveness of the experiments in determining ‘re,. Although the 
effective ranges for singlet and triplet interaction are thus quite different , 
this result does not imply that the intrinsic ranges l b and 3 6 are neces¬ 
sarily different. For a square well potential, b and r 0 are nearly equal, 
so indeed for this potential the intrinsic ranges are far different. How¬ 
ever, for the long-tailed Yukawa potential there is a large difference 
between the effective and the intrinsic ranges, particularly in the 
strongly bound triplet state. Thus, with the use of the above scattering 
lengths in Fig. 12, an intrinsic Yukawa range of 3 b = 'b « 2.5 X 10 -13 
cm yields 3 r„ = 1.52 X KT 13 and l r 0 = 2.7 X lCT 13 cm. The fact that 
a small triplet effective range is compatible with a large singlet range 
for a long-tailed potential is the reason that Bohm and Richman (B22), 
as mentioned above, preferred a long-tailed potential in explaining the 
neutron-proton scattering data up to 6 Mev. 

7. Theory of Neutron-Proton Scattering above 10 Mev and Effects 
of Tensor Forces. At neutron energies higher than 10 or 15 Mev, much 
of the above discussion is no longer applicable since other than 5 waves 
are affected. In this case therefore the higher terms in the cross section 
equation (76) must be included. Furthermore, in calculating the phase 
shifts of these higher terms account must be taken of the fact that the 
V (r) in Eq. (53) may be different in states of different l because of the ex¬ 
change nature of nuclear forces, as mentioned on page 474. Various 
combinations of the exchange operators mentioned in Section IB are 
possible, and different combinations can occur for the potential wells of 
the singlet state and of the triplet state. In fact, one of the more popular 
meson theories of nuclear forces—the so-called symmetric theory which 
is discussed briefly on page 535—predicts such mixed combinations. 
Three of the most discussed varieties of forces are (1) ordinary forces, 




(2) Majorana forces, and (3) symmetric theory exchange forces. These 
forces can be defined as follows in terms of the Majorana operator P M 
of Section IB, which interchanges the space but not the spin coordinates 
of the interacting pair and in terms of the potentials V 0 and V 0 which 
apply for l = 0. 
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(1) Ordinary forces: 

3 Pord = 3 P 0 , P O n. = , P0 (97) 

( 2 ) Majorana exchange forces: 

3 Pexch = *VoPm 1 Voxch = l V 0 P M (98) 

(3) Symmetric theory forces: 

3 ^m = i 3 Po(l + 2P a/ ) = -'Pod - 2/> a/ ) (99) 

As shown in Eq. (9), the operator P.\ f may l>c replaced by (— l ) 1 in the 
above. These potentials are also sometimes expressed in terms of the 
so-called isotopic spin operator t, which is a vector operator very 
similar to the Pauli spin operator. It is defined in a three-dimensional 
symbolic space in such a way that its third component 73 has only two 
possible eigenvalues, H-l and — 1 , with the value +1 denoting a proton 
state and the value — 1 a neutron state (some authors use the opposite 
convention). This notation has been discussed by a number of authors 
(B14, R16, R9, A12, S13a) and will not be described in detail here. 

Calculations of the scattering to be expected in the energy region of 
40 Mev and above, for which there are total cross section and angular 
distribution measurements by Segrd, McMillan, and their co-workers, 
have been made by Camac and Bethe (Cl), Ashkin and Wu (A 12), 
Christian and Hart (Cl 1, C12), and others (E2, M7, C 8 , R13, B42, B3, 
H19, A3, Yl, W18, B35a) for different shapes of potential well and differ¬ 
ent exchange combinations. Calculations have frequently been made 
by a Bom approximation method in which the nuclear interaction is 
treated as a small perturbation on the motion of the incident beam of 
particles (S5, A12). However, Jost and Pais (J7) have shown that the 
Born approximation is usually not valid. The method of partial waves 
utilizing Eq. (76) and several variational methods have been effectively 
used. The high-energy scattering experiments have been particularly 
effective in indicating the occurrence of exchange forces, since one of the 
most noticeable effects of the presence of some Majorana exchange force 
is a marked increase in backward scattering of neutrons and of forward 
recoil of protons. In a crude sense this may be said to correspond to the 
incident nucleon being scattered predominantly in the forward direction, 
as would be expected with ordinary forces, while its character is changed 
from neutron to proton by the exchange nature of the interaction. The 
recent Berkeley experiments at 40 Mev and above show this effect, 
indicating that the nuclear forces are at least in part of exchange nature. 
The data, however, do not agree with the ordinary force, the Majorana 
exchange force, or the symmetric theory. One of the best theoretical 
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agreements with the experimental «UU J*Ma“a 
potential and equal amounts of ord.muy mte £ by the 

space exchange ..e„ t ^ '”^ riment Tl evidence for this combination 

heavy nuclei ’ if the 

SMtriplet states of 
the neutron proton interaction are 

.7 = [J(r) - Hr)) (I00) 

37 = [J(r) + K(r)S i2 ) (101) 

Although the singlet potential is thus an ordinary one, the triplet - 
potential, Eq. (101), involves a spin orbital interaction S 12 which con¬ 
siderably complicates the calculations. 

Calculations of the effects of the tensor interaction have been made 
by Rarita and Schwinger (R8, R9), Feshbach ( F, 9a), and a number o 
others (P8) at low and at intermediate energies and by Ashkin and Wu 
(A12) and Christian and Hart (Cll, C12) at higher energies. At low 
energies the scattering is almost the same as without tensor *««*• ™e 
triplet scattering is mainly attributable to the »S, part of the triplet 
state because the 3 Z), wave is small at small distances for lowenergy 
and hence not appreciably within the range of nuclear forces. 1 he ten¬ 
sor forces reduce the cross section slightly, since the presence of the O 
state component decreases the percentage of S state in the wave func¬ 
tion without contributing appreciably to the scattering itself. At 2.8 
Mev the predicted total cross section is 2.53 X 10 cm with tens 
forces instead of 2.56 X 10" 24 cm 2 without. However, Biedenham 
(B16a) has shown that most of this effect could be completely compen¬ 
sated by slightly changing the range of the forces. On the other hand, 
at this energy there should be about a 0.17 percent departure Horn 
spherical symmetry for neutron-proton scattering in the center-of-mass 
system due to tensor forces. Such a departure would not be expected 
with central forces at this energy. This effect has been too small to >e 

observed so far. . 

Although the existence of tensor forces produces only a negligible 
alteration of the scattering cross sections at low energies, it does markedly 
affect the interpretation of the potentials inferred from these. Thus, 
the potential which Pease and Feshbach (P8) find most suitable for both 
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the triplet and singlet states and for H 3 is defined by Eq. (34) together 
with 

J(r) = 46.1 Y(r/\. 184 X 10 -13 em) Mev 


K(r) = 24.9K(r/1.67 X 10" 13 em) Mev 
L(r) = 0.4K(r/1.184 X 10“ 13 em) Mev 


( 102 ) 


where Y(x) is as defined in Eq. (29). From the above it ean be seen that 
the tensor and central forces are quite comparable in magnitude despite 
the relative smallness of the effects of the tensor force. L(r) is so small 
compared to J(r) and K(r) that it could be zero to the accuracy of its 
determination. If L(r) were zero, the entire spin dependence of the 
nuclear force would be in the tensor force. 

1 he various neutron-proton scattering experiments, including those 
up to 260 Mev, have been analyzed by Christian and Hart (C12), who 
used tensor forces. One of the best fits was obtained with a Yukawa 
potential such that 

V(t, a) = ^(1 + p*)(i + t«, iVr»R/r (103) 

where y = 1.91 and R - 1.35 X lO” 13 cm. Their theoretical curves 
are given in Fig. 9. The above form of V is, of course, not the only one 
that could give similar results. However, a long-tailed potential such 
as a Yukawa potential seems necessary to account for the large scattering 
of the high angular momentum states at 40 Mev without drastically 
affecting the 90-Mev scattering. On the other hand, the Yukawa po¬ 
tential, because of its singular nature, predicts too high a total cross 
section. 

A recent development of considerable importance in neutron-proton 
scattering is the detection of effects due to polarization of the nucleons 
in double neutron-proton scattering. The possibility of nucleon spins 
being partially aligned in nucleon scattering as a result of some form of 
spin-orbital coupling has been discussed theoretically by Schwinger 
(S8a), Wolfenstein (W18), and others (H6a, L4a, S30a). Wouters 
(YV19a) first detected such an azimuthal polarization in neutron-proton 
scattering at 150 Mev by a double scattering experiment in which recoil 
neutrons from protons bombarding the neutrons in deuterium were scat¬ 
tered by protons. The results are approximately consistent (S30a) with 
the potential of Eq. (103). 

C. Photodisintegration of the Deuteron 

1. Experimental Results. The photodisintegration of the deuteron 
was first accomplished by Chadwick and Goldhaber (C3) in 1934. An 
ionization chamber containing D 2 was bombarded by gamma-rays from 
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ThC" which have an energy of 2.G2 Mev, and the **"*£%£ 

integration protons were observed with a hnear amphfierand oscdlo 
• Thp pnerev of the protons was estimated to be 240 ± oU 1 
from the pulse size. From this in turn the binding energy of the deuteron 
STiS- « di«— d » ™ V The^pho toneutron s p rodu ced 
were also detected by their effect in making a silver detector radioactive. 
A rough estimate of the total cross section of the process was made 
and it was observed that more neutrons were emitted at right angles 
to the direction of the gamma-ray than in the same direction. 



Fig. 15. Typical apparatus for study of photodisintegration of the deutcron (Gil). 


More detailed studies of the angular distribution and total cross 
section for photodisintegration have been made by Chadwick, Feather, 
and Bretscher (C4), Richardson and Emo (R12), Halban (112, W12, 
W13, Gil, H3, Cl5a, B17a), Myers an^ Van Atta (M17), Meiners 
(M13), Lassen (L2), Genevese (G4), Woodward and Halpern (W19), 
and others (V2, S24, R17, G7, HG, PlOa, Cla). A typical apparatus is 
shown in Fig. 15. Although there is considerable disagreement among 
the observers, the total cross section and angular distributions seem to 
be approximately as follows if the angular distribution is assumed to be 
in the form g( 0) = a + 6 sin 2 0. With the 2.504-Mev gamma-ray from 
Ga 72 the total cross section (H3) is (11.0 ± 0.8) X 10“ 28 cm' and r 
= (£)(a/6) = 0.600 =fc 0.020. With the 2.618-Mev gamma-ray of ThC" 
the total cross section is (13.9 d= 0.6) X 10 -28 cm 2 and r = 0.360 
± 0.008. With the 2.758-Mev gamma-ray of Xa 24 the total cross sec¬ 
tion is (15.6 ± 0.6) X 10" 28 cm 2 and r = 0.247 ± 0.007. With x-rays 
and with the energy of the photon being determined from that of the 
proton produced, r for 2.89-Mev x-rays is found (W19) to be 0.27 ± 0.06. 
There are also recent experiments with between 4- and 20-Mev photons 
(F34, Wl, B5, Cla). 
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2. Theory of the Photodisintegration of the Deuteron. The theory 
of the photodisintegration of the deuteron has been worked out by Betho 
and Peierls (Bll), Massey and Mohr (Mo), Fermi (FIG), Breit and 
Condon (B28), Rarita and Schwinger (R8), Hanson and HulthSn (H7), 
Bethe and Longmire (B15), and others (M2, H4, F33, Ml, R14, LG, E4, 
M4, S4, S3a, Fl9a). As first pointed out by Fermi (FIG), the photodis¬ 
integration of the deuteron arises from a combination of two separate 
effects, a true photoelectric effect and a photomagnetic effect, i.e., the 
electric field of the incident gamma-ray can induce electric dipole t ransi¬ 
tions while the associated oscillatory magnetic field can also induce a 
magnetic dipole transition. In addition to the derivations in the original 
papers, the cross sections for these two processes have been derived in 
several books and review articles (B12, B14, RIG). The procedures of 
the derivations are closely analogous to those of the atomic photoelectric 
effect. 

Also for low-energy gamma-rays, the derivation can be made (B15, 
S3a, F19a) approximately independently of the shape of the potential 
well just as was possible for scattering experiments. When tensor forces 
and effects of exchange currents (V4, PI) are neglected, the differential 
cross section a(0) for the neutron (or proton) per unit solid angle in the 
direction 0 relative to the direction of the indiccnt photon is (B15, R8, 
R16, F19a) 

= W0) + <w(0) (104) 


and 


fc7l-(l/'a) + 7) : 


magn 


(k 2 + y 2 )(k 2 + \/ l a 2 ) 


R(E) 


(106) 

where k, l a } and 3 € are defined as in Section 2B, y = VM 3 t/h, p p - p n 
is the difference between the proton and neutron magnetic moments 
measured in nuclear magnetons, and E = hv — 3 e. p/ is the effective 
range of the nuclear interaction when ground-state wave functions are 

used to define the effective range, i.e., p/ = 2 f (t 2 — Ug 2 ) dr > where 

U g is r times the radial part of the wave function of the ground state of 
the deuteron normalized so that its asymptotic form is given by \f/ g 
= e~~ ,r . R(E) is a correction factor for the non-negligible range of nu¬ 
clear forces and is evaluated by Salpeter (S3a). Since the binding energy 
of the deuteron is small compared to the depth of the potential well, this 
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netic moment matrix element is approx,mately canceled '>ytheeffec 
of the range on the normalization of the wave function ■■ to* 8 
approximation there is a dependence on the range; the first term (B15) 



F j« 16 . Variation with energy of Iho ralio of the photomagnetic to the photoelectric 
cross section. Experimental points are the experimentally determined quantities, 
r. The theoretical curve is that of the shape-independent theory of Bethe and Long- 
mire (H3). More recent and more accurate data are given in the text. 


of the dependence is on the difference between the effective ranges in 
the singlet and triplet states. Accurate measurements of <r maKn therefore 
determine the difference between *r 0 and 3 r 0 , as is discussed in further 
detail in Section 2D, which is closely related to the photodisintegration 
of the deuteron, since the two are inverse processes. 

From Eqs. (105) and (106) it is apparent that the photodisintegration 
particles from the deuteron are emitted spherically symmetrically in the 
case of the photomagnetic effect and with a sin 2 6 distribution in the case 
of the photoelectric effect. Therefore the a of page 511 corresponds to the 
right side of Eq. (106) and the b to the factor multiplying sin 2 6 in Eq. 
(105). When these distributions are integrated over all angles to give 
the total cross sections and <r magn , the sin 2 0 of Eq. (105) in the 
electric case is replaced by 8*-/3 and in the magnetic case Eq. (106) is 
multiplied by 4?r. Therefore <r maj£n /<r e i ec = (%)(<*/&) = T > where r is the 
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previously mentioned ratio that is experimentally determined. The 
energy dependence of the ratio of these two cross sections is shown in 
Fig. 10. From this it is apparent that at energies very near the thresh¬ 
old the magnetic effects dominate and the particles should be emitted 
almost spherically symmetrically, whereas at higher energies the electric 
effect dominates and the distribution should be dominantly sin 2 0. This 
qualitative conclusion is in agreement with the experiments discussed 
above. Although there is some quantitative disagreement between 
theory and the earlier less precise experiments, the most recent experi¬ 
ments are in fair agreement with theory. 

The effect of nuclear tensor forces on the photodisintegration cross 
sections has been considered in detail by Rarita and Schwinger (R8, R9) 
and by Feshbach and Schwinger (Fl9a, S3a). They find that the chief 
effect of the tensor forces is slightly to modify the definition of p/ and 
otherwise to leave Eqs. (105) and (100) unaltered. Sachs and Austern 
(S3a) have shown that exchange currents should increase the photo- 
magnetic cross section about 4 percent. 

Recent experiments and theories of photodisintegration at energies 
up to 190 Mev are summarized by Littauer and Keck (Z2). 

D. Neutron-Proton Capture 

1. Experimental Results. When slow neutrons pass through material 
containing a large amount of hydrogen, they are not only scattered but 
they are also absorbed in the hydrogen by the process 

on 1 + ,H I = ,D 2 -f- hv (107) 

This process is clearly the inverse of the photodisintegration of the 
deuteron discussed in Section 2C2 and consequently closely related 
co it. 

The first measurements of the neutron-proton capture cross section 
were made by Fermi and Amaldi (FI5, A4, FI7). They investigated 
with a rhodium detector the diffusion of slow neutrons in paraffin and 
their distribution in position near a cadmium absorber. These experi¬ 
ments, together with the theory of neutron diffusion discussed in Part 
VII of Volume II, give a value for the capture cross section <r cav at 
thermal energies of 0.31 X 10“ 24 cm 2 . Gamertsfelder and Goldhaber 
(Gl) with the same method have obtained a cross section about 15 
percent lower. 

Manley, Haworth, and Luebke (M3) have obtained nearly the same 
result as Fermi and Amaldi by measuring directly the mean life of 
neutrons in water. 

The capture cross seotion of hydrogen has also been measured by dis- 
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solving neutron absorbers such as cadmium, siler, and of fhe 

nous liquid and comparing the effectiveness of th « ^^o ti on cross 
dissolved substance in absorbing the neutrons. The "'° esDeri . 

~fii nB (s ;r sx 

Graham (W7) with neutrons from a uranium pile that, have ecn 
monochromatic and with boron as a comparison substance. ™e resul 
in agreement with the first experiments of Fermi and Amald. ts the <r 
= (0.310 ± 0.012) X 10 -24 cm 2 at a neutron velocity of 2.2 X 10 

'"■^Theory of Neutron-Proton Capture. It is shown in many books 
(B14 F19) with the use of the principle of detailed balancing or Horn 
Born’approximation calculations that, if a, - 2 is the cross section ot a 
process and <r 2 _ , is the cross section of the inverse process, 


°2 - 1 
<Tl — 2 


fflfcl 2 

02*** 


(108) 


where g is the statistical weight of the state arising from spin or polari¬ 
zation. Therefore, for the ratio of the neutron capture to the deuteron 
photodisintegration cross sections, 


flcnp 

<Tphot 


(Mf, Py 2 _ 3-2 (Wc) 2 _ 3 0 hy/c ) 2 

0.0, p 2 2 2 p 2 2 p 2 


(109) 


since g for a particle is 2/ + 1, g for a gamma-ray is 2 corresponding to 
the two states of polarization, and the momentum of a photon is hv/c. 
With the use of Eqs. (50) and (51). this can also immediately be ex¬ 
pressed in terms of the kinetic energy of E of the neutron in the center- 
of-mass system (E is one-half the energy of the neutron in the laboratory 
system) and in terms of the binding energy 3 e of the deuteron as 


3 (E + 3 t) 2 
2 Mc 2 E 


’cap 


Ophot 


( 110 ) 


This relation applies for both magnetic and electric processes. 

From Eqs. (110) and (105) it can be seen that, as E —► 0, Ccapelcc by 
the electric process goes to zero. Since the experiments so far have 
been with thermal neutrons whose energy was of the order of 0.025 ev, 
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the electric effect has been negligible. The physical reason for the 
smallness of the electric effect is that capture by this process requires a 
unit change of orbital angular momentum; since the ground state of 
the deuteron is an 5 state, the incident neutron must be in an L = 1 
state and a neutron with this angular momentum has little chance of 
coming sufficiently close to the proton to be captured. 

The magnetic process capture cross section, however, is large at low 
energies. From Eqs. (110) and (106) the magnetic process gives for the 
total cross section 


<7cap 



fc l-O/^ + Tl 2 
V E [k 2 + l/'a 2 ] 


(HD 


It can be seen from this that, as E approaches zero, a varies as \/v. 
Equation (111), of course, involves the same approximations as Eq. 
(106), with magnetic exchange effects being neglected. At E = X 
0.025 ev (thermal energy neutrons) this formula gives a = 0.312 X 
10~ 24 cm 2 , in surprisingly good agreement with experiment in view of 
the approximations involved. If the l S state of the deuteron were as¬ 
sumed to be real instead of virtual, this cross section would have been 
0.16 X 10 -24 cm 2 in disagreement with experiment. Thus, the capture 
results and the scattering experiments by orthohydrogen and para- 
hydrogen agree in indicating that the l S state is virtual. 

Bethe and Longmire (B15) in a shape-independent calculation have 
shown that the correction R(E) in the above formula for the effective 
range of the nuclear forces depends approximately on 3 r 0 — %. From 
the dependence and the experimental values they calculate % — 3 r 0 = 
(0.8 ± 0.4) X 10 -13 cm. The effects of exchange currents and tensor 
forces on the above are just the same as on photomagnetic disintegra¬ 
tion as discussed on page 514. The most recent analysis by Salpeter 
(S3a) indicates the best agreement between theory and experiment is 
obtained if the singlet effective range 'r 0 is (2.7 ± 0.5) X 10~ 13 cm. 
This result is slightly larger than that in Eq. (96) but agrees within 
experimental error. 


E. Proton-Proton Scattering 

1. Experimental Results. Precision experimental measurements of 
proton-proton scattering are easier at low energies than are the corre¬ 
sponding measurements of neutron-proton scattering, since monochro¬ 
matic and well-collimated beams can more easily be produced with 
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proton. than with neutrons. A ““Ilf 'S/’SSt 
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term ineel by the geometrical configuration of the collimating and dete ^' 
i„ K slit systems and varies with the angle of scattermg in a calculable 

m w"th apparatus of this type, measurements have been made by Tuve 
Heydenburg, and Hafstad (T7-T9), by Herb, Kerst Parkinson, and 
Plain (II14, R4), by Ragan, Kanne, and Taschek (R2), by Sleator and 
Williams (B18), and by others (B24, M12, W20) in the energy regton from 
0.175 to 2.4 Mev. A typical scattering curve is shown in Fig. !»• As 
will be discussed further in Section 2E2, it has proved possible to account 
for all these results in terms of a phase shift analysis similar to that 
described in the derivation of Eq. (09) for neutron-proton scattering 
The results of such an analysis are shown in Fig. 19, where the inferied 
phase shift i„ is plotted as a function of the energy of the incident proton 
for the different experiments. S 0 is the difference between the S wave 
phase shift for the actual (nuclear force plus Coulomb) scattering and 
for pure Coulomb scattering. The means for inferring S n from the ex¬ 
perimental data are given in Section 2E2. It is noteworthy that a single 
phase shift at a single energy is adequate to account for all the angular 
distribution results below 2.4 Mev. 

May and Powell (M9) have measured the scattering of 4.2-Mev 
protons by protons in emulsions of photographic plates where the tracks 
of the protons could be observed under a microscope after development. 
Their results corresponded to a phase shift of (54 =fc 2.5)°. This result 
is also plotted in Fig. 19. Oxley and Perry (Ol) have studied proton- 
proton scattering at 7 Mev. 

Wilson, Creutz, and others (W15-W17, F0, RIGa) have studied pro¬ 
ton-proton scattering at 8, 10, and 14.5 Mev. They used a scattering 
chamber as in Fig. 20 in which the scattering substance was a thin nylon 
foil. The scattered and the recoil nuclei were counted in coincidence so 
that spurious counts could be eliminated, including counts due to scatter¬ 
ing by the carbon in the nylon. The results at 10 Mev are given in Fig. 21 
along with three different theoretical predictions which are discussed in 
greater detail in Section 2E2. The absolute scattering cross section per 
unit solid angle at 8-Mev energy and 45° in the laboratory system was 
found to be (1.7 ± 0.1) X 10 _2 ° cm 2 . 
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Fig. 17. Typical proton-proton scattering apparatus (H14). 
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A proton linear accelerator has been used in the measurement of 
proton-proton scattering at 30 Mev by Panofsky, Fillmore, Cork, 
Johnston, and Richman (P3, C22, F22a). Both photographic emulsion 



Fig. 18. Typical proton-proton scattering curves (H14). 


and proportional counter techniques were used. The experimental results 
are shown in Fig. 22. They are consistent with an S wave phase shift of 
5, = 50.2°. Birge, Kruse, and Ramsej' (B17) have used the Harvard 
cyclotron to study proton-proton scattering at 75 and 105 Mev. As 
shown in Fig. 23, they find cross sections which are constant to an ac- 
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Energy Phase shift 

(Mev) (degrees) 

4.2 62.7 ±2.0 

4.9 ± 0.07 64.2±0.60 

7.03+0.06 62.0± 0.60 

8.0 ±0.1 62.7 ±2.0 

14.6±0.7 62.2 ±3.6 
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Fig. 19. Phase shift of S wave derived from low-energy proton-proton seattenng 

experiments (Jl). 


and (5.3 ± 1.1) X 10 -27 cm 2 steradian 1 at 75 and 105 Mev respec¬ 
tively. Chamberlain, Segrd, and Wiegand (C5, C6, M16a) have meas- 
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Fig. 20. Scattering chamber used in 8-Mev proton-proton scattering. The scattered 
proton and the corresponding recoil proton are observed in coincidence (\\15). 


ured the proton-proton scattering cross section and find approximately 
4 X 10 -27 cm 2 steradian -1 in the center-of-mass system between the 
energies of 120 and 345 Mev and the angles of 35° to 90°. The results 
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Fig. 21. Results of proton-proton scattering experiments at 14.5 Mev (W17). 

at 345 Mev are shown in Fig. 24. The results at other energies are 
summarized in Table 1. 

Oxley, Towler, and Schamberger (02, F25, T6a) at 240 Mev also find 
a differential cross section that is constant with angle between 18° and 
90° in the center-of-mass system, but their value for its magnitude near 
90° is (4.81 ± 0.38) X 10 -27 cm 2 steradian -1 , which is markedly 
higher than the values in Table 1. Cassels, Pickavance, and Stafford 
(Clb) at 146 Mev also find constancy with angle between 20° and 90° 
with their value being (4.86 =fc 0.25) X 10 -27 cm 2 steradian -1 . 
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TABLE 1 


Proton-Proton Differential Scatter.no Cross Sections <C6) 
(Quoted errors are standard deviations from counting statistics only.) 


E 

4» 

(Mev) 

(degrees) 

119 

63 

119 

78 

119 

89 

164 

61 

164 

89 

249 

48 

249 

63 

249 

78 

249 

87 


( 10 ” 27 cm 2 sterad -1 ) 
4.0 ±0.4 
4.2 ±0.4 
3.95 ±0.12 
4.1 ±0.4 
3.8 ±0.3 
3.5 ±0.3 
3.7 ±0.2 
3.69 ± 0.15 
3.64 ±0.11 


2. Theory of Proton-Proton Scattering. The theory of proton-proton 
scattering is somewhat more complicated than the theory o neu i on 
proton scattering because of the presence of a Coulom as \\e as a 
nuclear potential and because of the identity of the two nuc ei. ' 3 a 
result of the latter and of Pauli’s exclusion principle, the wave functions 
of the complete system are restricted to those which are anti-symmetric 



Fig. 22. Results of proton-proton scattering experiments at 32 Mev (C22). 
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in the protons. As an immediate consequence of this symmetry require¬ 
ment, all the S scattering must correspond to the singlet state of the 
proton-proton system since the space wave function for / = 0 is sym- 



Fig. 23. Proton-proton differential scattering cross section at 75 and 105 Mov. 
The cross section and angles are in the ccntcr-of-mass system. The indicated errors 
are the statistical errors only; the authors estimate the relative values of the cross 
sections at any one energy to be good to 10 percent and the absolute value of the 
cross section to be good to 20 percent (B17). 

metric in the protons whence the spin wave function must be anti¬ 
symmetric as it is in the singlet case. 

The presence of the Coulomb potential complicates the theoretical 
analysis considerably. The analysis used with neutron-proton scatter- 



Fig. 24. Proton-proton differential scattering cross section at 345 Mev. The cross 
section and angles are in the center-of-mass system (C6). 

ing is no longer applicable because in deriving Eq. (63) from Eq. (62) 
at large distances from the nucleus it was assumed that V(r) could be 
neglected at a sufficiently large distance, but this is not true if F(r) 
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falls off no more rapidly than 1/r, as for a Coulomb potential. In other 
words, the Coulomb potential appreciably distorts the incident wav 
even at infinite distances. This is analogous to the result that the 
Rutherford Coulomb scattering cross section classically increases with¬ 
out limit as the angle is decreased. It is possible, however, to develop a 
phase shift analysis when Coulomb as well as nuclear forces are present. 
The derivation of this phase shift analysis is given by Mott and Massey 
(M16), Bethe (B12, B14), Breit (B29-B31, Yla, B21a), Blatt (Jl), and 
others (S5). A convenient summary is given by Schiff (S5). The result 
for incident energies below 10 or 15 Mev, where only the S wave is 
shifted, is 

/ e 2 V 2 [ 1 1 cos (y In tan 2 \0) 

^ = \A/t?/ Lsin 4 \0 + cos 4 \0 sin 2 \0 cos 2 %0 


2 cos (6o + y In sin 2 \0) cos (6o 4 - y In cos 2 \0) 

- - sin 8 0 sin 2 ^ + cog 2 ± e 


+ 


4 sin 2 6ol 

T) J 


( 112 ) 


where <r(0) is the cross section in the center-of-mass system, v is the 
initial relative velocity of the two protons, y = e 2 /hv, 0 is the scattering 
angle in the center-of-mass system, and 5 0 is the difference between the 
S wave phase shift for the actual (non-Coulomb plus Coulomb) scatter¬ 
ing and for pure Coulomb scattering. Since y is usually quite small, this 
formula is often written (B12, B14) in a simpler form with the y In ex¬ 
pressions in Eq. (112) approximated to zero. 

The first three terms in the above equation are the results for a pure 
Coulomb field ( 8 0 = 0). The fourth term corresponds to an interference 
between the Coulomb and the nuclear scattering. The last term corre¬ 
sponds to pure nuclear scattering. The existence of the interference 
term between the Coulomb and nuclear scattering is a great help for 
two reasons: it makes possible the detection of very small 5 0 ’s, and it 
makes possible the determination of the sign of 6o, which in turn de¬ 
termines whether the nuclear potential is repulsive or attractive. 

At higher energies P, D, etc., anomalies must be considered. This 
has been done by Breit and collaborators (B29-B31, Yla). They have 
also given a detailed discussion of the best method of evaluating the 
phase shift from the experimental scattering cross section. They find 
that up to several Mev the entire phase shift can be attributed to S-wave 
scattering; therefore Eq. (112) is applicable. The results of such a 
phase shift analysis is given in Fig. 19. In analyzing Wilson’s (W15, 
W16) data at 10 Mev, Peierls and Preston (P9) find that these indicate 



526 Nuclear Two-Body Problems [Pt. IV 

a 'S phase shift of 52.5° and a *P shift of -0.8°. However, Foldy 
(F24) obtains with the same data a phase shift of -0.4° for the 3 P state. 
Similar analyses have been made by others (L7). 

These experimentally determined phase shifts can be compared with 
the values which can be derived from various assumed nuclear potentials. 
Although Froberg (F31, F32) has shown that it is formally possible to 
calculate the shape of the scattering potential directly from the known 
values of the phase shifts at different energies, this procedure is rarely 
convenient. As a result, different types of potentials have to be assumed 
with undetermined parameters and then these parameters have to be 
adjusted to give the best fit. Although, as shown by Schwinger (S9, 
S10, L5), Hulthln (H33), Blatt (Jl), and others, variational methods 
can be applied to simplify the problem, it is at best a tedious one leading 
to no unique answer. Breit and his collaborators (B29-B31, B33, B35, 
II10), however, have performed an elaborate analysis with an assumed 
square well, exponential well, Gauss well, and meson theory well. 
Lubanski and de Jager (L10), Thaxton and Monroe (T2, T3), and 
others (R6, C24, L8, S31) have also analyzed the results with these wells 
and with a meson potential and a Morse potential. With the square 
well, Breit finds the !>est agreement for a radius R = 2.8 X 10“ 13 cm 
and a potential depth of 11.35 Mev. For this shape of well, the data 
fix the range to an accuracy of about 15 percent. For a meson potential, 
Breit found that the best agreement with the experimental results re¬ 
quired the quantity R defined in Eqs. (23) and (29) to be approximately 
1.17 X 10~ 13 cm, and the strength of the potential J to be 45.8 Mev. 
As discussed in Section 2F, this value of R corresponds to a meson mass 
of 326 electron masses in contrast to the observed meson mass of 200m 
that was the only mass known at the time of Breit’s paper. Recent 
work of Powell, Occhialini and Lattes (L3), of Gardner and Lattes 
(G2, B39), and of others has, however, shown that the mesons which 
interact most effectively with nucleons have a mass of 276m in closer 
agreement with Breit’s value. 

The above figure of 11.35 Mev for the depth of the l S square well for 
proton-proton forces can be compared to the depth of an equally wide 
well for '.S neutron-proton forces of 11.85 Mev, as found in the earlier 
discussion of neutron-proton scattering. These two are in such close 
agreement that they are often taken as equal. If other shapes of 
potential well are used, equally good agreement is obtained between the 
strengths of potentials required for neutron-proton and for proton- 
proton forces in the l S state. 1 These results, together with the result 

1 This can easily be seen by comparing the tables on pp. 131 and 153 of Vol. I of 
Itosonfeld’s Nuclear Forces (R16). 
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of Sections 1 and 3 on the equality of neutron-neutron and proton-proton 
forces except for Coulomb effects, are often taken as experimental evi¬ 
dence of an assumed charge independence of nuclear forces. 

Just as in neutron-proton scattering, proton-proton scattering results 
below 10 Mev can be interpreted with almost any reasonable well shape 
provided that its range and depth are suitably adjusted. Therefore it is 
desirable to develop a shape-independent theory analogous to that of 
Eq. (93)- This has been done by the work of Breit (B29, B34), Landau 
and Smorodinsky (LI), Schwinger (S9, S10, L5), Jackson and Blatt 
(Jl), Bethe (B16), and others (B4). The presence of the long-range 
Coulomb potential, however, considerably complicates the analysis. In 
particular, as shown in detail by Jackson and Blatt (Jl), instead of 
cot 5 0 being expanded in a power series as in Eq. (93) for neutron-proton 
scattering, the following function K should be expanded. It is related 
to cot 6o by 


K 


IT cot $0 
exp (2irrj) - 1 


+ h(n) 


(113) 


where rj = e 2 /hv and h(rt) is the slowly varying function 


A(») = - In , - 0.5722 + r, 2 £ , , 

»_i n(n 2 + >j 2 ) 


(114) 


where 0.5722 is Euler’s constant. The expansion for K can then be 
shown to be 

K = R t 1 + L 0 fe 2 - Pr 0 3 k (115) 


where R\ = h 2 /Me 2 = 2.88 X 10" 12 cm = the Bohr radius of a proton 
bound to a fixed charge c, a is a constant which is the proton-proton 
analogue of the scattering length, r 0 is an “effective range” of the 
nuclear interaction, and P is a shape-dependent parameter. The result 
of an analysis of the best data below 5 Mev in these terms by Jackson 
and Blatt is shown in Fig. 25. In this figure K is plotted as a function of 
k 2 . The parameters corresponding to the straight line of the figure are 
a = (-7.67 ± 0.5) X 10“ 13 cm and r 0 = 2.65 ± 0.07 X 10“ 13 cm. 
The effects of assuming different non-zero values for the shape-dependent 
parameter P are also illustrated by the dotted curves. 

The parameters a, r 0 , and P are related to the intrinsic range b and to 
the well depths of different-shaped wells by tables given by Jackson and 
Blatt (Jl). It should be noted that, although a given nuclear well 
predicts r 0 ’s for neutron-proton scattering and for proton-proton scat¬ 
tering which are the same to within about 6 percent, the scattering 
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lengths a in the two cases are quite different. Bethe (BIO) and Jackson 
and Blatt (Jl) have compared the intrinsic ranges and depths (J1) of 
the potential wells implied by the proton-proton scattering data with 
the corresponding intrinsic ranges and depths implied by singlet neutron- 
proton scattering. At first it appeared that the neutron-proton well was 



deeper than the proton-proton well by a slight amount (3.3 percent if a 
square well were assumed and 16 percent if a Yukawa well). However, 
Schwinger (SI2) subsequently pointed out that, if magnetic inter¬ 
actions between the two particles were included, the scattering results 
below 5 Mev could be fully accounted for with the nuclear potential 
wells for singlet neutron-proton and the proton-proton cases being 
identical, i.e., with charge independence for the nuclear forces in this 
energy region. 

The experiments of Wilson at 8, 10, and 145 Mev have been analyzed 
by Wilson (W15-W17), Foldy (F24), Breit (B34), Peierls and Preston 
(P9), and others (T4). Their results are not in complete agreement; 
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Peierls and Preston find a phase shift for the 3 P state of -0*° and 
Foldy finds -0.4°, although both agree about the s.gn and_ hence about 
the repulsive character of the force. Foldy pomts out that w^h the 
present accuracy of proton-proton scattenng data at this energy ^ 
doubtful if an unambiguous analysis in terms of mternucleomc potentials 
is possible. In Fig. 21 the experimental results are compared with th 
results obtained when the intemucleonic potential well is assumed to 
have a radius of 2.8 X lO* 13 cm and a depth of 10.5 Mev. I he thiee 
curves at this energy correspond to the assumption that in the ' R state 
this potential is positive, negative, and absent, respectively. 

A number of theoretical discussions of proton-proton scattering at 
high energies have been written (C13, A12, S25). As pointed out by 
Snyder and Marshak (S25) and others (S16a, B7a), it may be necessary 
at these high energies to take into account a possible velocity dependence 
of the nuclear potential since such a dependence would be expected from 
some meson theories as v is no longer very small compared to c at the 
higher energies. Although the 30- and 340-Mev results are consistent 
with isotropic scattering, they cannot be attributed to S scattering alone 
since at 340 Mev the differential cross section is about twice the theoreti¬ 
cal maximum of X 2 = 2.5 X 10" 27 cm 2 steradian -1 for S scattering 
alone. The marked difference in character between neutron-proton scat¬ 
tering and proton-proton scattering has been interpreted by Christian 
and Noyes (C13) as implying that for these high energies neutron-proton 
and proton-proton forces must be different. However, Case and Pais 
(C2) and Jastrow (J3) have stated that with suitably selected potentials 
it may still be possible to preserve the charge independence of nuclear 
forces, whereas others (03) find this difficult. Christian and Noyes (C13) 
have obtained the best fit with all proton-proton scattering data up 


through 340 Mev by using a quite different potential in the singlet and 
the triplet states. For the singlet states they assume a square well of 
parametic range R = 2.6 X 10“ 13 cm, and in triplet states they assume 
a pure tensor potential of very singular nature of the form exp 

(—r/R)/(r/R) 2 with = 1.6 X 10“ 13 cm and V t = ±18 Mev. As 
pointed out by Gerjuoy (G6) and by Christian and Noyes (Cl3) in 
neither neutron-proton nor proton-proton scattering have there shown 
up sufficiently large repulsive forces to account for nuclear saturation 
if nuclear saturation is to be explained by two-body forces. 


F. Meson Theories of Nuclear Forces 
In quantum electrodynamics the Coulomb interaction between two 
charged particles is not introduced as a separate assumption; instead, 
it is assumed that each particle interacts only with the electromagnetic 
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field. Since both particles interact with the field, there is also some 
interaction between them. Yukawa (Y2) in 1935 therefore suggested 
that the forces between nucleons might be clue to a similar field, now 
known as a meson (or mesotron) field. Among the advantages of such 
a theory is that the description of nuclear forces in terms of a simple 
P(r) potential is not compatible with the principle of relativity since 
such a potential implies that if one particle is moved the other feels the 
effect immediately despite the relativistic requirement of retardation. 

A characteristic difference between nuclear forces and electromagnetic 
forces is that the former have a characteristic and short range whereas 
electromagnetic theory has no characteristic length. Yukawa found (as 
will be shown below) that this desired characteristic range would arise 
in a field theory if the field particles were given a rest mass in which 
case the characteristic length would lx* the Compton wavelength of the 
meson: 

ft = X 0 = - -- (110) 

k m 0M c 

A derivation of the nature of nuclear forces from the assumptions of 
meson theories of forces can best be made with the aid of the formalisms 
of quantum-mechanical field theories that have been developed by 
Heisenberg and Pauli (H12) and others. These have been summarized 
by Wentzel (W6), and the applications to meson theory have been 
reviewed by Pauli (P0). A number of different theories exist of which 
none is very satisfactory, although several are sufficiently successful in 
some respects to encourage the hope that eventually a successful theory 
of this type may be found. A detailed discussion of the various meson 
theories is beyond the scope of the present treatment. 

Although a complete treatment is quite lengthy and complicated, some 
of the characteristics of meson theories of nuclear forces can be antici¬ 
pated by a simplified analysis. If m Qr is the rest mass of the meson 
assumed to be the field particle of nuclear forces, if E is its kinetic energy 
in free space and p its momentum, then the well-known relativistic 
equation relating the energy and the momentum is 

4 E 2 = P 2 + mo. 2 c 2 (117) 

<r 

If in this E is replaced by - (h/i)(d/df). and p x by ( h/i)(d/dx ), following 
the characteristic procedure of quantum mechanics, and if this is 
allowed to operate on the wave function <t> of the mesons, the resulting 
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wave equation or Klein-Gordon equation is 


2 1 * + 


m 0 




h 2 


0 = 0 
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(118) 


This equation would be the same as the electromagnetic theory wave 
equation of the scalar potential in free space if m 0 , were taken as equa 
to zero for the photons, which are the field particles of electromagnetic 
theory. In electromagnetic theory the interaction between the electro¬ 
magnetic field and charged matter is introduced by adding a term 
4rep to the right side of this equation, where p is the particle density so 
ep is the charge density. This, therefore, suggests that the interaction 
between nucleons and the meson field might be included by introducing 
a term 4 irgp on the right side of Eq. (118), where gp is the density of the 
characteristic property of nucleons which interacts with mesons and 
is no longer the electrical charge density. Equation (118) then becomes 

„ 1 d 2 <t> m 0 , 2 c 2 . 

09 9 


If the only nucleon present is a point nucleon fixed in position at the 
origin, gp can be replaced by g,i(r), where g, is the nucleon "charge" 
which measures the strength of the interaction between the nucleon and 
the meson field. Likewise, if a static solution is sought, the second 
term may be omitted. With these approximations Eq. (119) becomes 

V 2 0-^^* = 4 ^.i(r) (120) 


By direct 
(120) is 


substitution it can readily be seen that a solution to Eq. 


<t> = 



( 121 ) 


R is defined in Eq. (116). 

In electromagnetic theory, when a charged body of charge e is in an 
electrostatic potential </>, the interaction energy is e<t>. In the same way 
it would be expected in the meson case (and can be proved by field 
theory methods) that the interaction potential V of a nucleon of “charge” 
g 2 with the meson field <t> should be 


V = g 2 <t> = 



r 


( 122 ) 
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This is the form of meson potential used in Eqs. (23) and (29). This 
form of interaction is effective chiefly inside a radius: 


R = 


mo.c 


(123) 


It can easily be seen by a direct physical argument that the range of the 
nuclear potential should be restricted to such a radius in a meson theory 
of nuclear forces. Ix?t R m be approximately the maximum distance at 
which a neutron and a proton can interact by virtue of one particle 
emitting a virtual meson which is absorbed by the other particle. Even 
if the meson travels with the velocity of light, it must exist for a time 


c 


(124) 


while it travels between the two particles. However, while it exists, 
the energy of the system will be increased by the rest energy of the 
meson or by 

AE = m 0w c 2 (125) 

But this is a violation of the conservation of energy, and by the Heisen¬ 
berg uncertainty principle a failure of the conservation of energy can 
occur only for such a short time that the failure is consistent with the 
uncertainty in the measurement, i.e., with 

(126) 


h ~ AE At = 


Therefore 


R, 


mo w c 


(127) 


In Section 2E it was stated that an analysis of the scattering results 
with a potential of the form of Eq. (122) gives 

R = 1.17 X 10” 13 (128) 

and 

9\9% 


g 2 

— = - = 45.8 Mev 
R R 


(129) 


From Eq. (116) it may be immediately calculated that this R corre¬ 
sponds to a meson rest mass m 0 , of 326 electron masses. Also, from 
Eqs. (129) and (116), 

9 2 / m \ ( g 2 /R ) 1 45.8 

he \mo r / (me 2 ) 326 0.51 


(130) 
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72Z« ,r^ mSTcS’^• nucleon. Sine the mecon uj 
0 28 is much greater than the electromagnetic theory value 1/137, 
many of the approximate perturbation theory methods which are 
applicable in the latter case cannot be applied to the form. Ne,ther J 
weak coupling theory in which 9 2 /hc is taken as small nor a strong 
coupling theory in which it is taken as large is a good “PP r '«^ atl ^' 

To account for many of the characteristics ofnudear forces suchas 
their spin dependence, their exchange character, their par .al non-central 
nature, a meson theory must be much more complicated than 'he above 
simplified theory. Even with these complications, none of the theories 
has so far been very successful although several have been quite Promis¬ 
ing. Some of the more important features that characterize the different 
meson theories are the nature of the assumptions made regarding the 
meson charge, the meson mass, the tensor character of the meson wave 
function, the perturbation methods to be used in the calculations. I he 
natures of some of the different assumptions that have been made are 

discussed in the following paragraphs. 

In some meson theories it has been assumed that the mesons giving 
rise to nuclear forces were exclusively neutral mesons, in others that 
they were exclusively charged, and in still others that they were both 
charged and neutral. Since scattering experiments and the empirical 
saturation of nuclear forces indicate that these forces are at least, in 
part exchange forces in nature, it is apparent that at least some of the 
mesons giving rise to nuclear forces must be charged. With charged 
mesons a neutron and proton will interact by, say, the proton virtually 
emitting a positive meson which is in turn absorbed by the neutron, i.e., 
by the combined reactions 


N 1 + *+ N 2 + ir + 


(131) 


where t r + represents a positively charged meson of the field that inter¬ 
acts with nucleons. In this interaction the neutron and proton exchange 
their charge. However, if only charged mesons are assumed, it would 
be expected that the forces between like particles would be much smaller 
(at least in weak coupling non-pair theory) than between unlike processes 
since a higher order of exchange would be necessary. However, as 
discussed in Section 2E, the forces between like and unlike particles 
seem to be approximately equal. This experimental result then favors 
the assumption that nuclear forces arise from both neutral and charged 
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mesons. Such an assumption is made in the so-called symmetric meson 
theory. 

Originally it was assumed for simplicity that the mesons of nuclear 
forces should be the same as the then-known cosmic-ray mesons, i.e., 
they should have a mass of about 200m. Some doubt was cast on this 
by the result of Breit, discussed above, that the best fit with proton- 
proton scattering data could be obtained with a meson potential corre¬ 
sponding to a mass of 320m. However, serious doubt on the assumed 
identity of the nuclear force mesons and the 200m cosmic-ray mesons 
first arose from the experiments of Conversi, Piccioni, and Pancini 
(Cl7, Cl8), which showed that the interaction between nucleons and 
the ordinary cosmic-ray mesons was very much weaker than required 
by the meson theory of nuclear forces. Clarification of the situation 
came from the later experiments of Lattes, Occhialini, and Powell (L3), 
who used photographic emulsions to study cosmic-ray mesons. They 
found mesons of two masses. One of these types, called n mesons, 
corresponded to the ordinary cosmic-ray meson of about 200m, whereas 
the other, called it mesons, corresponded to a mass about 50 percent 
greater. The it mesons were found to be much more effective in inter¬ 
acting with nucleons. The t mesons were also found to decay into » 
mesons. Subsequently, Lattes and Gardner (G2, B39) succeeded in 
producing both n and n mesons and both positive and negative mesons 
with the higher energy particles of the Berkeley cyclotron. The mass 
m 0jr of the 7r mesons produced in this way was found to be 277.4 ±1.1 
electron masses for the tt + meson, 270.1 ± 1.3 for the ir~ meson, and 
205.7 ± 3.2 for the neutral w 0 , whereas that of the n meson is 210 ± 4 
(S22). Since it has been possible to produce mesons artificially in nuclear 
reactions, much more about meson theories of nuclear forces has been 
learned. Summaries of many of the important experiments already com¬ 
pleted have been written by Bradner (B2G) and Marshak (M3a); this 
subject is discussed in detail in Part X of Volume III. This field is such 
a rapidly developing one that chief reference should be to the current 
literature. With the present data, however, it appears that the 270m tt 
meson is probably the chief particle of the nuclear force field theory. It 
is of interest to note that this mass is in better agreement with the 320m 
value obtained earlier by Breit from the previously described analysis 
of proton-proton scattering data than is the m meson, though not in as 
good agreement as when, for a period, the tt meson mass was erroneously 
thought to be over 300m. 

In the preceding simplified discussion it was assumed that the field 
of the meson wave function <t> was a scalar quantity. However, this is 
not the only possible tensor character of a meson field function. Theories 
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have also been developed with the meson wave f ” nct ^ n ^ th * ek{ 
vector field, a pseudoscalar field 

function changes sign when the coordina various combina- 

from right- to left-handed), a pseudovector held .^ a ^“ ndenti the 

tions of these. Since nucleon forces are *" , P t ^ e at least partially 
interaction between nucleons and a meson mixture of vector 

dependent on the spin .^^""^tyMbller' and Rosenfeld (M16) 

S3 X; am «o f-* some bothersome 

divergent terms which apply to either theory alone severa | 

Meson theories of nuclear ^rces have been calculated «ith^seve,^ 

different kinds of approximation (H30, P5, Ml, S31 )■ 

coupling theories it has been assumed that the coupling of Jenu-ltas 
to the meson field is relatively weak, so that each "udeon has an asso¬ 
ciated excited meson for only a fraction of the time i.e., S/he « . 
is the valid limit in electromagnetic theory where c /he = 1/137- 

case the calculations can be expanded in ascending powere of The 

opposite assumption is made <P5) in strong coupling theories where , t 
is assumed that g 2 /hc » 1. Neither approximation is very “«‘sfacUwy. 
The presence of divergent terms in meson theory calculations cause 
considerable trouble. These are frequently eliminated by MWjning 
arbitrary lower cut-off radii in the calculations, i.e., by assuming a finite 
size for the nucleons. It is difficult, however t;o Iformulate this m a 
relativistically invariant way. Likewise the Mdller-Rosenfeld (Ml5) 
and Schwinger (S8) mixture theories mentioned in the preceding para¬ 
graph do not completely eliminate all divergences when higher-ordei 
relativistic terms are included (H22). Some of these divergence diffi¬ 
culties may be simplified when the transformation procedures success- 
fully developed recently by Schwinger (811), Tomonaga (T6), and 
others for quantum electrodynamics are applied to meson theories. 

Typical of the nuclear potentials between nucleons which arise from 
meson theories is the following, which results from the symmetric 
pseudoscalar theory (K2): 

v = g 2 '- (t, -t.) [s I2 J + 7 ) e ~‘ r + (<r ‘ a2) 7 e "' r ] (132) 


where Ti is the isotopic spin and k is defined in Eq. (116). Although 
this equation fortunately provides automatically the needed tensor 
force Si 2 , it contains the highly divergent terms 1/r 3 which make 
impossible a solution of the Schrodinger equation for two nucleons bound 
by such a potential. It is to eliminate these divergences that the mixture 
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and cut-off theories of the preceding paragraph were developed. A re¬ 
view article on meson theories has been written by Serber (Si3a). 

One of the intriguing features of meson theories of nuclear forces is 
the possibility of accounting for certain of the experimental results of 
nuclear moment measurements. Experimentally the neutron moment 
is not zero and the proton moment is not exactly 1 nuclear magneton, 
despite the simplest predictions of the Dirac elementary particle theory 
to the contrary. Similarly the moments of ,H 3 and 2 He 3 differ from 
those of iH 1 and 0 n l in a manner that is difficult to account for from 
simple orbital motion of the nucleons. As discussed in Part III, partial, 
though not complete, success has been obtained in accounting for these 
results by meson theories, since the resultant magnetic moment is 
contributed to by the magnetic moments and currents of the mesons 
which have a finite probability of existence within the range of forces of 
the heavy particle (P6). 

As this volume goes to press, one of the most favored forms of meson 
theory is a pseudo-scalar meson theory with pseudo-vector coupling 
(S13a). This is a theory similar to the above, in which Eq. (119) is 
replaced by 


1 »0.V 

* C 2 at 2 h 2 


ffh 

4x -v-(s P ) 

TTlo r C 


where s is the nucleon spin. Such a theory is somewhat analogous to an 
electromagnetic theory in which magnetic dipole moments instead of 
electrical charges were the fundamental sources of interaction between 
particles and the field. 


SECTION 3. HEAVIER NUCLEI 

A. Nuclear Three- and Four-Body Problems 

As listed in preceding sections, there are available precision data on 
the binding energies, spins, magnetic moments, and statistics of iH 3 , 
2 He 3 , and 2 He 4 . However, even with these relatively simple nuclei, 
the problem of interpreting the results in terms of nuclear forces is much 
more complicated than in the two-body cases discussed in Section 2. 
Even classically the general problem of more than two interacting bodies 
cannot be solved exactly, and the same is true quantum-mechanically. 
Furthermore, the approximate methods—such as Hartree’s method— 
which are very good approximations in atomic theory are poor approxi¬ 
mations in nuclear theory; with the very narrow but very deep potential 
wells of nuclear forces it makes a great deal of difference whether two 
particles are just inside their range of mutual interaction or just outside. 
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8.4ft 7-72, and 28.3 Me,, W*™*. '%J P ““rro, nuclei, and 
into all its constituent nucleons jf nR energy should be due solely to 
consequently the djJteOTee^ jjj forces . The experi- 

menta^difference of their binding energies is 0.764 ± 0.001 Mev. For 
this to be attributable solely to Coulomb energy, 

= 0.764 X 1.0 X 10-° < 133) 

and the mean effective separation of the two protons to give this is 


(1/r) 


1.9 X 10 -13 cm 


(134) 


This is a fairly reasonable result for a range of nuclear forces of 2.8 
A more careful calculation of the difference in binding 


V IQ " 13 cm. A lllOlc baiciv*i vww——-- - 

energy of H 3 and He 3 with neutron-neutron and proton-proton forces 
assumed equal except for Coulomb effects has been made by Ranta and 
Present (R7) and others. Rarita and Present, with an exponential well 
and with the above assumptions, find that the theoretical difference in 
the ,H 3 and 2He 3 binding energies should be 0.75 Mev, in excellent 
agreement with the above experimental value and providing strong 
experimental support for the assumed equality of neutron-neutron and 
proton-proton forces except for the Coulomb effect. 

It is usually assumed that heavier nuclei can be interpreted in terms 
of two-body forces. If this is assumed, the number of possible nuclear 
bonds in ,H* is 1, in 2 He 3 is 3, and in 2 He 4 is 6. The above binding 
energies, however, increase more rapidly than these numbers of bonds, 
the ratio for the binding energies in ,H 2 and 2 He being 13 while the ratio 
of the number bonds is only 6. Wigner (W9), however, showed that 
this result could be accounted for by assuming a sufficiently short range 
and correspondingly great depth for the nuclear potential. In this case, 
even in the lowest possible energy state of the deuteron, the kinetic 
energy required to make the de Broglie wavelength sufficiently short to 
confine the two nucleons completely within the range of their forces is 
so great that in this state they are not so completely confined; instead 
the neutron and proton are beyond the range of their mutual attractive 
potential for a large fraction of the time. In this way, as was shown in 
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detail in Section 2, a binding energy of 2.220 Mev could be achieved with 
a very short range and with the potential depth many times greater than 
the binding energy. With an alpha-particle and the same nucleon forces 
however, the superposition of the forces of all the nucleons keeps all the 
nucleons inside the range of their mutual attraction for a larger fraction 
of the time, so that the binding energy can be increased by much more 
than the factor of 6 mentioned above. Historically, this interpretation 
of Wigner was one of the earliest evidences for such a short range of 
nuclear force. 


The experimentally observed rapid increase in binding energy per 
particle up to 2 He 4 is in marked contrast to the approximately constant 
value obtained for heavier nuclei as discussed in Section 1. This result 
indicates that for up to four particles the nuclear forces are at least in 
part unsaturated. This would be accounted for by assuming that the 
forces were in part of the Majorana or space-exchange type, since up to 
the alpha-particle all nucleons have the same 'S space state and differ 
only in the two possible opposite spin orientations and the two different 
possible characters (proton and neutron) of the nucleon. 

Calculations of the binding energies of ,H 3 , 2 He 3 , and 2 IIe 4 have been 
made by Feenberg (Fl, F2), Rarita and Present (R7, P16), Gerjuoy and 
Schwinger (Go), Svartholm (S29, S30), Pease and Feshbach (I>8) and 
others (\V2, F34, F22, H34, RIO, C14, P8,1120, PlOb). Except for some 
of Feenberg's calculations, which are carried out by his calculation 
method of the equivalent two-body problem, most of the calculations 
have been made by different variation methods. Most of these calcu¬ 
lations have been based on the assumptions that nuclear forces are two- 
bodv forces and that the potentials of all the forces have a similar shape 
and the same range. However, with these assumptions it is not possible 
to account for all the observed binding energies in a consistent manner 
with central forces alone. Rarita and Present (R7). for example, found 
that their assumed interaction, when fitted to give the experimental 
binding of ,H 2 and ,H 3 , gave a binding energy 20 percent too high for 
2 IIe 4 . With tensor forces better agreement can be obtained (P8). 
Some theoretical calculations (S5a) have been on the assumption that 
nuclear forces are not linear, i.e., the interaction between two nucleons 
is affected by the presence of a third one. 

Numerous theoretical and experimental papers on scattering of 
nucleons by light nuclei have been written (B6, Hlo, N3, C20, Al, H5, 
M6, M9, M8, S16, C23, C21, D2, C9, Y3, F28, Glia, HI lb, H17a, M4a, 
XI). Scattering of neutrons by deuterons has been of particular value 
in yielding information about the neutron-neutron interaction. 
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e g the dependence of the binding energy on .4 and /, and so on 1 heit 
fore only the implications of these empirical results will be dimmed 
here; detailed treatments of the different types of theories of heavy 
nuclei can be found in the literature (B12, B21, R16, F7). 

2 Nuclear Radii. Nuclear radii have been determined experimental!} 
from scattering experiments and from the decay periods 0 W a -P"‘ 
emitting radioactive isotopes. Much evidence is compatible (1 17) 
the assumption that the nuclear density is approximately constant, i.e., 
that the nuclear radius R' is such that 

R' = KoM m ( 135) 

To account for the observed values of binding energies as discussed 
below, the best value of Ro' is 

R 0 ' = 1.42 X 10 -13 cm (136) 

However, various modifications to Eq. (135) have been suggested (SI5, 
A 9 , pis, C19, D7, R15, P10). One such modification proposed by 
Sherr (SI5) is that 

R' =b+ RnA* (137) 


where b = 1.7 X KT 13 cm and R 0 ' = 1.22 X KT 13 cm, while Amaldi 
(A9) proposes the same form with b = (0.696 =t .083) X 10 cm and 
R 0 = (1.52 zt 0.02) X 10" 13 cm. Perlman (P10) from alpha-particle 
decay prefers the form of Eq. (135) with Ro 1 = 1.48 X 10 13 cm. 

3. Nuclear Masses. Most observed nuclear masses can be approxi¬ 
mately accounted for with a semi-empirical formula developed by Weiz- 
sacker (W5), Wigner (W10), and Bohr and Wheeler (B23) and based on 
a simple model of the nucleus which is in many respects analogous to a 



540 Nuclear Two-Body Problems [Pt. IV 

classical liquid drop (B23). Since the quantity usually measured and 
used in nuclear physics is the mass of the entire atom, including its 
associated electrons, the expression developed below will bo for the mass 
Z) of an atom whose nucleus possesses Z protons and A neutrons. 
The masses will be expressed on the physical mass scale in which O 10 
has a mass of exactly 16. 

T he largest terms in such a mass expression are proportional to the 
masses of the constituent particles, i.e., to 


= M„Z + A/.v(A ~ Z) = 1.00813Z + 1.00898(d - Z) (138) 

where Af H and M N are the masses of the hydrogen atom and neutron, 
respectively. 

I he largest correction term to this corresponds to the binding energy 
of the nucleons which over a wide range is approximately 8 Mev or 
0.0085 atomic mass units per nucleon. However, in view of the other 
corrections to be made it is best to use an arbitrary parameter for this 
which can later be empirically evaluated, in which case this term can be 
taken as 

M\ = -a,/l (139) 


However, as first pointed out by Wick (W8) the nucleons on the 
surface of the nucleus do not contribute their full share to the binding 
energy since there are not so many neighboring nuclei for them to inter¬ 
act with. Consequently a term should be added which is proportional 
to the surface area of the drop or proportional to r 2 , which by Eq. (135) 
is proportional to A H . Hence the next correction is (K6) 


A/ 2 = a 2 A H (140) 

•Since the Pauli exclusion principle prevents two identical nucleons 
from being in the same state, a given number of nucleons would be in 
the lowest energy state if the number of protons were just equal to the 
number of neutrons, provided that Coulomb effects and charge asym¬ 
metries of nuclear forces could be neglected. Hence a correction must 
be added for the departure from equality of numbers of neutrons and 
numbers of protons. This correction can be taken as 



(A/2 - Z) 2 
A 


(141) 


It can immediately be seen that this correction is of the right general 
character; from a statistical theory of nuclei this exact form can be 
justified (B12, R16). 
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U 5 R' 

With the expression (135) for R' this correction Incomes 

M< = a 4 -^ = 0 000027 J ° 43) 

The final correction term corresponds to the fact that nuclei with even 
numbers of neutrons or even numbers of protons are more stable than 
those with odd numbers. If «(A, Z) is an empirical quantity measuring 
this difference, the correction can he taken as 

Ms = «(A, Z) ( 144) 

All the above can be combined to give the atomic mass M(A, Z) as 

(A/2 - Z? 

M(A, Z) = 1.00898A - 0.00085Z - a, A + a t A* + a 3 — 

2/2 

+ 0.000027 —^ + «(A, Z) (145) 
A n 

When this is compared with experimental masses, the best values of the 
empirical parameters are found to be 

fll = 0.01507 


a 2 = 0.014 
a 3 = 0.083 

&(A even, Z even) = —0.036.4“* 
8(A odd, Z anything) = 0 

5(.4 even, Z odd) = +0.036.4”'* 


(146) 


Equation (145) agrees quite well with the measured atomic masses for 
A > 15. Frankel and Metropolis (F27), Barkas (B2), and Smart (S21) 
have published tables of the numerical values of the above expression or 
of a similar one for all atoms with A between 15 and 249. Various minor 
modifications of this formula have been suggested (S27, S2, F10, F8, 
S21, A2, P17, F4, F5, F6). To simplify the computation procedures 



542 


Nuclear Two-Botlv Problems [Pt. jy 

Frankel and Metropolis (F27, Ml4b) used an expression which is mipor- 
ncially quite different from Eq. (145), but actually is a von- close approxi¬ 
mation to it in the region of the nuclei that occur in nature. Their mass 
expression was 

M = 1.01464/1 + 0.014/1* - 0.041905^ 


where 


Za 

X 


0 04l905 (.-^ + x 0 030 


Za 

A 




047) 


1.980670 + 0.0149624/1* 


+1 A even, 7 odd 

— 1 A even, 7. even 

0 A odd 


4. Relation of Nuclear Charge to Nuclear Mass Number. From 
Weizsacker’s semi-empirical formula a predicted relation between A 
and 7j for the most stable nuclei of an isobnric series can be obtained by 
differentiating Eq. (144) with respect to 7, while A is held constant, and 
by equating the result to zero. The result of this operation is 


7 *= 


A 

1.98 -f 0.015a* 


(148) 


The predictions of Eq. (148) are in excellent agreement with experiment. 

6. Proton and Neutron Pairing. Empirically, of the stable and alpha- 
active nuclei 177 have even 7 and even IV, 60 have even 7 and odd N, 
52 have odd 7 and even ;V, and only 4 have odd 7 and odd N. All of 
the last 4 are very light nuclei: ,H 2 , 3 Li 6 , S B ,( \ and 7 N U . There is thus 
a clear tendency for nuclei to have a completed pair of nucleons of the 
same kind. This tendency is also illustrated by the empirical necessity 
for introducing the 5(A, 7) term in Eq. (144). The further empirical 
result that all nuclei of even 7 and even N have zero spin indicates that 
the two nucleons of a pair have opposite spins. This result would be 
expected if the nuclear forces were chiefly dependent on the space con¬ 
figuration, as with a Majorana or space exchange type of force. Two 
nucleons of the same type and with opposite spins can be in the same 
space state by the Pauli exclusion principle and hence have similar 
energies. 

6. Isobars. Empirically it is found that for an odd value of the mass 
number there is never more than one stable nucleus, whereas for even A 
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there are a large number of pairs of stable isobars (nuclei with the same 
mass number but different charge numbers). There are 56 cases of two 
stable isobars, and 4 cases of three stable isobars. In all cases the charge 
numbers of neighboring stable isobars differ by 2 units. A few cases of 
neighboring isobars with Z differing by only one are known in naturally 
occurring isotopes. However, most of them have recently been shown 
(1,4c) to consist of one stable atom while the isobaric closest neighbors 
were radioactive, though in some cases with very long half-lives (10 
years in some instances). 

An interpretation of these results can be obtained by considering the 
conditions of stability for a nucleus (H23a). To be stable a nucleus 
must be stable against the emission of alpha-particles, protons, neutrons, 
electrons, and any other combination of nuclear particles. In addition 
to this it must be stable against capturing an electron from one of the 
electron orbits of the atom. Since the binding of protons, neutrons, and 
alpha-particles in the nucleus is strong, the most critical of the instability 
conditions is that for emission of electrons and for electron capture. 
Furthermore, for the same change of nuclear species, more energy is 
necessarily required for positron emission than for electron capture since 
in the former case a positron has to be created and an electron has to be 
released from the atom whereas neither of these is necessary in the elec¬ 
tron capture case. The two most critical conditions of nuclear stability 
are, therefore, emission of a negative electron and electron capture. For 
both of these processes the maximum of stability corresponds to mini¬ 
mum atomic mass for a given mass number except for a small correction 
for the binding energy of an atomic electron. It is the mass of the atom 
rather than that of the nucleus that enters in both cases. This is true 
for electron emission because the transformation can take place ener¬ 
getically if the energy of the original nucleus is higher than that of the 
produced nucleus plus me 2 , where m is the electron mass. This is true 
for electron capture because the energy condition is that the energy of 
the absorbing nucleus plus me 2 must be larger than the energy of the 
nucleus produced by the absorption. Hence for complete stability the 
atomic weight of the atom must be less than that of the two neighboring 
isobars. 

The stability conditions can best be understood by considering the 
surface formed when the atomic weight is plotted, as in Eq. (145) or 
(147), as a function of N and Z in a three-dimensional Cartesian co¬ 
ordinate system. This energy surface will be essentially a trough whose 
minimum corresponds to maximum nuclear stability. The projection 
of the minimum on the NZ plane will correspond to Eq. (148) relating 
N (or A) to Z for maximum stability. 
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However, as pointed out in the discussion of Eq. (145), the energy is 
different according as: (a) both Z, and N are even, (b) one of either Z or 
N is odd but not the other, and (c) both Z and .V are odd. This difference 
arises both from the simple pairing discussed in the preceding paragraph 
and from the existence of like particle forces; the latter can enable a 
possible nucleus of odd Z and odd N to have a higher energy than eith< r 
of the two neighboring isobars with even N and even Z (B12, H10). 



Fig. 26. Atomic mass as a function of Z. for isohurs of even A. U|>|>cr curve is for 
odd-odd nuclei, lower for even-even nuclei. 


Of these three different surfaces two, (a) and (c), apply when A is even 
while only one (6) is applicable for A odd. Hence, if a plane cutting the 
NZ plane in an isobaric line (A = N + Z — constant) is passed parallel 
to the energy axis, we will get in general three approximately parabolic 
intersections, but two of these will have significance for A even while 
only one will do so for the isobaric curve with A odd. Typical isobar 
energy curves are shown in Figs. 2(i and 27. In the first of these, the 
two curves for even -4 are given and, in the second, the single curve for 
odd A is plotted. Typical means by which any isobar can transform into 
the most stable isobar are shown by the straight lines with arrows. From 
this it can be seen that in the odd A case there should be only one stable 
isobar. In the even A case, however, several stable isobars can exist, 
since the probability of a double transition changing Z by 2 is small so 
that a transformation to the most stable state would have to be via an 
odd Z state whose energy may be higher than that of either of the two 
neighboring isobars. 
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The implications of studies of isobars that are also mirror nuclei are 

di T'Nucle n ar S She°u n s'Ln 1 re. Although for many nuclear physics cal- 
7. Nuclear s>neu discussed above a model of the nucleus 

there „ neverthe- 

less also strong empirical evidence for some form of shell structure m 
nuclei. In particular there is now abundant evidence that certain 



special numbers of neutrons or of protons in a nucleus form particularly 
stable configurations even in heavy nuclei, as was first pointed out by 
Elsasser (E3) and as emphasized by Mayer (M10), Jensen, Haxel, and 
Suess (J4, .15, HI la), and others (W10, F7, B2, BIO, C7, P15, L9, 
H24, W3). The so-called magic numbers for which there is special 
stability are 2, 8, 20, 50, 82, and 12G. The evidence for the lowest num¬ 
bers is well known and is well illustrated by the high stability of He 
and O 16 . However, the evidence for the larger numbers is also strong. 
Thus, of the three isotopes with even Z > 32 and with more than 60 
percent relative abundance in their respective elements, two have 82 
neutrons and one has 50 neutrons. Also the elements with the unusually 
large numbers of isotopes and with the largest difference of mass number 
between the heaviest and the lightest isotope are those with 20, 50, or 
82 protons. Similarly lead with Z = 82 is the end of all heavy natural 
radioactive chains, and its heaviest isotope has 126 neutrons. Energies 
of radioactive decay products show that the binding of neutrons in a 
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nucleus has a 2.2-Mev discontinuity at 120 neutrons and the proton 
binding energy has a discontinuity of 1.6 Mev at 82 protons. Further¬ 
more nuclei with 50 or 82 of either protons or neutrons are particularly 
abundant in the earth. Two of the rare identified delayed neutron 
emitters are Kr 8 ' and Xe 13 ', which have 51 and 83 neutrons, respec¬ 
tively, consistent with the last neutron beyond 50 or 82 being relatively 
weakly bound. Again, the neutron absorption cross sections for nuclei 
containing 50, 80, or 120 neutrons are unusually low. The oce u nonce 
ot nuclear isomerism can be correlated with the magic numbers (A 13, 
1117, 0.7b). Finally some of the mast conspicuous disagreements be¬ 
tween the experimental nuclear masses and the semi-empirical formula, 
Kq. (144), can be accounted for if nuclei of 50 and 82 neutrons are as¬ 
sumed to be particularly stable. 

This result implies that there is some form of shell structure in a 
nucleus. Further evidence for such a shell structure was described in 
Part III, where it was pointed out that isotopes differing by just 2 
neutrons often have almost exactly the same magnetic moments as if 
the 2 neutrons just canceled each other’s effect, as would be more 
reasonable from a shell model point of view than from that of a liquid 
drop. I he success of the Schmidt model in nuclear moment theory also 
lends support to a shell structure theory of nuclei. 

It is somewhat surprising that a shell structure should exist in heavy 
nuclei because the interaction between neighboring nuclear particles 
should be very strong indeed. It may be made possible, however, by 
the neighboring nuclear potentials blending together to form a roughly 
uniform potential and by virtue of the nuclear system being highly 
degenerate so that the Pauli exclusion principle reduces the probability 
of nucleon collisions (\V4, B25a). 

The high stability of a system with 2, 8, or 20 like nucleons can easily 
be accounted for if the nucleons are assumed to move approximately 
independently in a square well potential. For example, 20 like nucleons 
would correspond to two Is, six lp, ten Id, and two 2s like nucleons. 
However, the high stability of 50. 82, and 126 does not follow immedi¬ 
ately from such a simple model. Feenberg (Fll, F14, F12), Nordheim 
(N2, F12), Mayer (Mil), and Jensen, Haxel, and Suess (Hlla) have 
shown that the mean potential throughout the nucleus can be modified 
in various ways to produce the magic numbers. Thus Feenberg shows 
that this can be accomplished if the mean potential well is deeper at the 
edges than at the middle, whereas Mayer (Mil, G3) and Jensen, Haxel, 
and Suess (Hlla) have accomplished a similar result by a single-particle 
picture with an assumed strong spin orbital coupling. 

How a suitable spin orbital coupling can accomplish this can be seen 
with the aid of Fig. 28 as follows. With an independent-particle model 
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Fig. 28. Nuclear shells. The energy levels of an infinitely deep rectangular well are 
shown on the right, and those of a simple harmonic oscillator potential on the left. 
The numbers in parentheses are the accumulated number of electrons in that shell or 
lower. The levels in the center are at energies intermediate between those of the 
square well potential and the simple harmonic oscillator potential. In addition a 
strong spin orbital interaction is assumed for these levels (HIla). 
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in which each nucleon is assumed to move in the mean potential of the 
nucleus unaffected by the location of other nucleons, one can calculate 
the allowed energies of the nucleons for different assumed mean poten¬ 
tials inside the nucleus. For two forms of this potential the calculations 
are particularly simple. One of these is a simple three-dimensional 
square well potential of infinite depth for which the radial eigenfunc¬ 
tions are Bessel functions (So). The energy eigenvalues for such a sys¬ 
tem can readily he calculated (So, HI la) and are plotted on the right 
side of Fig. 28 along with the designation of the state, the number 
(2(2/ -f- 1]) of like nucleons that can exist in each shell in accordance 
with the Pauli principle, and the accumulated number of particles at, 
or below, the energy of the state. The accumulated numbers are in 
parentheses. Another potential for which calculations are simple (So, 
Hi la) is the simple harmonic oscillator potential for which the allowed 
energies and corresponding numbers are plotted on the left side of 
Fig. 23. The shape of the actual mean nuclear well is probably some¬ 
what intermediate between each of the above two models, as is indicated 
by the interconnection of the corresponding states of the two models 
by dotted lines. The above postulates alone, however, are not suffi¬ 
cient to give all the magic numbers. Mayer (M10, Mil) and Jensen, 
Haxel, and Suess (Jo, Hi la) independently pointed out that the magic 
numbers would be produced if one assumed the existence of a strong 
spin orbital interaction such that the larger j is lower in energy. From 
Fig. 28 it is immediately apparent that such a splitting of levels of dif¬ 
ferent j can give the magic numbers. 

With the aid of suitable rules for the coupling of the different nucleon 
angular momenta, one can calculate nuclear spins and magnetic mo¬ 
ments from the above model. If either the number of neutrons or the 
number of protons is even, Mayer (Mil) and Jensen, Haxel, and Suess 
(III la) give the coupling rule that an even number of like nucleons in a 
shell have their angular momenta just compensate, and an odd number 
of like nucleons in a shell add up to the angular momentum of a single 
nucleon in the shell. Thus, for join 113 , there are 04 neutrons and 49 
protons, so that from Fig. 28 all shells are closed except for a g 9/2 shell; 
therefore the spin should be as it is experimentally. If both the 
number of neutrons and the numl>er of protons are odd, Nordheim (N2) 
proposes the coupling rule that, if the spin and orbital angular momenta 
for one kind of nucleon are parallel while they are anti-parallel for the 
other kind of nucleon, the nuclear spin is small, i.e., close to the differ¬ 
ence in the j's of the two kinds of nucleons, while the resultant nuclear 
spin is close to the sum of the j's if the spins and orbital angular mo¬ 
menta of the two types of nucleons are similarly coupled (both parallel 
or both anti-parallel). These coupling rules are not completely inviolate. 
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For nuclei whose total number of nucleons is odd, the aboye model 
provides a means for calculating the nuclear magnetic moment. Hy the 
above rules, one need consider only the odd nucleon, and its spin and 
orbital magnetic moment can be combined by a procedure similar to 
that in calculating the Lande j factor. I.et p, be the magnetic moment 
vector when the nucleus is in an orientation state with m = / relative 
to a unit vector k, and let y L and ys be the orbital and spin ff factors of 
the nucleon. Then the nuclear moment with the aid of Fq. (to; oi 
Part III is 


|ijk = + < 7 sS)*II*k)/M 

7(7 + n + L(L + 1) -5(5+ 1) 


Qlmm 


+ QavsM 


2 (/+ 1 ) 

7(7 + l) + 5(5+ 1) - L(L+ 1) 
2(7 + 1) 


(149) 


Since 5 is “ L =fc one can eliminate 5 and L in Eq. (149) to 
obtain the relations 


(7 — b)gu*x.\f + iosuxM 


for 7 = L + V 2 , and 


7 2 +j/ 

7 + 1 


1 


0U*NM - - 


27+1 


QSHNM 


(150) 


(151) 


for 7 — L — When gi. is given the value 1 for protons and 0 for 
neutrons while gs is given the value 5.58 for protons and —3.83 for 
neutrons, Eqs. (150) and (151) just give the equations of the Schmidt 
lines of Figs. 28 and 29 in Part III. 

Extensive applications of the nuclear shell principles to specific nuclei 
have been given in two recent review articles by Klinkenberg (Z3) and 
Goldhaber (Z4). 
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Charged Particle Dynamics and Optics, 
Relative Isotopic Abundances of the Elements, 

Atomic Masses 1 

K. T. BAINBRIDGE 

Harvard University 

SECTION 1. INTRODUCTION 

The mass number /I of isotopes of an element Z, their relative abun¬ 
dance, and the isotopic weights of atoms are basic in the development 
of chemist ry and physics. 

The demonstration of the multiple isotopic nature of nearly all the 
chemical elements and the accurate determination of the isotopic 
weights of many atoms were made brilliantly and rapidly by Aston. 
Extension of his work by others and wide applications of mass spectro¬ 
graphs and mass spectrometers have l>een made in physics, chemistry, 
geophysics, and biology. 

The discovery of isotopes was a development which accompanied 
and contributed to the growth of the nuclear model of the atom (Gl). 2 
After the discovery of radioactivity, the work of Bolt wood, McCoy and 
Ross, Keetman, Welsbach, Marckwald, Soddy, Hahn, and Meitner 
and other's showed chemical identities among some radioactive elements 
which differed greatly in their radioactive properties (G2). As early 
as 1910 Soddy (S20) made a remarkable summary of the situation: 

“These regularities may prove to be the beginning of some embracing 
generalisation, which will throw light, not only on radioactive processes, 
but on elements in general and the Periodic Law. Of course, the evi¬ 
dence of chemical identity is not of equal weight for all the preceding 
cases, but the complete identity of ionium, thorium and radiothorium, 

1 This material was closed as of December 31, 1951, except for minor additions from 
American sources. 

2 References for the text of Part V will be found on pages 698 to 707. 
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of radium and mesothorium 1, of lead and radium D, may ho considered 
thoroughly established. . . . The recognition that elements of different 
atomic weights may possess identical properties seems destined to have 
its most important application in the region of inactive elements, where 
the absence of a second radioactive nature makes it impossible for 
chemical identity to be individually detected. Chemical homogeneity 
is no longer a guarantee that any supposed element is not a mixture of 
several of different atomic weights, or that any atomic weight is not 
merely a mean number. The constancy of atomic weight, whatever 
the source of the material, is not a complete proof of homogeneity, for, 
as in the radioelcments, genetic relationships might have resulted in an 
initial constancy of proportion l>etween the several individuals, which 
no subsequent natural or artificial chemical process would be able to 
disturb. If this is the case, the absence of simple numerical relation¬ 
ships between the atomic weights becomes a matter of course rather 
than one of surprise.” 

The comprehensive electrochemical and chemical studies of the radio¬ 
active elements by Hevesy, Paneth, and Fleck gave the data for formula¬ 
tion early in 1913 of the ‘‘displacement law” of Fajans, Soddy, and 
Russell (03). This simple law connected the chemical properties and 
mass number of an element with the radiation emitted by its parent 
element. The emission of an alpha-particle means a shift of two places 
to the left in the periodic table and loss of four units in atomic weight, 
and the expulsion of a beta-particle corresponds to a shift of one place 
to the right. The radiation sequence a00, 0a0, or 00a results in a final 
product element in the same column of the periodic table as the initial 
parent element but with an atomic weight reduced by four units. 

After the Rutherford nuclear atom (1911), Thomson’s positive-ray 
analysis of neon (1912), and the Bohr atom model (1913) came Soddy’s 
definition of isotopes (1913) as atoms of identical chemical properties 
but different nuclear characteristics. “The same algebraic sum of the 
positive and negative charges in the nucleus when the arithmetical sum 
is different gives what I call ‘isotopes’ or ‘isotopic elements’ because 
they occupy the same place in the periodic table. They are chemically 
identical, and save only as regards the relatively few physical properties 
which depend upon atomic mass directly, physically identical also.” 

The idea that isotopes might exist among the stable elements, con¬ 
jectured earlier by Soddy, received support from studies of chemical 
combining weights. Chemical atomic weight determinations by Soddy 
and Hyman, Honigschmid, Richards, and Maurice Curie showed, in 
support of another suggestion made by Soddy in 1913 (G4), that radio- 
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genic lead from uranium and from thorium minerals were of lower and 
higher atomic weight, respectively, than ordinary lead. 

The first evidence of the existence of isotopes among the lighter ele¬ 
ments appeared in the positive-ray parabola photorecords of J. J. Thom¬ 
son, which showed a trace of mass 22 accompanying the neon trace of 
mass 20. Thomson’s report on neon was presented on January 17, 1913, 
just at the time of publication of the displacement law and prior to 
Soddy’s definition of isotopes. The neon analysis was important as 
the first proof of the occurrence of isotopes in a region of the periodic 
table remote from radioactive transformations. It was also the first 
experimental proof that atoms had discrete mass values, as the traces 
on the photographic plate were definite sharp parabolas and not merely 
blurs. The parabola results were carried out with Aston’s assistance 
and spurred Aston to his work on the fractionation of the neon gas. An 
appreciable density change was achieved in this fractionation, and the 
observed change in constitution was supported by positive-ray intensity 
measurements. Thomson concluded, “No difference, however, could 
be observed in the spectrum of the mixture, and this in conjunction 
with the failure of the cooled charcoal to produce any separation gives 
some grounds for the suspicion that the two gases, although of different 
atomic weights, may be indistinguishable in their chemical and spec¬ 
troscopic properties. There are several products of radioactive trans¬ 
formations such as radio-lead and thorium which have different atomic- 
weights and are supposed to be inseparable from each other by any 
chemical process’’ [(T7)]. 

Further development of the analysis of the lighter elements was 
delayed by war. Then Aston, in November 1919, published the first 
account of the mass spectrograph he had developed. The first results 
obtained by its use confirmed Soddy’s prediction of the widespread 
occurrence of isotopes among the elements. 

A significant increase in intensity and resolving power achieved in 
this instrument, as compared with the parabola equipment, made pos¬ 
sible for the same ion source conditions shorter exposure times and 
application to more difficult elements. The increase in intensity resulted 
from three design features: substitution of slits for circular apertures; 
evacuation of the region between the beam-defining apertures to reduce 
loss in intensity by scattering of the ions; and, finally, “velocity focus¬ 
ing.” The ribbon-like beam of ions emerging from the second colli¬ 
mating slit was first deflected by an electric field, and from the resulting 
energy spectrum a third slit selected ions with a small spread in energies. 
Then the ions entered a uniform magnetic field and were deflected in 
the opposite sense and finally impinged on a photographic plate. With 
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the geometry selected, a beam of ions of the same mass to charge ratio 
M/e is brought to a focus on the photographic plate even though the 
spread in energy of the ions issuing from the third slit may vary over a 
considerable range. The “velocity focusing.” or more properly “energy 
focusing.” thus secured resulted in greatly increased intensity even 
though there was no important directional refocusing of the divergent 
beam issuing from the collimating slits. 

With this instrument, 27 of the non-radioactive elements were ana¬ 
lyzed between 1919 and January 1922. and an additional 26 were studied 
by July 1924 (All). 

In 1917 Soddy had said, “When, among the light elements, we come 
across a clear case of large departure from an integral value, such as 
magnesium 24.32 and chlorine 35.46, we may reasonably suspect the 
elements to be a mixture of isotopes” |(S22)|. The complex isotopic 
constitution of non-radioactive elements was abundantly demonstrated 
by Aston's series of analyses. The most important result was a great 
simplification of the current ideas of the constitution of matter. The 
relative weights of all the atoms examined except hydrogen and lithium 
were found to be whole numbers to the accuracy of measurement, 1 part 
in 1000, when referred to one-sixteenth of the weight of the oxygen 
atom O ltt . Atoms of the chemical elements were taken to lx* aggrega¬ 
tions of two units, at that time assumed to be protons and electrons. 
The divergences from the “whole numlier rule” were interpreted as the 
“packing effect” or loss in mass, or energy, when free particles have 
coalesced to form an atomic nucleus. 

Dempster developed his magnetic spectrometer for isotope analysis 
in 1918 (1)1) and analyzed magnesium in 1920 and lithium in 1921 
(1)2, 1)3). Analyses of potassium, calcium, and zinc were published in 
1922 (1)4). 

The initial function of isotope research, the determination of the 
isotopic constitution of the elements, was vigorously prosecuted by 
Aston, so that by July 1924, including the analyses by Dempster, 53 
elements had been studied (All). At present over 280 naturally occur¬ 
ring isotopes have been shown to exist (Table 12, page 682). 

Important gaps in the list were tilled by Dempster, who made the 
first analyses of some of the elements from which it had been difficult 
or impossible to obtain ions by the usual gas discharge and electron 
bombardment techniques. He developed his vacuum spark method 
for uranium, platinum, palladium, gold, iridium, and other elements 
(D8). 

The relative abundance of the isotopes of a specific element can be 
determined photometrically from the mass spectrum recorded on a 
photographic plate, or more accurately by measurement of the ion beam 
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intensities by electrical methods. The accurate measurement of the 
relative abundance of isotopes, a second major aim of research on stable 
isotopes, parallels the development of the magnetic spectrometer for 
ion analysis. In the magnetic spectrometer, monoenergetic ions pro¬ 
duced by electron impact or by thermal ionization (Fig. 26) are accel¬ 
erated in the electric field produced by a voltage V applied between 
plates C and D, and they describe an orbit of radius R in the magnetic 
field //. 

The radius R = (144 /H)y/MV/n cm for ions of M isotopic weight 
units (0 1G = 16), from which n electrons have been removed, in a mag¬ 
netic field of H gauss. The receiving slit is at a fixed position corre¬ 
sponding to a fixed value of R. Successive ions of mass M and charge 
ne are brought to the receiving slit by varying V, where MV/n = const 
for a fixed value of //, or by varying //, where M/nH 2 is constant with 
V fixed. As the ions from atomic vapors are of the same energy within 
very close limits, only “direction” focusing is necessary to produce an 
image of the source slit at the receiving slit. Such focusing was first 
obtained under equivalent conditions by Classen for beta-rays (C5), 
and Dempster was the first to apply the magnetic focusing technique to 
rays of positive ions (Dl). Improvements in design and technique 
by Bleakney and Nier resulted in the current instrument designs (see 
Sections 3B1 and 3B2). The presently accepted values of the isotopic 
constitution and abundance measurements of the elements in Table 12 
were largely obtained by instruments closely following Nier’s designs. 
Many of these abundance values are from studies by Nier and his asso¬ 
ciates, with important contributions by others, particularly Bleakney 
and associates and Inghram and associates, as given in the references 
to Table 12. Other uses of mass spectrometers are listed in Section 3A; 
they illustrate the widespread application of these instruments to 
physics, chemistry, biology, geophysics, and industry. The design and 
operation of mass spectrometers are considered in detail in Section 
3B1. 

The accurate measurement of isotopic weights, a third basic field of 
research on isotopes, was first developed by the mass spectrograph 
technique. The use of accurate mass values in combination with the 
energy data from nuclear reactions makes it possible to check experi¬ 
mentally the equivalence of mass and energy A E = A MC 2 (B3, B6). 
The energy released in nuclear reactions and in fission can be deter¬ 
mined from the mass change in the reactions, if the equivalence of mass 
and energy is assumed. Conversely a measurement of the energy change 
is a measure of the mass difference between the reacting nuclei and their 
products. Where A E and A M are both measurable, the Einstein rela- 
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tion is fulfilled within the present limits of accuracy of the measurements. 

Aston selected O 16 as the standard of mass for convenience, and 
because chemical combining weight determinations are referred to 
oxygen. (The complex isotopic constitution of oxygen was not known 
prior to the results of Giauque and Johnston in 1929 (G8).] The meas¬ 
urement of the mass of an atom as performed with the mass spectro¬ 
graph is, in reality, a comparison of its mass to charge ratio M/e with 
that of O 16 . The charge e is equal in magnitude to the electronic charge 
or to an integral multiple of it which is easily determinable. The com¬ 
parison of M/e of ions, after the correction has been made to take 
account of the mass of the one or more external electrons lost from the 
atom when the ion was formed, amounts really to a comparison of the 
masses of the atoms. Correction for differences in binding energy of 
the residual electrons of two ions under comparison have so far been 
unnecessary, as the differences are well inside the errors of measurement. 

The mass measurements made by Aston prior to 1925 by means of 
his first mass spectrograph had an accuracy of 1 part in 1000. The 
proton yielded a mass value 7 to 10 parts in 1000 greater than unity. 
The lithium isotopes Li G and Li 7 exceeded whole numbers by at least 
1 part in 1000, where referred to C 12 as exactly 12. Fe 5,i and Sn ,2 ° 
appeared to have less than integral mass values (All). Costa attained 
an increase in accuracy by a factor of 3 in 1925, and the masses of 
H 1 , Li°, C 12 were compared with He 4 , and that of Li 7 with N 14 (C22). 
By 1927, Aston had completed his second mass spectrograph with which 
an accuracy of 1 in 10,000 was attained in the determination of the 
masses of many light isotopes, and 1 in 5000 for heavier ones at a resolv¬ 
ing power of 500 to 600 (A 14). With this instrument helium was devel¬ 
oped as a standard secondary to O 16 , and then hydrogen was referred 
to helium. That the comparison of helium and oxygen was in error be¬ 
came apparent when Aston’s mass results and those of Bainbridge were 
compared with the energy released and equivalent mass changes occur¬ 
ring in the disintegration of light nuclei (02). Bainbridge compared the 
masses of light isotopes H\ H 2 , He 4 , Li fi by the doublet method. The 
accuracy of these relative mass determinations was independent of the 
mass of He 4 relative to O 16 . Be 9 was also measured relative to C 12 
by a different technique (B2). The above atoms are all components of 
the first nuclear reactions which were produced and carefully studied 
by Cockcroft, Walton and Lewis, and Oliphant (CIO, 02). 

Bethe showed that, when the masses derived from mass spectro- 
graphic data were compared with masses obtained from disintegration 
data, there was evidence that Aston’s He 4 :0 16 mass ratio was wrong. 
When this ratio was corrected, the two mass scales agreed within the 
experimental errors (B25). Also, it was shown that the inordinately 
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high value reported by Bainbridge for Be 9 , which apparently had been 
inconsistent with a stable Be 9 , was satisfactory when the new corrected 
value of helium was introduced (B25). 

Improvements in the accuracy of the mass spectrographic results of 
mass comparisons and more accurate Q value determinations ot the 
“heats of reaction” of nuclear transformations resulted in isotopic mass 
values derived from both sources of data (LI 1). More recently, for 
the lighter isotopes, a great increase in the accuracy of Q values was 
secured from energy determinations of the products of the nuclear 
reactions by absolute and comparison deflection methods, first intro¬ 
duced by Allison and his co-workers (Al). The results of such energy 
determinations from the laboratories of Allison, Bonner, Buechner and 
Van de Graaff, Herb, Jennings, and Lauritsen have given sufficient 
interrelated reactions to provide excellent mass values on the majority 
of the isotopes of the elements to Z = 9 (L10, B11). A chain of Q values 
above Z = 9 has recently been published (V3). The connection be¬ 
tween Z = 9 and Z = 10 must be made, for example Ne 2l (d,a)F 19 or 
Ne 22 (p,a)F 19 , before the disintegration mass scale can be extended 
through phosphorus. 1 In Table 16 Ne 20 , S 32 , and higher isotopes are 
obtained chiefly from mass spectrographic data. 

A very important measurement of the binding energy of the deuteron 
was obtained by Bell and Elliott (BIG). Their value 2.230 ± 0.007 Mev 
from the reaction H‘(n, y)H 2 was much higher than the previously 
accepted value. The energy difference between the neutron and hydro¬ 
gen atom n — H 1 is equal to the binding energy of D 2 — (H 2 ‘ — D 2 ). 
n — II 1 equals 0.798 ± 0.007 if the energy equivalent of H 2 ‘ — D 2 is 
equal to 1.432 ± 0.002 Mev, as given by the doublet measurement of 
Mattauch and Bonish (M4). The weighted mean of eight separate 
determinations of reactions of the type X(p,/i)Y combined with X(0~)Y 
or Y(0 + )X (T8) gives a value, n — H 1 equal to 0.782 =fc 0.001, inde¬ 
pendent of mass spectrograph measurements (L9, L10). A redeter¬ 
mination of the H 2 ' — D 2 doublet by Roberts and Nier gave 1.442 Mev, 
and n — H 1 = 0.788 Mev (R6). The measurement of the binding 
energy of the deuteron by Bell and Elliott greatly stimulated other 
work which, together with their own, has led to a more reliable value 
of the mass of the neutron, 1.008982 relative to the hydrogen atom 
1.008142 (L10 and Table 16). 

The value of accurate mass data to disintegration studies and theo¬ 
retical questions of nuclear structure and stability stimulated the inde¬ 
pendent development of improved mass spectrographs. As an aid to 

'Note added in proof. The reaction Ne 2l (d,ar)F 19 has been measured accurately 
by C. Mileikowsky and W. Whaling. C. W. Li has extended the disintegration 
mass scale to sulfur. Both articles will appear in Phys. Rev., 88. 
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higher accuracy the resolving power, dispersion, and focusing were 
increased and improved. In the period 1934-1936 “double focusing" 
was achieved with three of these instruments (Do, Bo, M2, M3). Not 
only were the beams of ions diverging from the source focused at the 
plate, designated “direction focusing," but to an important extent ions 
of a small spread in energy were brought to the same region of the plate, 
designated “velocity focusing." Table 4, page 647, lists the mass 
spectrographs which have lx*en applied mainly to the study of masses. 

Of these, the only one in general use which attains double focusing for 
all masses is that designed by Mattauch and Herzog (M2). Further 
details of these instruments are discussed in Section 210. The three 
double-focusing instruments mentioned above and Aston’s third mass 
spectrograph furnished the greater part of the mass measurements 
until the development of new instruments in the past few years by 
Ewald (103), Duckworth (D12), and Nier (N28). Also, important new 
methods of great promise have been introduced by Hippie, Sommer, 
and Thomas (H30), by Goudsmit (Gil), and by Bloch and Jeffries 
(B33). The increase in accuracy of band spectrum analysis with the 
development of microwave techniques is important in the comparison 
of masses of the isotopes of individual elements (Til). Discussions of 
these methods are given in Sections 4C and 41). 

SECTION 2. THE DEFLECTION AND FOCUSING OF CHARGED 
PARTICLES IN MAGNETIC AND ELECTRIC FIELDS 

A. Combined Cylindrical Condenser Electric Field and Uniform 
Magnetic Field 

The instruments developed for the study of isotopes by ion deflection 
methods fall into two classes. In the comparison of relative isotopic- 
weights by the measurement of the positions of ion beams, photographic- 
recording is in general use where high resolving power, high dispersion, 
and high mass accuracy are of prime importance. Magnetic spec¬ 
trometers utilizing electrical recording of the relative intensities of ion 
beams have had their main application in the measurement of the 
relative abundance of isotopes. 

The deflecting and focusing properties of a cylindrical electrostatic 
field combined with a uniform magnetic field along the cylinder axis 
have been investigated theoretically by Henneberg (H10), Herzog 
(H13), and others (B41, H36). Henneberg’s work is of greater con¬ 
venience for spectrometer studies. Herzog’s work was directed more 
closely to the solution of problems in the development of “double- 
focusing" mass spectrographs which refocus ion beams of the same m/e 
value to the same small region of a recording plate, irrespective of the 
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angle of divergence of the ions from the source and of a small spread in 


^Henneb^g's work will be reviewed first, as his considerations of 
superimposed cylindrical electric and uniform n’^ne'.c hejds are su 
dent by themselves for many types of analyzer des.gn and cover som 



Fig 1 Geometry of the fields and orbits for charged particles in combined uniform 
magnetic and cylindrical electrostatic fields. Uniplanar case Z - 0. 

features of the component fields used to achieve double focusing in 
Herzog’s field arrangements. 

In Fig. 1, the configuration of the fields is given for coordinates r and 
*>, with the positive field directions indicated for positively charged 
particles. 

The equations of motion for the uniplanar case, z = 0, are 

o Hero) 

mr = mrur — eE - UJ 
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or 


m 7. ( r2<u) 

at 


erli r 
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eHr 2 1 

nurta -- const = 

2c /=o 
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(3) 


At t = 0, r = r 0 , the charged particle of speed r 0 w 0 , if it cuts the 
electric field at right angles, r = 0, will describe a circular orbit, r = 0: 


mr^ 0 2 — eEo + 


erow 0 // 



In order to simplify the final formulas, Henneberg introduced 

eE 0 

V =- 2 

mrowo 


(5) 
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y is the fraction of the centrifugal force on the particle in its orbit which 
is compensated by the electrostatic force. It may assume any positive 
or negative value as long as Eq. (4) is satisfied. This means that the 
magnetic force directed on the moving ion must exactly cancel the 
combined electric and centrifugal forces. 



Fig. 2. Focusing angle <f* 


*/y/\ + y 1 for combined fields (H10). 


1. Focusing Angle. In order to obtain the angle for focus, w is elimi¬ 
nated from Eq. (1) by substitution from Eq. (3), and the resulting 
equation for r is expanded by Taylor’s series, making use of the following 
power series: 

r = r 0 + ar x + a 2 r 2 H— • 

W = o>0 + 0X0 1 ~t* on 2 u>2 + ••• (6) 

A = A 0 + a 2 A2 H— • 

From the solution of the differential equation o f the te rms w ith the 
coefficient a for particles of speed r„w 0 , r x = r 0 sin V1 + \j 2 u} 0 t/\/ 1 + y 2 . 
The first cross-o ver or refocusing, r x = 0, occurs at a time 
t = Tr/o) 0 y /1 + y 2 after an angle 

* = * = vrh (7) 

4> is plotted against y in Fig. 2. 

In the limiting case y —► =t». This requires, by Eq. (5), that when 
the centrifugal force vanishes either the charged particle be at rest or 
the orbital radius r 0 —* « when a = 0. roo> 0 2 = i’o 2 Ao —* 0, so that 
Vq = r 0 a> o = Eqc/H, from Eq. (4) considering the second case only. 
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i.e. the length of the filter is r tunes tne rau.u* ™ — 

for the uniform magnetic field actl "S j 1 "' 4 , for a point source 

i8 :s: rr, e T ti: - - 

solving for B = r — r n at the time T when o = *■ 

1 + |y + y 2 + 3y 3 . 2 (9) 

B = - ( 1 + y 2 ) 2 

, . „ f thp trace at the focus for charged particles of the 

at angles with respect to the ta 


same 

f nniront. 



to the circular orbit. The negative sign indicates that the image extends 
on the side of the central ray toward the center of curvature. B/a is 

plotted in Fig. 3 as a function of y. 2 r 

In the Wien case by the same limiting process B — —3a limit 

r 0 /y = “3 Rh* 2 as y and r 0 — «. ^ 

3. Velocity Dispersion and Reduced Dispersion. 1 he velocity dispei- 
sion D v is defined for the case a = 0, v = + dv. The charged particle 

with the added velocity dv will cut the focal line at r = r 0 + dx at 
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* = Dv is ^fined by the relation r = r 0 + D 9 (dv/v Q ) t where 


D v = dx- 
dv 


( 10 ) 


v 0 must be included in Eq. (10) to keep the dispersion independent of 


6a* 



the charged particle 
field arrangement: 


velocity and characteristic only of the particular 
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For the Wien ease the limit of D v = 2 R„ as y and r 0 -* «. D v is plot- 
ted against y in Fig. 3. 

The reduced velocity dispersion 
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yields a convenient figure of merit for the behavior of a deflection and 
focusing field arrangement for the velocity or momentum analysis of 
charged particles of the same m/e ratio. 

is the ratio of the displacement of the image along the focal line, 
for a fractional change in velocity dv/v 0 , to the width of the image at 
r 0 of a beam of charged particles whose half-angle of divergence at the 
source was or. 8 V is equivalent to the resolving power for complete sepa¬ 
ration of the lines in the case of an analyzer with short, infinitely narrow 
slits. A plot of 6,*x 2 as a function of y is given in Fig. 4. 

4. Common Field Arrangements. Field arrangements for certain 
values of y have played particularly important roles in the analysis of 
charged particles. The more important relations are tabulated in 
Table 1, which includes the relativistic solutions for B, D V} and 4> for 




p/, - oo, 7 /co. x. in Fig. 6. applies «o .he magnetic sector .nd spheric! 
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the source and image within the fields, and the values for sectorial fields 
for the magnetic case, which is treated in Section 20, page 576. 

?/ = 0 for the uniform magnetic field alone. The first application of 
direction focusing by this method was utilized by Classen in his deter¬ 
mination of the e/m value for electrons (Co). The image shape for 
finite slit lengths and widths, and */ 0r ** 0 has been worked out bv 
Wooster (\V11). 

y = l, corresponding to the cylindrical electrostatic field alone, was 
first investigated by Hughes, Rojansky, and McMillan (H35). The 
cylindrical electrostatic field has been applied as an energy selector in 
many researches (Al, Bo, D5, D12, H12, M2, S15). 

y = —l provides an interesting field arrangement first proposed by 
Bartky and Dempster (B15) to furnish an analyzer for e/m determina¬ 
tions which would be achromatic, i.e., D v = 0. This arrangement of 
the fields has been utilized by Bondy and Popper (B35) for positive-ion 
analysis and by Shaw (S4) for the determination of e/m of electrons. 
In this case, y = — 1, double focusing or direction and velocity focusing 
are achieved. Henneberg (H10) has shown that a linear mass scale is 
obtained to a first approximation, Ar = (r 0 /m 0 ) Am, in the neighbor¬ 
hood of the focus for the circular orbit r = r 0 , m = m 0 . 

The image breadth B equals ]^a 2 r 0 , which is considerably narrower 
than -a 2 r ( , for the pure magnetic and than -%a 2 r 0 for the pure elec¬ 
tric cases. 

Bartky and Dempster (B15) have given formulas for computing the 
effects of the angular aperture, displacement of the source from the 
central orbit radius, and variations from the circular orbit velocity v 0 . 
These formulas include the cross term in a and dv which Henneberg’s 
treatment does not include. 

The fourth important arrangement is the Wien (W8) “compensated 
forces’’ or velocity selector case for which y = =fcoo. Here the electric 
and magnetic forces on the moving charges are adjusted to be equal 
and oppositely directed so that v 0 = Eqc/H. This device was applied 
by Wien to the determination of m/e for electrons and ions which had 
been accelerated through a definite difference of potential. A similar 
sequence of fields has been used by Oliphant, Shire, and Crowther (01) 
for the separation of the lithium isotopes, and by Bleakney (B26) for 
an isotope spectrometer. Bainbridge (Bl) and Jordan (J3) used a 
velocity selector followed by magnetic deflection for photorecording 
mass spectrographs. 

6 . The Orbital Apsides. In the design of analyzers, particularly those 
utilizing electrostatic deflection, it is important to know the inner and 
outer apsidal radii for a particular value of a. In general, it is more 
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desirable to centre, the 2Z 

ffiTSTSSSTSS- for these charged particle, ad- 

mitted by the image slit. . . . or a nd occur at 

The aosidal radii are found from fcq. W. r r ° ^ ■’ 

„ = «*>/2 to a sufficient accuracy for most design purposes. 

= ■ /° —sin Vl + yW (13) 

r ‘ VTT7 

and = 1 * _L (14) 

1 2 V1 + V 1 "o 


* = i 


so that 


and the apsidal radii 


ri apsidal 


ro _ 

vTTy 5 


7 

Vi + ?/ 


For the Wien case, y = ±«, the maximum displacement of the 
charged particles from the central linear trajectory, r - r» = 
occurs in the neighborhood of Lf 2, Eq. (8), where r 0 /| y | - Then 

r - r 0 = aR„ = - ( 16 > 

IT 

where ft// is the orbital radius of curvature for the uniform magnetic 

field acting alone. , , . 

6 . Relativistic Corrections. The extension of Hennebergs theoiy to 
include the added effects of charged particles moving at relativistic 
energies has been made by Millett (Mil). Equations (1) and (2) must 
now be rewritten to include the variation in mass with velocity, 


d(mr) 


= mro? — eE — 


Hero) 


dirnr^o) — Her 2 /2c) 


( 18 ) 
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and in addition, by the conservation of energy, 

d^mc 1 ) 

—— = —eEr (19) 


The solution, which is more difficult to obtain, is gained by the same 



Fig. 5. Variation in focusing angle 1> at relativistic energies for y — 1 and y = 
-1/(1 - 0’). (Courtesy of W. B. Millett.) 


general procedure as in the classical case; the original paper should be 
referred to for details. 


x 

vTTw^m 


( 20 ) 


and is plotted in Fig. 5 against 0 = v/c for y = 1 and y = — 1/(1 — 0 2 ). 


B = —a 2 r 0 


1 + y/3 + y 2 ( 1 - 0 2 ) + 3y»(l - 0 2 ) 

[1 + </ 2 (l - 0 2 )] 2 


2 r 0 1 + y(l - 0 2 ) 

i - 0 2 ' i + ,f(\ - a 2 ) 


( 21 ) 


( 22 ) 








and 


a = 


1 - 
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1 + v(l “ 0 2 > + ^ (l _ p 2) + 1/3(1 ~ 02 - (23) 

~7 + y/3 + »*(1 - **) + 3/d - 0 2 ) 

These expressions are, of course, the same for the classical case as those 

^“^'^menta, effect of the relativistic increase 

in mass, even at energies as low as Ho of the rest energy, is the change 
n the ocusing angle 4 > for the electrostatic analyzer, y= 1 , and foi 

L» - -1/(1 - rt. Fir 5 A 

the path length for focus in the Wien velocity filter y ± . 
L = can be maintained by adjustment of H and t 

so long as 0 = £///• While the relativistic effects are negligible for 
the usual analysis of ions in mass spectrometry the increased use of 
analyzers involving electric fields for particles of higher specific energies 
recuires that relativistic effects be taken into account. 

In the case of the spherical condenser analyzer (Section 2 B), Purcell 
(P2) has calculated the change in the position of the intercept of the 
trajectories with the axis for values of 4- = 180°, 131°, and 90 for the 
symmetrical case cos X = cos 7 , to the first order in a with no restr.c- 

tions on 0 = v/c. . , 

Rogers has also studied relativistic effects for the cylindrical and 

spherical electrostatic analyzers (RIO, R 11 ). 

B. The Focusing of Charged Particles by a Spherical Condenser 

The use of a spherical condenser for focusing and Barber’s rule for 
magnetic sector fields were known to Aston (A 8 ), but no mathematical 
treatment was published. Purcell has developed the general case of the 
spherical condenser if the inverse square field 


E(r) 


VR 1 R 2 


(R 2 - R\)r 2 


is imposed (P2). <t> + X + y = * as in the magnetic case. See Sec¬ 
tion 2C1. 

The solution for the reduced velocity dispersion 6 V in this case is 
identical with that for a uniform magnetic field, 



2 _ 1 _ 
1 - v/q + p 2 /? 2 « 2 


(24) 


where p/q = cos y/cos X. 
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The image width B is twice that for the magnetic case: 
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and so, with D v , 



(25) 

(26) 



The energy dispersion D e is one-half of the velocity dispersion and so 
is identical with the velocity dispersion for the magnetic case. 


C. Sectorial Magnetic Field 

1. Sectorial Magnetic Field. Normal Entry and Exit. Barber (B13) 
and, later and in greater detail, Stephens (S26, S27), Brueche and 
Scherzer (B41), Herzog (H13), and Cartan (C2) developed the focusing 



conditions for sectorial magnetic fields for which the geometrical arrange¬ 
ment is given in Fig. 6, normal entry and exit. 

Charged particles originating at the source «S which enter and leave 
the magnetic field normal to the boundaries cut the line SO extended at 
point F. In the first-order theory, ions of the same velocity diverging 
from S at angles =fca are focused at the same point, provided that 
<I> -f- X + y = ** which is Barber’s rule for focusing. The trajectories 
are treated by standard methods of analytic geometry to yield expressions 
for B t D t and 5: 



(28) 
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and 


= 


Dv 

B 


( 29 ) 


’ i - v/g + p 2 /9 2 0,2 

As Stephens has pointed out, the practical performance of 

sector analyzer, X = 7 , is identical with that of the usual * - 180 



Fig. 7. Theoretical values of 6 r a 2 as a function of y and X for sectorial magnetic 

field analyzer. 


instrument, since p/q = 1 in all cases and B, D, and 8 are identical 
irrespective of the value of <t> (S27). For certain applications the 
removal of the source and image receiving slit from within the magnetic 
field can be advantageous, and the same resolving power is actually 
achieved with a smaller magnet. 

The effects of the fringing field can be allowed for (C15, Dl) and will 
be discussed in greater detail on page 582. 

The theoretical values of 5* are plotted in Fig. 7. 8 V is a maximum 
for cos y/cos X = p/q = This maximum value may be realized in 
practice if the source width is small compared to the image aberration 
width B (S27, C2, B6). When the source slit width is large compared 
to the image aberration width, it is generally possible to improve the 
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resolving power by focusing a reduced image of the slit as shown in 
Fig. 8 , where cos -y/cos X > 1. 

Herzog’s (II13) first-order “optical” focusing theory for magnetic and 
electric sector fields is given on pages 592 to 598. Cart an has extended 
the “optical” theory for the magnetic case to include second-order terms 
(C2). 

The uniplanar focusing conditions for non-perpendicular entry or exit 
from the field boundaries for the central trajectory are considered on 



Fig. 8 . cos 7 /cos X > 1 for increased resolving power when arr 0 « S width. A 

reduced image is obtained of S. 


page 598. The focusing effects which occur in fringing fields for particles 
which are not in the central plane of the pole gap are summarized in 
Section 2C2. 

2. Vertical or z Focusing. In all the earlier uniplanar considerations 
of the focusing of charged particles by magnetic fields the particles 
entered the gap in the median plane, normal to the boundary. H - H t} 
z = 0, H x » H v = 0. Lavatelli (L3) and Cotte (C23) have shown that 
an important focusing effect is produced in the z or vertical direction by 
the fringing field for particles which do not enter normal to the pole 
boundary and are not in the median plane, so that z and H v are no 
longer of zero magnitude. Referring to the field geometry of Fig. 9, in 
which the particles under consideration are in the z = z plane, z = 0 , 
t — 0. The z component of force on the ions is 

VIZ = - ( V X Hy — VyH x) (30) 

c 


As H z = 0 and v x = y tan e', 

e 

mz = - yHy tan e 
c 

and 

e 

z = — tan 
cm 
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where the intention cetend. from . point " outeid, of Ur. pole »P 
boundary to a point, within 6, where //„ <>• 


im 




«x»» 

normal to 
polo boundary 


mmm 


Fig. ». Coordinate system for vertical or z focusing of ions in fringing field. 

The line integral 

<£//<fc=f H u dy+[ H.dz+f Hydy+f H z dz = 0 ( 

J Jb t ^ J *w— Ja - a 


Then 


f 0 Hydy = f Hz dz = Hz 
J 0 


as // u = 0 for z = 0, so the third integral vanishes, and the second 
integral is zero as H z « 0 at y — a. Finally 


i = — tan s' Hz 
cm 


and the particle is deflected through an angle 


z eH z tan s' 

<*/ = — =- 2 tan s' = —-- 

v 0 cmv o «// 


where Rh equals cmv 0 /eH, and equals r 0 for ions which are being brought 
to a focus in the xy plane. The focal length F z for vertical focusing equals 

z _ Rh 
a z tan s' 


(33) 
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As F z should be positive for a parallel beam of charged particles 
brought to convergence after entering a magnetic field gap, s' is positive 
if it is on the same side of the normal to the boundary as the center of 
curvature of the ions in the xy plane as indicated in Fig. 9. 

z focusing occurs at the exit boundary, and again s", the exit angle, 
is positive if it is on the same side of the normal to the boundary as the 
center of curvature: 


// 


(z - a/S) tan e" 
Rh 


(34) 


where S = /?// 4 > = the path length within the uniform field region. 

Often it is more convenient in calculations and design work to locate 
the object and image by consideration of the equivalent optical problem, 
as Cotte (C23) has done in his treatment. 

In the lens equations, (L' - G')-(L" - G") - F 2 , 1/(1/ - //') + 
1/(L" - H") - 1/F, and F = G - //, where F is the focal length, V 
and L" are the distances from the object and image to the entrance and 
exit pole boundaries, respectively. G' and G" are the distances from the 
pole boundaries to the focal points. //' and H" similarly give the 
locations of the first and second principal points of the equivalent lens. 
Distances to the boundaries are positive for locations outside of the 
magnet boundaries, as in Herzog’s coordinate system (H13) (see Fig. 
20 and Sections 2D1, 2, and 3), selected for use for first-order ion optics 
because of his extensive contributions to the subject. 

In Herzog’s coordinate system r 0 = a, and 


F - - 

(35) 

tan e' + tan s" — <t> tan e' tan e" 


G' = F(1 - 4» tan e") 

(30) 

G" = F(1 — <f> tan e') 

(37) 

IV = F4> tan s" 

(38) 

//" = F<f> tan e' 

(39) 


As before, e' and e" are positive if they are on the same side of the normals 
to the pole boundaries as the center of curvature. 

Utilization of the z focusing effect of the fringing field in conjunction 
with direction focusing in the xy plane from Herzog’s (H13) and 
Cartan’s (C2) design conditions makes it possible to realize improved 
intensity conditions at the image slit for many applications of charged 
particle focusing without becoming involved in “shaped” non-uniform 
fields. 
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, sti(rmatic Focusing by Sectorial Magnetic Fields. Cotte described 
only SrSSfSS focusing cou.d be achieved sinudtaneous.y in 



Fig. 10. Stigmatic focusing by a magnetic sector field (C24). A point is indicated 
by X, at which the second-order aberrations in the xy plane are eliminated. (See 

(H25, H28).J 


both the xy plane and the plane normal to it. Stigmatic systems of this 
class could have many practical applications. An interesting study of 
the possible range of stigmatic systems with real images has been 
presented by Cross (C26). 
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The conditions for focus in the xy plane as derived by Herzog (see 
page 595) and in the z plane following Cotte’s analysis must be satisfied 
simultaneously (H13, eq. (43); C21, eq. (140), thesis). Cross has 
succeeded in obtaining amenable expressions for s" and r/l' = r/L" for 
the stigmatic cases, and results have been plotted for 4> = 90°, 45°, and 
20°. Figure 10 illustrates the results for </> = 45°. 

tane" = i[tan (^ - 2) + 

' =Utan(*-Z) - l - - -| 

L" l" 2 1 <t> ~ cot // J 

where 1 

tan 2 = tan z f 4- - 

r 

tan II = tan e' — - 

Negative values of the pole boundary to image distance l", sometimes 
obtained from Eq. (41), correspond to a virtual image. As Cross points 
out, however, there is a wide range of values of l' and s' for which 
stigmatic focusing does occur, as illustrated in Fig. 10. Reference should 
be made to Cross’ paper for plots for other values of <t>. A point indi¬ 
cated thus, X, in Fig. 10 represents a case for which there are no second- 
order focusing aberrations in the xy plane of the magnetic lens, following 
Hintenberger’s design specifications (H25, H28) and Section 2C5. 

4. Fringing Effects in the xy Plane. The fringing of the field beyond 
the pole boundary imposes significant forces on moving charged particles 
beyond the region of the pole edges in any sector type of instrument in 
which the source or its image or both are not located in the uniform field 
of the analyzer magnet. The effects of these forces are more prominent 
in magnetic spectrometers than in mass spectrographs where both 
narrower gaps and larger radii are used. 

Coggeshall and Muskat (C13) have made an extensive study of the 
paths of particles in the median plane of non-uniform magnetic fields. 
Coggeshall (C15) has extended this to the case of the fringing fields for 
straight-line pole boundaries, without the approximations used in earlier 
work (Dl). 

1 Symbols in Cross’ paper have been changed to avoid confusion with those used by 
Herzog in the coordinate system adopted in this chapter (Figs. 17, 20a, 20b). 


(40) 

(41) 

(42) 
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In the coordinate system of Fig. 9, 

*--(=)■ 


and 


vo 


2 = ii 2 + * 2 
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(43) 

(44) 

(45) 


where r„ is the initia. velocity at < = 0 and H is a function of y only 

m The'Uvo'quantities of greatest interest are, first, dx/dy at y_= 0, or 
the tangent of the angle of entry s' into the uniform field “jJ; 

secondly, the value of * at y = 0, or the s.de displacement to which the 
beam is subjected in its path from the source to the pole edge. Of 
course, similar considerations hold for the ions leaving the pole boundary 

The differential equation of the ion trajectory in the fringing held is 
obtained by first integrating Eq. (43): 


x = — fll(y) dy = — f Ky) dy 
meJ me J 


The constant of integration is zero for ions leaving the source in a 
direction normal to the pole edge. The fringing field H(y) is defined in 
terms of the uniform analyzer field Ho by the function h(y) - H(y)/ o- 

V=± (-o 2 - i 2 )’ 4 - ± ( D ° 2 ~ [~ / A(j/) di \ ) 
from Eq. (45). 

Recognizing that H 0 e/mc = v 0 /r 0 , x and y may be rewritten 


and 


— f Ky) dy 
r 0 J 

y = ±y(r 0 2 ~ [ J*(«/) dv] ) 


As dx/dy = x/y , the final differential equation of the trajectory 
given by 


is 


dx 


fh(y) dy 
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dx/dy at y = 0 is easily obtained, as the integral 


r 


h(y) dy can be 


obtained by the use of a narrow search coil extending from the source 
to the pole boundary. For h(y) a small-diameter search coil is satis¬ 
factory. The trajectory may be obtained by numerical integration, or 
directly if a reasonable analytic expression is obtained for h{y). Another 
satisfactory and rapid method is to plot the functions and integrate with 
a planimeter. If the actual analyzer magnet is not available, an approxi- 



Fig. 11. Theoretical fringing field h(y) - H(y)/ll o versus distance from pole edge. 

mate answer can be obtained from the theoretical expression for h{y ) 
which applies to pole pieces of infinite permeability. h(y) can be cal¬ 
culated for various rectangular magnet poles by the use of the Schwarz- 
Cristoffel transformation (C15, S18), and Coggeshall (C15) gives a plot 
of h(y) for various pole piece thicknesses. Figure 11 is a graph of h(y) 
for semi-infinite infinitely thick pole tips, i.e., the pole tip height is equal 
to n times the transformation reference length of one-half the gap width, 
and in this case n is equal to infinity. It has been generally assumed that 
the field in the median plane for practical magnets must fall off more 
rapidly than h(y) for the extreme theoretical case shown. However, 
since test data on practical magnets show that the function h(y) can fall 
on either side of this theoretical curve for the region -y = 0 to 3 gap 
widths, the empirical values of h(y) should be used in an actual analyzer. 
Tapered poles, Rose shims (R12) and, more generally, pole tips larger 
or smaller than the coil section of the poles all act to alter the function 
h(y) for practical magnets. 
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Figure 12 is useful in preliminary design work as it 
of h(y) dy from Fig. 11 in units of gap widths. The Integra , 

extended within the pole boundary 1 gap width* to the uniform Add 
Son in order to take into account the fringing effects ins de of the 
physical pole boundary. Under these conditions ions which start f' 
normal to the pole boundary at the source will have undergone the same 
angular deflection at any point within the uniform field region, y 



gap width, as if the ions entered the virtual field which rose to its full 
value Ho abruptly at the virtual field boundary. The virtual boundary 
parallel to the actual boundary includes as a point the center of curvature 
of the circular trajectory in the uniform field region. The separation d 
of the virtual effective field boundary from the actual physical field 
boundary is plotted in the upper curve of Fig. 12. 

Since the fringing field actually extends to the ion source region, the 
ions are undergoing, during the whole time of transit from the source 
to the pole boundary, an acceleration whose cumulative effect is a 
considerable displacement x given by integration of Eq. (46). x is 
plotted in the lower curve of Fig. 12 for the typical spectrometer case, 
r 0 = 10 gap widths. 

In the usual method of accommodating the stray field effects, the 
apex of the virtual boundaries of the magnet sector is placed on the line 

1 At this point the field is only Ko.ooo less than the central uniform field. 
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joining the source and image slits (X15, N20). In Xier’s sector spec¬ 
trometers (N15, N20), the value of d can be adjusted by moving the 
magnet. Therefore it is always possible to have the center of curvature 
in the virtual entrance boundary, and it is not necessarily displaced 



image 

Fig. 13. Methods for location of image in sector spectrometers. Identical design 
value of source to image distance and identical magnet in each case. See Section 2C4. 

toward the source as stated by Coggeshall. If there were no sidewise 
displacement, Barber’s rule would be satisfied. The deflection x of the 
ion beam acts to move the center of curvature of the beam in the uniform 
field region to a point below the apex along the entrance boundary line 
of the virtual field. 

As shown in Fig. 13a, this geometry is not satisfactory for the case 
of a 60° sector spectrometer, since the line from the source through the 
apex of the virtual boundaries does not extend through the image of the 
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source. Barber’s construction no longer Holds -d ^source and >ts 
image are not symmetrically located wit^ n*P ‘ , ace ^ ent of the 

KlSrJi? P-A- source and image to be 

"e position of 

image for any sector spectrometer (B7). K^nt.ally, the ^ 

fringing field is to change the focusing problem from one * 

normal*entry of the ions to one involving oblique ent^ with values oj 

entrance and exit angles s' and *" for the median trajectory. The fc 
ing conditions for the oblique entry case for no f'ngngfied am 
culated, and then the source and its image are displaced by theamo 
determined by the experimentally measured fringing field d.str.but.o 

^ For oblique entry and symmetrical location of the source and image, 

— s'-«" = * 


tan e 


l r o* - *1* 


(47) 


The median ray is deflected through an angle * = fl + 2e, where SI is 

the design value of the pole sector angle. , 

Ions diverging at angles up to ±« from the source, distant from‘he 
entrance pole boundary, are also deflected in the fnnpng fidd through 
the angle «, as Coggeshall has shown, by solution of Eq (43) under the 
new initial conditions. The distance I" from the physical exit boundary 
of the poles to the image can now be obtained from Herzog s theory or 
from Car tan’s graphic construction for the general case of a magnetic 
lens with straight pole boundaries and any entrance and exit angles 
(H13, C2); see Section 2D3. Using Herzog’s theory and optical nota¬ 
tion (/' _ g ')(i" _ g") = f 2 . For the symmetrical case, V - l -l and 

g' = g" = g, l = f + 9 , where 


g = r 0 


cos e cos (ft + e) 


cin O 


and / = r 0 cos 2 s/sin ft and r 0 is expressed in units of the gap width. 

Assuming that r 0 and ft have been defined for a particular instrument, 
the procedure is to measure h(y ) for the magnet and plot the value of 

d = f^^y) dy - 1 for the -y = l + 1 = r 0 cot (ft/2) + 1 region of 

values corresponding to the design value of ft. A very good approxima- 
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t-ion to the correct value of d results which can be improved by substi¬ 
tuting £ = tan” 1 d/[r 0 2 — d 2 ) 4 into the expression for 


. COS 2 8 

1 = r °~^ 
sin U 



cos (n 4- e) 
cos e 


] 


(48) 


to obtain a better value of l over which to carry the integral of h(y) dy 
from which d is determined. 

This final value of d determines e and in turn l. Then the lateral 
displacement of the beam 


* 0 


i: 


J" Ky) <iy 


[ r ° 2 - (./*<»> dy ) ] 


dy 


(49) 


The source and image are located, Fig. 13b, a distance l along the normal 
to the point of contact of the trajectory and the real pole boundary at a 
distance | x 0 | above the normal. Only second-order differences remain 
between the actual and predicted source and image positions. These can 
easily be corrected in practice. Good results are achieved in practical 
spectrometers (N15, N20, W9) by shifting the position of the magnet 
and image slit until optimum conditions are attained. 

Coggeshall’s method of correction for the effects of fringing fields is 
based on a false assumption of the correct value of l and will not give 
symmetrical location of the source and image (Fig. 13c). 

The fringing field still contributes a disturbing factor as “z” defocusing 
(pages 578 to 580), which results in a loss in ion current density at the re¬ 
ceiving slit, is imposed. Just in the region where dH z /dy is a maximum, 
the angles e' and s" of the ion paths with respect to the normal to the 
pole edge have their greatest values and lie in the quadrant which gives 
defocusing, i.e., s' and s" are negative when the initial ion direction at 
the source is normal to the sector pole boundary. 

6. Refinement of the Focusing Properties of Sectorial Magnetic Fields. 
The focusing of a monoenergetic divergent beam of ions by a sectorial 
magnetic field with rectilinear pole boundaries generally includes an 
aberration term of magnitude = a 2 r which increases the image width 
(Section 2C1). The width of the image can be reduced by proper shaping 
of the pole piece boundaries to produce second-order focusing and 
eliminate the a 2 r term. 

Smythe, Rumbaugh, and West (Si6) presented two improved types 
of shaped pole magnetic lenses which focused a parallel beam of ions 



Sec. 2C] Deflection 
entering one boundary. 



and Focusing of Charged Particles »» 

The first type of lens constructed had boundaries 


J(ri - J) 

and y — Vi - ^2 _ 


(50) 


the magnet to ^ ' ° p " F * r various thi. to. ™> 

,»>* .4-—- « 



units constructed (S16, R15). These proved very useful for the separa¬ 
tion of isotopes for disintegration experiments (SI7, R16). 

Bainbridge later considered pole boundary shaping for the magnetic 
sector spectrometers with symmetrical location of the object and image, 
and normal entry and exit of the median rays (BG). Second-order focus¬ 
ing can be obtained if r H = r 0 cot 3 0. r„ is the radius of the boundary 
of the field, r 0 is the radius of curvature of the median ray in the held, 
0 is the half-angle of deflection. For the 90° sector magnetic lens, 0 
= 45°, cot 0 = 1, and symmetrical source and image, the radius of 
curvature of the entrance and exit edges of the pole simply needs to be 
made equal to the radius of curvature of the ion beam to obtain second- 
order focusing. The main residual aberration term has a coefficient a . 
Where only one pole edge is corrected in a sector instrument, improved 
focus can be obtained for r// = (r 0 /2) cot 3 0. 

Hintenberger (H25) and Kerwin (K3, K4) have independently 
extended these considerations for refinement of the focus of sectorial 
magnetic fields with symmetrical and asymmetrical location of the source 
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and image. Their general results include all cases published earlier. 
Figure 15 illustrates the shape of the pole boundaries required to attain 



Fig. 15. Uniform magnetic field sector with shaped pole boundaries. A beam of 
charged particles originating at P i is focused without second-order aberrations at P 2 
for field boundaries given by (H25) 


V - Vi 


x{x\ - z) 


and 


y - Vi 


x(x 2 - x) 


perfect focusing, the boundaries being defined by the equations 

x(xi - x) 

x(x 2 - x) 
y y2 ~ (r 2 - i 2 )* 


(50) 

(51) 


The magnetic field attains its full value at the boundary and no stray 
field extends beyond the boundaries. 

Hintenberger and Kenvin showed that the idealized boundary curve 
given by Eq. (51) has a point of inflection at 

(9x, 2 - 8r 2 )* 

Xi = 3ti + 


2 


(52) 
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At this point the ideal curve may be approximated by a taagwtto the 
boundary through the point of inflection. The ^ «'mproved for 
small values of a over that obtained for normal entry of theions into 
Haight line pole boundary- Kenvin has investigated the effect on the 
dispersion of the instrument resulting from the substitution of mfle - 
Uon focusing” for normal entry focusing. The dispersion doe not 
deteriorate to less than two-thirds of that for normal focusing and 
practical case is close to nine-tenths of the normal focusing value. 



•P/2 


Fig. 16. Ratio of the resolving powers for the inflection type of analyzer, R{, and for 
normal beam entry. It n , times the half-angle of divergence a plotted against <P/2. 
<t*/2 is half the total angle of deflection in the magnetic field sector for the source 
and its image located symmetrically with respect to the sector (K3). 


The ratio of resolving powers of normal and inflection-type magnetic 
fields ( Ri/Rn) X a as given by Kenvin (K3) is shown in Fig. 16; it is 
calculated on the basis of infinitesimal slit widths. 

The advantages of inflection focusing, after reaching a maximum, de¬ 
crease with increasing values of a, the half-angle of divergence of the 
ions at the source. Also, when slits of finite width of a practical device 
are used, the advantages of inflection focusing decrease more and more 
as the slit width approaches or exceeds the residual aberration width. 
The adoption of inflection focusing should be considered carefully; it 
can also introduce z defocusing acting to spread the image in the dzz 
directions normal to the plane of the median trajectory (Section 2C2). 
z focusing is secured in some special cases considered by Cross (page 581). 

The author believes that symmetrical location of the source and the 
image and normal entiy of the median ions into a curved pole boundary 
is more satisfactory for most analytical purposes. The z defocusing 
effect is minimized and the aberration is reduced to terms with a 3 and 
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higher power coefficients. Also the allowance for practical stray field 
corrections (Section 2C4) is simpler, as all ions within the angle of 
divergence are traveling very nearly the same distance in the stray field 
regions. 

D. Ion Optics 

Herzog (H13) in 1934 presented his development of the general 
theory of directional focusing for a radial electric or homogeneous 
magnetic field, or the two in combination, and demonstrated a complete 
parallelism with geometrical optics. The fields act as a combination of 
a prism and a cylindrical lens. This first-order uniplanar theory is par¬ 
ticularly valuable for application to the design of double-focusing mass 
spectrographs or for the location of object and image in any radial 
electric and homogeneous magnetic field combinations. Thus the 
Herzog theory covers the Hughes and Rojansky case (H35) of an object 
and its image within a radial electrostatic field and the special sector 
cases considered by Smythe (S15) and Herzog and Mattauch (1112). 
The Herzog theory also includes the Henneberg (H10), Bartky and 
Dempster (B15), and Wien (W8) cases (see Section 2A) and extends 
them to the arrangement of sectorial fields. The magnetic sector field 
case for normal entry of the ions considered by Barber (B13) and 
Stephens (S27) (Section 2C1) is extended to the case of oblique entry 
and exit of the ions from a sectorial magnetic field. 

Cart an has developed the focusing theory for a general homogeneous 
magnetic field and with radial electric and homogeneous magnetic fields 
in sequence, to include higher-order terms in a (the half-angle of di¬ 
vergence), 0 (the relative velocity increment, Ae/i’o). and y (the relative 
mass increment A m/m 0 ) with respect to the median trajectory r = a, 
a = 0 = y = 0, v = t'o, m = m 0 (C2). 

The coordinates for Herzog’s field arrangement are shown in Fig. 17. 
The field free regions I (' coordinates) and II (" coordinates) are con¬ 
jugate spaces for objects and their images. In region III the magnetic 
field H is normal to the r<p plane and is superimposed on a radial 
electric field E = A/r = (l/r)[A71n (R\/R 2 )). The magnetic field H and 
the difference of potential A' are positive when the ions describe a path 
concave about P for each field considered acting alone. 

The potential is zero in regions I and II and for the central tra¬ 
jectory r = a. At any radius r within region III the potential V = 
X[ln (r/a)]/[ln (Ri/R 2 )i = X(r - a)/a In (RJR 2 ). 

At the boundary between I and III and III and II, if r a, the 
velocity of an ion changes in its transit of the boundary. The change in 
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velocity is small for the case considered where r - a is^mall and the 
path in region III is close to a circular path of radius r ~ a 

The initial conditions of Herzog’s treatment are repeated in detail to 
forestall misapplication of his results to electric condenser arrangements 

which do not correspond to these conditions. perfected in 

The effect of the fringing field on the ion trajectory s ne&cU* 
Herzog’s treatment in obtaining the genera focusing relations. I or a 
specific case where the field distribution is known, the fringing effects 



Fig. 17. Field arrangement for Herzog ion optics theory. The magnetic field is 
normal to the r* plane and is superimposed on a radial electric field E - A/r (H13). 


can be allowed for as has been done by Rogers (R9). If the separation 
of the electric field plates is small compared to the total path lengths in 
the condenser, the first-order results should be correct. Herzog has 
suggested the use of a grounded plate with an aperture proportioned to 
reduce edge effects (H14). (See 1111 also.) 

1. The Ion Trajectory. Entry and Exit Normal to the Magnetic Field. 
“Direction" focusing means that particles leaving a point x’ = l\ 
y' = b' at all angles within a certain small maximum value or' are brought 
to convergence at some point x" = y" = b ". To obtain the con¬ 
ditions for focus the trajectory of the particles is followed through 
regions I, III, and II to yield an expression for y ". The focal point for 
all trajectories at x" = 1 " has the property that y" is independent of 
a'. The term with coefficient a' may be set equal to zero to give the 
conditions for focus. 

In region I the equation of the straight path of the ion is 

y' = 2/i + 

and quantities of the order a 2 and ( y\/a ) 2 can be neglected. 


(53) 
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In the region I the velocity of the ion is 

V\ = vo(\ + (3\) (54) 

where v 0 is the velocity for a circular path r = a in region III. 

The mass of t.ho particle is given by the equation 

m = 7n 0 (l + y) (55) 

to permit discussion later of the mass dispersion. and y also are 
small quantities whose squares can be neglected. 

At the boundary I—III, 

x' = 0 y' = y\ and r = a + y i (56) 

In region III the particle enters the electrostatic field which changes 
its velocity t>i to vm. 

frnv i 2 = \mv hi 2 + eV 
by the conservation of energy, where 


and 


m qV 0 2 1 
2/i- 

e a e 

mov 0 2 a In (Rx/Ri) 


etc = 


(57) 


a e is the radius of curvature for the trajectory of the particle if the 
electric field acted alone. 

The velocity components of the particle at x' = 0 are 

viii = v 0 ^1 + (58) 

from Eqs. (54) and (55) substituted in the energy equation, and 


Vo = 


a + 2/i 

The equations of motion are, finally, 


fo = — aVm = — av 0 

■“ - :*(!+*-*-“) 

a \ a e a / 


(59) 

(60) 


d H 

— ( mir<p) = ref — 
dt c 


and 


mf = mr*p 2 — 


r<p 


eX f ■ H 
r In {Ri/Ri) c 


(61) 


(62) 
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The r ' f £ 

conditions and angle of deflect.on * in the fields. 

The solution (H13) of Eqs. (6D and (02) for „ = *, * - «■ 




y 1 

sin k* + «I - cos N4>) + - cos K4> 


1 (03) 


a " = -a' COS N<h + iK sin K4- - ^ N sin N4> (° 4 ) 

The equation of the trajectory in the field-free region II is 
y" = y 2 + «"*" = a . [ - £ sin NO + id - cos K*) + * cos «*] 

+ x " . -a' cos Ni- + «N sin «* - ^ K sin N-I> | (65) 

where, for simplicity in writing the solution, 

a e a m 2 \ am' xa « / 

and 

M 2 S - 7 + 0i ( 2 - £;) < 66) 

where a m is the radius of curvature of the particles in the magnetic field 
acting alone, and 1/a = l/a e 4- 1 Aw 

2. Conditions for Focus. To solve for the conditions for focus we 
consider a beam of particles issuing from x' = V and y' = b' whose 
equation in region I is 

y' = a'(*' - V) + 6' 

6' is effectively one-half of the object slit width in a practical device.,, 
At the boundary between regions I and III, s' = 0 and t/i = b' — a'l. 
Substituting this in Eq. (65) and collecting terms with the same co¬ 
efficients, 


!fl 

sin N4> + 5(1 - cos K4>) + — cos K<1> 

a 


cos H— N sin n4> J j 


j," = «'{-“ sin K4> - l' cos N4> + x" - cos «■!> + l - N sin N4>j j 
+ ia K sin N4> +1 — cos K* J - b ' ' [~ N sin ~ cos N ‘ 4 ’] ( 67 > 
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r. 


At the focal point y" must be independent of a for some value of x" 
Substituting l " in Eq. (67), the condition for focus is given by 

a IT 

-sin N4> — (l' 4- l”) cos N<t> H-K sin = 0 

K a 

and dividing by [( l ' + i")« sin N<t>]/a and transferring the cotangent term 
to the right, 

IT - a 2 /N 2 a 

- cot K4> (68) 


V + l 


n 




Let g = (a/N) cot N<1>, which can now be identified with the separation 
of the focal points from the field boundaries. For, if the object is dis¬ 
placed to infinity, V = then /" = g, from Eq. (68). And, if V = g, 
then l" = so that the focal points in the object space I and image 
space II are located at a distance g = (a/N) cot N* from the field 
boundaries. 

The principal planes of a lens are planes of unit magnification. This 
property is used to locate the abscissas l" = h of the principal planes. 

In Eq. (67), for an object with ordinate b', the ordinate of the image 
is 

V 


b" = 6 a 


|\l - cos N4>) -f — NsinK* 


r 

— b’ — K si 
a 


sin — cos 


J 


(69) 


Substituting b" = b ' and l" = h in this equation and solving for h, 

(70) 


a *tf> 

h - -tan — 

N 2 


for the abscissa of the first principal plane. 

The abscissa of the second principal plane is also h, as by substitution 
of l" = h in Eq. (69) it is found that V = h. 

The focal length / is given by the separation of the focal point and the 
principal plane: 

f-g-h (71) 

or 

/ = --- (72) 

K sin 

when the values for g and h are substituted. 

Equations (68), (70), (72), and the expression for g can now be manipu¬ 
lated to give the lens equations in the optical form. 
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The Newtonian form of the lens equation obtained is 

(/' - g) d" - g) = Z 2 

and the ordinary lens equation is , 

1 , 1 _ 1 
(V -h) + (/" - h) = / 

The quantities of greatest experimental interest are given in Table 2 
for the field arrangements in general use. 

3. Oblique Entry and Exit. The general case of a sectorial magnetic 
field for which the boundaries are not normal to the ion trajectory has 


(73) 

(74) 



quadrants. Oblique entry of ions. 


been given by Herzog (H13). The coordinate system 
18. The new values of the important lens quantities are 

is given in 

Fig. 

cos s' cos (4> — s") 

^ sin (<t> — s' — s") 

(H45')‘ 

(75) 

cos s" cos (4> — s') 
a" = a -;-— 

(H45") 

(76) 

sin (4> — s — s ) 



cos s' cos (<*> — s") — cos s' cos s" 
hf = a --—--:-—- 

(H46') 

(77) 

sin (<t> — s — s ) 




‘ Here and in Section 2E the numbering of equations preceded by capital letters 
refers to the numtjering in the original papers by the author cited. 



Sec. 2E] Deflection and Focusing of Charged Particles 599 

cos e" cos (* - s') - cos s' cos s” (H46") ( 78 ) 


h = a 


sin (4> — s' — «") 
cos s' cos z" 

r-r-t— 


(H47) (79) 


6 ' = 6 " 


Zl + ;{a(l - cos*) + i'lsin♦ + tan .'(1 - cos*)]| 

/ (H50') (80) 


_ v £zL+ <{a(l - cos*) + ("[sin* + tan e"(l - cos*)]! 

/ (H50") (81) 

The magnification of a particular magnetic lens system is given by the 

' a A.°simple graphical construction for locating the image of an object 
has been described by Cartan for the general case of magnetic analyzers 



pig. 19 . Cartan’s graphical solution for the location of the image H of an object A 
for the general case of a magnetic sector analyzer (C2). 

(C2). Cartan’s method is illustrated in Fig. 19. It is of great value for 
the rapid study of homogeneous field magnetic lens systems and as a 
check on the end results obtained from the application of Herzogs 
equations, (75) to (81), to a specific lens problem. 

E. Mass Spectrographs. Double Focusing for All Masses 

A general theory of double-focusing mass spectrographs has been 
presented by Herzog and Hauk (Hlo), who followed the pioneer work of 
Mattauch and Herzog. All masses from a divergent source which are 
within a small range of energy are focused into a spectrum dispersed 
according to the different mass values (M2). Independently Dempster 
(D5) and Bainbridge (B5) devised mass spectrographs which achieved 
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double focusing theoretically for one mass only but practically over a 
wider region. 

In the cases studied by Herzog, Hauk, and Klemm at Mattauch’s 
suggestion, the double-focusing condition for all masses requires that 
ions diverging from a source slit shall, after deflection by one or more 
cylindrical electric fields followed by a uniform transverse magnetic 
field, be focused into a series of images whose positions are dependent on 
the M/e values of the ions but are independent of the ion energy over a 
small range of energies (H15, K10). The energy of the ions is that 
which conforms to the median trajectory in the electric condenser 
r = r© = a,. Fulfillment of the focusing condition defines the shape of 
the magnetic pole boundaries as a complicated curve which degenerates 
into a straight line when the object slit image produced by the electric 
field approaches infinity. 

This case, l" = », for which the pole boundaries are straight lines, 
has another great advantage for the construction of a practical instru¬ 
ment. The locus of the images is also a straight line, so that the recording 
plate does not require distortion into a curved surface. Other quantities 
of experimental interest are the dispersion, resolving power, and angle of 
incidence of the ion beams on the recording plate. These were also 
obtained by Herzog and Hauk. 

Direction and velocity focusing will be attained if the coefficients of 
a and 0 can be made to vanish in the expression for the final image co¬ 
ordinates for the case of a sequence of fields. The conditions for direction 
focusing are obtained if the ion optical results of Herzog given earlier 
are adhered to. The sequence of fields should be in the order of an elect ric 
deflecting field first and then the magnetic field, if the purpose is to 
analyze a considerable range of M/e values and avoid the restriction on 
the mass spectrum imposed by the aperture A/?, the separation of the 
condenser plates. 1 Also it is better to select from a source, heterogeneous 
in mass and energy, a beam of ions within a small range of energies as is 
obtained if the electric field is traversed first. If the magnetic field is 
traversed first, then any collimating slit in the image plane restricts the 
ions entering any succeeding electric field to a small range of momentum 
values. An undesirable selective action results if the ion source does not 
provide the proper selected momentum values for all the m/e values 
which could be recorded on the recording plate. 2 

1 The special case of superimposed uniform E and H fields of Blcakney and Hippie 
(B30) is given in Section 2F. 

2 A similar difficulty arises if a Wien velocity selector precedes a magnetic analyzer. 
See (Bl, J3). As the ion velocities are all the same within narrow limits, the energy 
of the ions is directly proportional to their masses. 




which the object for the magnetic field lens is the image of the source slit 
from the electric field lens. In other words, b„" is desired as a function 
of be' where these ordinates refer to the location of the slit edges. The 
abscissa of W is fixed at l,'\ the abscissa of b m ", L", varies with m. 
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le" = A - t,' (MH1) 1 (82) 

where A is the separation of the field boundaries and 

be" = +6 m ' (MH2) (83) 

The coordinate system is illustrated in Figs. 20a and 20b. For the electric 
field, an object slit S / of width s e = 26/ located at x e ' = l e ' has an 
image S/ f of width 26/' at x«" - l e ". 

b." = + + — f J—) - I/ (H34e) (84) 

\ Z / \ l e — g t / l e — g e 

For simplicity the subscript m will be omitted in writing all quantities 
referring to the magnetic field. In the general magnetic field case the 
abscissas of the object and image are obtained from the lens equation 

(V - gW - g”) = P (H48) (85) 

If 6 = /3 + 7 (see H13, eq. II 18m) is substituted in Eq. (80), the 
relation for the ordinates of the object and image slit edges is obtained: 

g' ~ 

b' = b" —--h (0 + 7 ){a(l — cos*I») + r[sin<t> + tan e'(l — cos4>))) 

f (H50') (86) 

In order to obtain b" as a function of 6/, b' is substituted for b" in 
Eq. (84), and the value of b' from Eq. (84) is substituted into Eq. (86), 
which is solved for b”. The result 2 is 

1 (MH) refers to equations in reference (M2), (H) to equations in reference (H13), 
(HH) to equations in reference (H15). Equations from reference (M2) have been 
changed to conform to the coordinate systems of Figs. 20a and 20b. 

* The coordinate system adopted in Section 2D is that of Herzog and Hauk (H16, 
II15). This coordinate system applies to deflection in the same sense in both fields 
(Fig. 20a). For deflection in opposite senses (Fig. 20b), a, 4>, and ^ become negative, 
but e' does not change sign as n lies in the first quadrant of the xy coordinate sys¬ 
tems. The formulas derived may be applied to the cases of opposed deflection by 
substituting the appropriate negative values of a, ♦, 

In Mattauch and Herzog’s paper (M2) only the cases of opposed deflection were 
studied and a, <*>, and ^ were all positive in the MH coordinate system used by them 
prior to 1938. In transferring from the Mattauch and Herzog coordinate system 
to the Herzog and Hauk system with deflection in the same sense, the signs of a, 
4», and ^ must be changed in the MH formulas. Also the sign of «' must be changed 
in the coordinate system for deflections by the fields in the opposite sense, as Y' 
was used in the opposite direction to the convention used by Herzog and Hauk. 
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I _ h _^ — a(l — cos*) 

- V [sin* + tan e'(l - cos*)]J " ^ [ 2 V !«' “ 9*' 

_ «*,* + u» .'(■ - —*»]} < MH3) <87> 

In addition to direction focusing, velocity tensing may -ow b. 

/, u \ _ a(1 _ cos*) + l'[sin* + tan e'(l - cos*)] 
c \ U-gJ (MH5) (88) 

SiSSESS?; 

l," from Eqs. (82) and (H13, eq. H31e), or 


--“•(' + v ^)-“-( 1 + ^) <MH4> 


(89) 


An inspection of the coefficient of j in Eq. (87) shows '»***£ 
efficient equals KJ 2. A dispersion in mass, required for: a pra. 
spectrograph, is retained under the conditions for double focusing. 

The mass resolving power is given by the ratio of ^e coefficien ^ y 
to the image width of the slit for one mass. From Eq. (87) and K c K, 
the half-image width 


b" = a 


Then 


g' - V V - 9e 




2 g'-V 


(MH6) (90) 


1 M (K,/2)[//(g' - P) 1 K, l,'-g e 1 _ «« /, + l i_ _ 

y ~ AM 2b" 2 f, s 2s\ it > 


/» *TTO\ /C\ 1 \ 


where s = 2 b,' is the width of the object or source slit. The resolving 
power depends only on the geometry of the slit and of the electric field. 
It is independent of the mass of the ions, the separation of the fields A, 
the angle of entry e' of the ions into the magnetic field, the angle of de¬ 
flection * of the ions within the magnetic field or their radius of curva- 
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ture a. This striking result, first demonstrated by Mattauch and Her¬ 
zog, was later shown in a more general way by Herzog and Hauk (Hi5) 
to hold for all straight pole boundary spectrographs where double 
focusing is achieved for all masses. 

Mattauch looked for a field geometry such that double focusing would 
be obtained for all masses. Equation (88) imposes a relation between 



Fig. 21. Coordinate system for pole boundary (M2). 


the orbit radius a and the angle of deflection i> in the magnetic field. 
If double focusing is required for one radius only as in an instrument for 
measurement of the relative abundance of isotopes, the required angle 
of deflection in the magnetic field, $, can be calculated from Eq. (88). 
In the case of spectrographs for accurate comparison of isotopic masses 
Eq. (88) should be satisfied for all values of a. This requirement defines 
a specific pole piece boundary which for simplicity in construction was 
selected as a straight line. 

The polar coordinates p and ^ are introduced (Fig. 21) to obtain the 
equation of the pole boundary in order to define a pole shape which will 
allow double focusing for all masses. 


p = 2a sin \f/ 


(MH10) (92) 
(MH11) (93) 


See aE1 Deflection end recusing of Charged Particles 605 

Substituting in E,. (88), the «P«-« <« «■* P* —^ " ** 


coordinates is 


P = + 


5L. - — • cos (* - «') (MH12) (94) 


sin ^ cos e 


This represents a complicated curve which degenerates into a straight 
SSS^be.a straight line for f = 0, but this case has 
no practical meaning In this case the coefficient 

Practical spectrogmphs^'t /or l the from 

of l must vanish in fcq. K°°). \ o a 

Eq. (89). The condition for velocity focusing is 

— = s in 4 > + tan e'(l “ cos*) (MH5») (95) 

/. 

where * is constant for all masses. The pole boundary is a straight line 
through the entrance point of the ions into the field. The inclination 
the boundary is * = **■ The exit angle of the ions is 

(MH13) (96) 


' 2 2 


As V = «, the images of the object slit are produced at the focus, or 

X" = q". 

The distance to the image from the pole boundary is 


q" = a 


= a 


cos e" cos (4> — e') 
sin (4> — s' — e") 

sin 4>/2 cos (4> — s # ) 
cos (4> — e') 


(H45") (97) 


on substitution of the value for s". 

Since g" is proportional to a, the locus of the images for different values 
of m will be a straight line which also goes through the origin of the polar 
coordinate system which describes the pole boundary. Mattauch wisely 
chose to construct the instrument for which l" = g" = 0, so that the 
ions do not leave the field boundary and the effects of fringe fields are 
avoided. 
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Fig. 22. Straight line pole boundary mass spectrographs which are double-focusing 
for all masses. The abscissa is the angle of electrostatic deflection 4>* above, and 
-K/V below. K/V = - y/2 sin(\/3*e> = -a*//.- See (H15, eq. HH27). 
Cases are omitted in which the slit must be in the electric field. In the range «f>, = 
r/y/2 to 3x/2\/2 all signs change, which also holds when K/V is positive. Ordinates 
are the half-angle of deflection in the magnetic field which is also the direction 
of the exit pole boundary (Fig. 20a). Cases are omitted in which l" is negative and 

in which ion beams cross (H15). 
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F or g" = 0 the angle of entrance t' must be 


* 

= * =b “ 
2 


(MH14) (98) 


Only the upper sign was taken to be of practical in^st 
substituted in the velocity focus.ng equation, (95), a./f. - tan W 

^Thi^ equation defines a group of spectrographs for which the photo¬ 
graphic plate lies in the field l" = 0, and any difficulties with stray field 

effects at the exit to the field are obviated. , 

Herzog and Hauk also obtained the expression for the angle w between 
the ion beam incident on a receiving plate and the normal to the plate 

at that point: 

1 

tan w = 2 cot i> - 


+ 


sin* + tan t'(l - cos*) 

!- jy — [sin* + tan e'(l “ cos*)]J 


tan e' + (*/Q[cos*/(l - cos*)] 
1 - (K/l')l sin */(l - cos *)| 


(HH25) (99) 


The complete range of double-focusing mass spectrograph field 
arrangements has been investigated by Herzog and Hauk for straight 
pole boundaries (H15). The locus of images is a straight line passing 
through the point of entry of the ions into the magnetic field. The 
original paper should be referred to for the entire range of possible field 
arrangements, for which curves are drawn for e' = const and <*> = const 
against * as ordinates, and *, and a e /J e as abscissas (Fig. 22). Only 
one instrument has been constructed in which the receiving plate lies 
outside of the magnetic field, i.e., g" and l" 0 (Rl). 


F. Crossed Electric and Magnetic Fields. Trochoidal Trajectories 
Bleakney and Hippie (B30) in 1938 investigated the combination of a 
uniform electric field directed normal to a uniform magnetic field. They 
showed that this arrangement of fields has perfect focusing properties in 
the xy plane. The focal point is dependent only on the M/e values of 
the ions introduced and the field intensities and is independent of the 
velocity and direction of the ions entering the analyzer. A component 
of the initial velocity normal to the xy plane at the source leads to 
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an astigmatic broadening of the image along its length but does not 
increase the breadth of the image. 

The direction of the fields and initial velocity of an ion are given in 
Fig. 23. The equations of motion which were first set up by J. J. 
Thomson in the study of ion trajectories (T6) are 


my = Ee-(^p)x 

(100) 


(101) 


Since in a practical case the ion source can be easily arranged to keep z 
small at t = 0, motion in the z direction is not of particular interest. 



Fip. 23. Trochoidal paths corresponding to various initial conditions. The two foci 
represent two different values of M/e (B30). 

Only the projections of the ion trajectories on the xy plane normal to 
the magnetic field are of interest. 

Maintaining the designations of Bleakney and Hippie, the solutions 
of Eqs. (100) and (101) for x = y = 0 at t = 0 are 

Ec 

x = N sin <p — N sin ( 7 * + <p) + — t (102) 

y = N cos <p — N cos (yt + <p) (103) 

where E and e are in esu and H is given in emu, 7 = eH/mc, and N and 
V> are parameters dependent on the initial velocity and on the m/e value 
of the ions and on the field intensities. 

The motion of the ions in the xy plane was obtained by comparison 
of these equations, (102) and (103), with the general equations for the 
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trochoid, 3 . = a j, - aU + P sin to ~ P sin * 

y = ij _ p cos t = p cos to — p cos t 
and identifying, as illustrated in Fig. 24 and Fig. 25, 

N (the secondary radius) = p 
(yt + <p) = t 


<p = to 


and the primary radius of the rolling circle, 

me 2 
a = E—z 


t 



Fig. 24. The curtate cycloid (B30). 


600 

(104) 

(105) 


(106) 



Fig. 25. The prolate cycloid (B30). 
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A prolate cycloid is generated for p > a, a curtate cycloid is generated 
for p < a, and, when p = a, a point on the rolling circle generates a 
cycloid. The latter case is of less interest experimentally as the cusp 
corresponds to zero velocity of the ions and space charge produces 
divergence of an ion beam in the neighborhood of the cusps acting to 
reduce the resolving power of the instrument. 

Two important features of the trochoid, recognized and exploited by 
Bleakney and Hippie, are: (1) a, the radius of the generating circle, is 
independent of the initial values of velocity v 0 and direction 0 of the 
ions; (2) ions which have crossed a plane, y = const, at a point x = x' 
will again cross this plane, going in the same direction at a point x - x' 
+ nb = x' + n-2ira. 

me 2 

b = 2*E — (107) 


Thus the focal line, at a distance nb beyond the initial point x' } is 
independent of the velocity and direction of the ions at the source, 
n = 1 for a single cycle but may take any integral value because of the 
periodic nature of the trochoid path. Perfect focusing is thus theoreti¬ 
cally attainable with none of the higher-order aberration terms character¬ 
istic of the usual cylindrical lens and prism sequential field arrangements. 
If the Bleakney and Hippie crossed field arrangement is used with 
photographic recording of the ions a linear mass scale is obtainable, as 
b is proportional to m/e. Also the resolving power 


m b 

Am A b 


(108) 


is twice that for a simple magnetic focusing device fed by monoenergetic 
ions for which 


m b 
Am 2 A6 


(109) 


The complete design of a mass spectrometer or a combined mass 
spectrometer and mass spectrograph of this type is greatly expedited by 
the special aids and charts included in (B30) and (M14). Several 
practical designs are summarized on page 626. Quantities of special 
interest in addition to a and b are: 

(1) The secondary-ion radius 

1 f 0 /E 2 (?\ /2 Ec\ 


(110) 
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plates providing the field E. ^ ^ ^ 

(3) The maximum and minimum excursions of the ions in the y 

direCti ° n ’ , cos *„ + P d 12 ) 


!U= = P COS - P 


(113) 


In the case favored experimentally, the prolate cycloid case, the extent 
of the electric field p must exceed 2p: 


p > 2p 


(114) 


(4) The distance from the receiving slit at *' + b, y - y', to the 
preceding point at which the trajectory crosses the same plane y - y , » 


2 (p sin to — ato\ 


(115) 


s is positive for the prolate case where x > b (Fig. 25), and s is negative 
with x < b for the curtate trajectory (Fig. 24). 

(5) The secondary-ion radius expressed with 0 inserted is 


and 


(s)[(x)‘ ,+i - 4 (t) V o “']“ <n6) 

p cos *0 = (^) - cos 9 (n7) 


(0) The radius of curvature of the ions in the magnetic field alone is 
given by 

r - (?)V 


(118) 


Experimentally it is advantageous to introduce the ions at 6 « 90° as 
shown in Fig. 36. The usual type of ion gun is compatible with this 
geometry, and the uniform electric field at the plane of the source slit 
can be easily maintained. Also, if recording of the ions is done photo¬ 
graphically, it is an advantage to have the ions incident normal to the 
surface of the recording plate. For a prolate path p > a, and 9 = 90°, 
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the quantities of major interest become 

'-(=)[(?>+>]" 

2/max = a + p 

2/m in ■ A P 

s = 2 ^(p 2 — a 2 ) H — a cos -1 

The minimum extent of the uniform magnetic field in the x direction 
is 

6 + s = 2*0 + s (123) 

The minimum extent of the uniform electric field in the y direction is 

P = 2p 

The minimum ion energy at the cusps is 


(Pt. V 

(119) 

( 120 ) 
( 121 ) 

( 122 ) 


Pm in = Vo + V -y ) 

The initial energy of the ions 



pb0H 2 e 

— - 7 esu 

2 wmc 2 


(124) 


(125) 


In practical design procedure the first step is to define the desired ion 
trajectory. The trochoids can be traced out most conveniently by the 
mechanical drafting apparatus devised by Bleakney and Hippie. 

When suitable values of a and p to give the desired trajectories have 
been selected, s is defined by Eq. (122), b is defined by Eq. (123), and 
E and H are defined for a particular m/e value by Eq. (107). The mini¬ 
mum required extent of the uniform magnetic field is 2 p in the y direction 
and is b + s in the x direction. 0 is defined by Eq. (119), in which 6 , p, 
and p have already been fixed. The initial energy of the ions then 
follows from Eq. (125). 

s is dependent on a and p and must be chosen with two considerations 
in mind: (a) s essentially defines the maximum useful breadth of a 
recording plate for photographic registration of ions. (If 6 i and S\ 
correspond to values of b and s for the heaviest ions to be investigated, 
then ions of lower mass m 2 entering the cusp will just miss the edge of 
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lhe plate *, + 

”S bj lh,”i of a and p, Eq- (122)- The val»« of . »<^ 

bv Eqs (121) and (124) define the minimum energy of he ions at 

«* i- >“™ “* , “ d * heir gr “ le “ re “ rd,t “"' 

G Focusing in Non-Uniform Fields _ 

Non-uniform fields offer another approach for focusing charg® 
particles issuing within a wide angle of divergence. The magnetic field 
devices of Svartholm and Siegbahn, Bender and Bainbndge, Kofoed- 
Hanscn, Lindhard, and Nielsen, and ma ny others have been applied 

mainly to the investigation of beta-rays (S35, B17, KM■ * 

spherical-condenser electrostatic analyzer following Purcell s theory has 
been built for analyzing high-energy ions (C25). 

There has been only limited use of non-uniform magnetic fields lor 
ion studies. In the case of precision photographic recording instruments 
there is generally sufficiently high intensity so that exposure times are of 
the order of seconds. These exposure times could be further shortened 
by more attention to the ion source design, and by the application ol 
good electrostatic ion optics in the source region. Non-uniform fields 
of which the configuration may be dependent on the induction in the iron 
of the poles and yoke of the magnet add complications dangerous to the 
precision of an instrument. High current density rather than large 
currents is what counts in photographic recording spectrographs. 

Mass spectrometers and isotope separators use higher currents and 
lower resolving power than mass spectrographs. Here non-uniform field 
ion optics might be advantageous. However, a source of the Bleakney- 
Nier type (see Figs. 28, 29a, 31) lends itself admirably to electrostatic 
focusing of the ions produced, and a beam of low divergence issues from 
the final collimating slit. This type of source combined with a simple 
homogeneous field magnetic lens system gives good practical operation. 
Ion current ratios as great as 10 7 have been measured successfully. 

Many types of non-uniform field configurations have been considered 
for spectrometer use. One of the first was described briefly by Bock 
(B34). Focusing aberrations were decreased by weakening the field 
away from the central ion path. Two high-resolution beta-ray spec¬ 
trometers, 180° focus, have been built with an improved field distribution 
of the same general type as was used by Bock (LI, B40). 

Coggeshall made an extensive study of the theory of ion trajectories 
in non-uniform fields. Because of the limited application in the past of 
inhomogeneous fields to isotope research, only the titles and references 
will be given here: “The paths of ions and electrons in non-uniform 
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magnetic fields” (C13); “Th£ paths of ions and electrons in non-uniform 
crossed electric and magnetic fields” (C14); ‘‘The focusing properties of 
inhomogeneous magnetic sector fields” (S36). The many other papers 
on non-uniform fields for focusing beta-rays are treated in Part IX of 
Volume III. 

SECTION 3. THE RELATIVE ABUNDANCE OF ISOTOPES 

A. Introduction. Applications of Abundance Measurements 

Two of the fundamental properties of atomic species are A, the mass 
number which defines the number of protons and neutrons in the nucleus, 
and M, the accurate isotopic weight, which gives a measure of the total 
energy released in the formation of the nucleus from Z protons and 
N = A — Z neutrons. The identification of A is considered here. M 
is discussed in Section 4. 

The first studies of the multiple isotopic nature of nearly all the 
chemical elements were carried out mainly by Aston. Measurements of 
the relative abundance of the isotopes of various elements were made by 
densitometer measurements of the blackening of the developed traces 
produced by the ions of different M/e values received at a photographic 
plate. The greater accuracy of electrical measurements of the separated 
ion beams gradually replaced the earlier photometric results. Also, 
electrical measurements greatly extended the range of sensitivity of 
detection, so that more reliable measurements could be made on isotopes 
of low abundance and small, 10” 5 , 10 -6 , upper limits have been set on 
the existence of possible isotopes of many elements. 

Measurements of the relative abundance of isotopes have been most 
important to chemistry and physics for the identification of the nuclear 
species of which all matter is constituted. The best values for the 
relative isotopic abundances of the elements, as of May 15, 1950, which 
have been selected by Bainbridge and Nier and published in a National 
Research Council report, are given in Table 12 (B8). The experimental 
upper limits set on other possible isotopes are given in Table 13. 

Some of the more important isotopes, on the basis of their influence on 
the development of chemistry, physics, and nuclear theory, have been 
discovered by methods other than mass spectrum analysis. The existence 
of heavy hydrogen, H 2 , was demonstrated by Urey, Brickwedde, and 
Murphy by line spectrum analysis (Ul). C 13 , N 15 , O 18 were discovered 
by analysis of band spectra (K7, N31, G8). The existence of He 3 in 
helium from the atmosphere and from gas wells was demonstrated by 
Alvarez and Cornog (A4), who utilized the resonant properties of the 
cyclotron to separate and identify He 3 . Chemical atomic weight 
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R The relative isotopic abundance of C“ obtained by rneasurements of 

!f Si'g 

the C 14 content of substances of organ.c origin, m that the C content 
serves to determine the age of substances of great archeological and 
geological interest. The radiocarbon which has been produced 
cosmic-ray neutrons by the N 14 (n, p)C' 4 reaction at great altRudes 
burns to carbon dioxide before reaching the earth. This contribut on to 
atmospheric carbon dioxide supplies radiocarbon to plants and to the 
animals which live off the plants, and also exchanges with carbonates in 
the ocean waters to give an equilibrium content of ~l.o X 10 giam 
C M per gram of carbon. Apparently the mixing time in the atmosphere, 
biosphere, and possibly oceans too, is short compared to the mean life 
of 8030 years. If no further exchange of carbon has taken place in a 
sample since the death of a plant or animal thousands of years ago, the 
radiocarbon content has decreased with time with a period of half-life 
of 55G8 ± 30 years (A6), and a measurement of the specific activity 
today is a key to the age of the sample. The original papers should be 
referred to for complete bibliographies, and for a detailed account ot 
checks made against samples of known age (A6) and studies of the 
world-wide distribution of natural radiocarbon (A5). 

Isotope and ion analysis, mainly by the mass spectrometer method, 
has been widely applied to other problems besides the determination of 
stable nuclear species. Some of these are: 

(а) Abundance measurements of the isotopes of lead in conjunction 
with chemical analyses of radioactive minerals, bringing new precision 
to the determination of the geological age of the earth (N12, N17). 

(б) The study of variations in the abundance of isotopes of stable 
elements due to natural processes (N14, M6, T5, U2). 

(c) The separation of isotopes in quantities sufficient for various 
experimental purposes (01, S16, S17, R16, B23, N16, B24). 

(d) In the case of certain radioactive isotopes mixed with others, 
measurement of the relative abundance of the isotopes to obtain a 
determination of the decay constant of the radioactive isotope (N3, 
Nil, C4, N30). 
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(e) The identification of fission products (T3, H5, 13). 

(/) The determination of neutron capture cross sections (13, 12). 

( g ) The study of the products of ionization and dissociation by electron 
impact and the “threshold” energy for their production (HI, 1129, S12). 

(h) Gas analysis. In this field, Hippie (H29) has summarized the 
types of problems in which the mass spectrometer has been used ad¬ 
vantageously: (1) tracer work in which stable isotopes are used (X21, 
X23); (2) the determination of small amounts of a particular gas in a 
gas mixture where stringent purity standards must be met; (3) analyti¬ 
cal work where mass spectrometric analysis is more rapid than ordinary 
methods (X18); (4) cases where only very minute quantities of gas 
are available and an accurate analysis is required; |Thode (T3) has 
obtained absolute measurements of the relative abundance of the isotopes 
of krypton and xenon to an accuracy of ±1 percent, using a sample 
equivalent to 10” 3 cm 3 of gas at atmospheric pressure; Nier (N15) 
reports that ~ 4 X 10” 3 cm 3 of carbon dioxide at N.T.P. is sufficient for 
a C 12 /C 13 determination; (5) the continuous analysis of gases, such as 
may be needed in an experiment or an industrial process (X18, N24). 

(i) Important applications of spectrometric analysis to problems in 
chemistry, summarized by Rittenberg (R5). 

(j) The detection of leaks in evacuated apparatus by the helium 
“probe” method (N18). 

B. Mass Spectrometers 

1. Magnetic 180° and Sector Types. The relative abundance of iso¬ 
topes has been determined with the highest accuracy from analyses 
made by magnetic spectrometers using electrical measurements of 
separated ion beams. The simplicity, wide range, and accuracy of elec¬ 
trical measurements as compared to photometric measurements favor the 
electrical method for all except those elements from which it has been 
impossible to obtain monoenergetic ion sources of sufficient intensity. 

In a magnetic spectrometer, ions of approximately thermal energy 
are produced by electron impact or by thermal ionization. These ions 
are accelerated in the electric field produced by a potential difference V 
maintained between plates C and D (Fig. 26). The ions, collimated by 
slits S x and .S 2 , describe an orbit of radius, R centimeters, in the uniform 
magnetic field of intensity, // gauss. 



for ions from which n electrons have been removed, of mass M physical 
atomic weight units (O 16 = 16). With a receiving slit fixed in position 
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oomsponding to 

brought to the^mng d.t by varymg de d .Metrical.” 

and the ions are ana,yz i “ mag ; 

ft i lv ” bv varying H In either case, the ions brought to focus at 
S 3 are all of the same energy within very narrow limits,» 
••direction” focusing is necessary to produce an .mage of the source -ht 

at the receiving slit. 
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cm 

Fig. 2G. Nier 180° mass spectrometer (N7). 


Historically, it is of interest that the accelerating field and magnetic 
deflecting field arrangement associated with the relation of Eq. (126) 
was first suggested and used by Schuster in 1890 (S3) for the determina¬ 
tion of m/e for electrons. Magnetic focusing of charged particles was 
first applied to a divergent beam for beta-rays by Classen (C5). 

Dempster, whose spectrometer in its improved second form is illus¬ 
trated in Fig. 27 (D4), first applied the magnetic-focusing technique to 
the analysis of positive ions (Dl). Here the ions were produced either 
by thermal ionization at the surface of the filament coated with suitable 
salts, or the filament F was used as an alkaline-earth-coated filament to 
supply 30 to 160 ev electrons for bombardment of vapors issuing from 
the heated oven G. Under the latter conditions with the filament at the 
potential of Si, the resolving power was about one-half of the theoretical 
value for the geometry used. The ions of metallic vapors were produced 
close to the mouth of the oven at the surface of a solid anode and were 
accelerated through almost all of the potential difference between G and 





Fig. 27. Dempster 180° mass spectrometer (D4). 


S 2 . When background gas was present in the ionizing region, the resolv¬ 
ing power deteriorated badly as the ions, no longer monoenergetic, were 
formed at different points within the electric field between S, and G. 

The present type of electron impact source was devised by Bleakney 
(B27) to secure from gases ions whose energy would be independent of 
the electron bombarding energy. This type of source (Fig. 28) was 
first developed for the study of the ionization potentials of gases, and of 
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magnetic field, which serves to confine the electrons to helical trajectories 
of small radius within the ionizing region between plates B and C. A 
small ion drift voltage is applied between B and C. Penetration into 
that region of the main ion accelerating field between C and D, together 
with thermal and dissociation energies of the ions, brings a fraction of 
the ions through slit S x . Here the ions are accelerated through slit S 2 
and, by 180° magnetic deflection and focusing, reach S 3 . Ions of various 
M/n values are brought successively to the collector K by suitable 
variation of V, the potential difference between their point of origin and 
S 2t with H constant, or by variation of H when V is maintained constant. 
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The spread in energy of the ions produced at the source can be kept small, 
energy acquired in the dissociation of molecules being neglected, if the 
product of the height of the electron beam times the applied ion extrac¬ 
tion or drift field is small. 

The same type of source with further refinements and simplifications 
introduced by Tate and Smith (T2) and particularly Nier (N7) (Figs. 

26, 29a, 30, 31) was applied to 
mass spectrometers in which an 
electromagnet was substituted for 
the solenoid used in Bleakney’s 
spectrometer. High accelerating 
voltages in the 1000- to 2000-volt 
range are needed for investi¬ 
gation of intermediate and high 
masses to improve the resolving 
power M/Ail/ by proportionate 
reduction in the AF/F at the 
source. Also at higher accelerat¬ 
ing voltages the effects of scatter¬ 
ing by residual gas and the in¬ 
fluence of contact differences of 
potential are reduced. 

Figure 26 illustrates the proto¬ 
type instrument used for several 
years by Nier in a series of important investigations (N7). This type of 
instrument was later supplemented by 60° sector analyzers (N15, N20). 
The instrument of Fig. 26 has a median ion radius of 12.7 cm in an elec¬ 
tromagnet with 35.6 cm diameter poles separated 5 cm (X15). The type 
of ion source used in this instrument is shown in greater detail in Fig. 
29a. Since a field up to 10,000 to 12,000 gauss could be maintained, 
accelerating voltages up to 4000 volts were possible for the heaviest 
elements, although analyses were usually made at 1200 volts. This 
performance should be contrasted with that of an earlier solenoidal field 
instrument where the magnetic field was limited to 2000 gauss, and the 
mean ion radius was 6.5 cm (N5). MV/n t which varies as H 2 R 2 , has 
been increased by a factor of more than 100, permitting the analysis of 
all isotopes at favorably high energies. On this basis, electromagnets 
have displaced the use of solenoids which would require inordinately 
higher power to obtain the same value of H 2 R 2 . 

The majority of the instruments in use today follow the magnetic 
sector design first adopted by Nier for spectrometer use, based on the 
theoretical discussions of Barber and Stephens and Hughes (N15, B13, 
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(a) 

Fig. 29a. Ion source detail (N15). 
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S26, S27); see also Section 2C1. The first instrument of this type is 
illustrated in Fig. 29b. The main advantages are low cost and low power 
requirements for the magnet and easy access to the ion source. The main 
disadvantage is greater possibility of systematic errors in abundance 



Scale in centimeters 


pig 31 , i 0 n gun for magnetic sector spectrometer. The potentials of electrodes 
Ci C 2 , C 3 may be varied to alter the source characteristics. Plates D 2 and D{ are 
u,\d to cut off the ion beam by deflecting the ions away from the slit in plate D 3 (N20). 

measurements. Also a greater “voltage effect” is occasionally en¬ 
countered. These effects are discussed in detail in Section 3C. The ion 
source is essentially identical with that used in the spectrometer of 


X - , 

In either the 180° or sector magnetic spectrometer a source ot the 
oven type shown in Fig. 30 is used to vaporize solids which cannot be 
introduced as vapors in the ordinary way, much as Dempster had done 


earlier (N8, D4). . 

A slightly larger seetor instrument , R = 15 cm versus 12.o cm in J?ig. 
291 ,. was described by Nier in 1947 (X20). This instrument was specifi- 
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Fig. 32. 120° magnetic sector spectrometer. Stainless steel construction with metal 

gaskets (BIO). 


Sec. 3B] The Relative Abundance of Isotopes 

cally designed for use with regulated power supplies for oi 
magnet. The ion accelerating voltage was also regulated and is a very 
satisfactory substitute for the batteries generally used previously. A . 
the fact that the total emission from the filament supplying the 10 - 


VALVE 


producing; electron beam is automatically regulated speeds up an analysis 
by removing one factor which otherwise must l>e carefully monitored 
visually. 

The ion source for the larger sector instrument is shown in Fig. 31. To 
aid in withdrawing and focusing the ions, the added plates C\, C'o, C 3 
may be placed at different values of potential. The added D plates. 
Do, Do, D 3 , permit cut-off of the ion beam, produced by applying a high 
voltage to /V to deflect the ion beam away from the slit in Z) 3 . The 
spectrometer is of all-metal construction except for the glass-insulated 
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source and the ion collector press seals. Teflon is used for gaskets. The 
original paper (N20) should be referred to for other construction details 
and for the method of measuring the ion currents. 

An asymmetrical 120° sector spectrometer, illustrated in Fig. 32, 
which has been operated by Bainbridge and Ford offers some interesting 
features (BIO, F2). The ion radius is 22.8 cm with the source, of the 



Fig 33 Section of source assembly showing the heated block 17, upon which the 
emitter is shown in black, and the water jacket V surrounding it. The accelerating 
potential is applied between VV and the water-cooled slit ft. Path of particles in 
absence of space charge shown by arrows. Evacuation holes arc dotted at sides (S16). 

general type of Fig. 29a, within the analyzing field. The collector is in 
the field-free region and is adjustable for optimum resolving power. A 
mass range A M/M greater than 10 percent can be focused on a plate 
substituted for the ion collector assembly. Since the instrument is 
welded of stainless steel, and the removable flanges are sealed with copper 
or gold gaskets, the entire analyzing apparatus with the exception of 
the liquid nitrogen trap and pumps can be raised to several hundred 
degrees centigrade for bake-out purposes. With S, = S 2 = 0.25 mm 
and S 3 = 0.6 mm, a resolving power of M A/M = 350 with flat-topped 
ion peaks is attained. The geometry has been chosen to give optimum 
resolving power; see Section 2C1. 

Instruments of the Bleakney and Nier type, chiefly m Nier s labora¬ 
tory, have furnished the majority of the measurements of the relative 
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isotopic abundances of the elements. The possible sources of error in 
the analysis are considered later, in Section3C. Artie es rev.ewmg the 
methods of mass spectrometry are given m B29, H29, 112, J4, J5, Ndi, 
N23. Other methods of ion analysis will be considered first. 



Fig. 34. Magnetic lens spectrometer, designed by ltumbaugh, of the Smythe type. 
Utilized in the separation of lithium isotopes (R15). 


2. Special Magnetic Lenses. The special magnetic lens design of 
Smythe, Rumbaugh, and West (S16) was particularly developed to use 
extended unipotential sources of ions such as are furnished by heated 
alkali salts or minerals, or Kunsman catalysts. Because of the large 
anode area, the source arrangement, essentially of the immersion-lens 
type, permits large currents in spite of space charge limitation. This 
source is shown in Fig. 33. Figure 34 is a scale drawing of the lens and 
vacuum chamber as constructed by Rumbaugh (R15). One instrument 
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of this type was used by Smythe and Hemmendinger to separate the 
isotopes of potassium and rubidium (S17, H9). Rumbaugh separated 
the isotopes of lithium for disintegration studies (R16). 

The “inflection” type of lens, for which the theory of Ilintenbergcr 
and Kerwin was summarized in Section 2C5, has been applied to a mass 
spectrometer by Kerwin. Only preliminary results are available (K5). 



Fig. 35. Isometric view of the crossed electric and magnetic field spectrometer. 
In this case the trochoidal ion trajectories arc of the prolate type. The picture 
frame” electrodes are connected to a potential divider to provide a uniform electric 

field (B30). 

3 The Trochoidal Mass Spectrometer. Bleakney and Hippie in their 
initial study and proposal of the crossed electric and magnetic field 
spectrometer (see Section 2F) built two units, one of the curtate and one 
of the prolate type. The prolate instrument, bu.lt to explore the 
problems involved, behaved very satisfactorily and showed that the 
required uniform electric field could be attained quite simply by utilizing 
equally spaced open rectangular “picture frames” which were connected 
to an external potential divider and voltage supply (Fig. 3o). 

Two larger units have been described recently. Monk, Graves, and 
Horton (M13) give a very brief description of one instrument designed 
for isotopic analyses and the separation of isotopes m m.crogram 
quantities. The slits are 0.5 mm wide and 7.6 cm long. The value of b, 
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Fig. 36. Ion analyzer of the prolate-trochoidal type including the associated control and recording circuits (K2). 
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the distance from the source to the receiving slit, is 40 cm, corresponding 
to a theoretical resolving power of 400 for complete separation of two 
adjacent ions, M/AM - b/2s. Ion currents of 0.3 X 10 -ft amp have 
been obtained for masses up to Ce 140 . 

A smaller instrument, b = 9 cm, has been constructed for analysis of 
ions up to M/n = 60. This is a lower-voltage unit of the prolate type 
illustrated in Fig. 36, which gives a complete diagram (K2) of the instru¬ 
ment and circuits. 

A very much larger trochoidal mass spectrometer and mass spectro¬ 
graph combined is under construction at the U. S. National Bureau of 
Standards by Hippie and Thomas. The following description is from 
notes taken by the author at a talk given hy Thomas in 1948. The 
instrument is designed for 6 = 200 cm, in which distance there are five 
prolate cycles. The maximum extent of travel of the ions is 26 cm above 
and 14 cm below the plane of the source slit. The magnet poles are 
separated 11.4 cm and extend 254 cm long by 61 cm wide. In a repre¬ 
sentative case, singly charged ions of mass 120 and energy 7600 ev would 
require a magnetic field intensity // of 7000 gauss and an electrical field 
E of 257 v/cm to describe the prolate cycloidal path with a progression 
of 40 cm/cycle. One percent difference in mass corresponds to 20 mm 
displacement, twice that which could be obtained by acceleration and 
180° deflection of the same ions in a magnetic field alone. The trajectory 
is such that a 4 percent range in mass could be recorded on a photographic 
plate if the apparatus were used as a mass spectrograph. 

4. A Spectrometer for the Preparation of Separated Isotypes for Dis¬ 
integration Studies. All mass spectrometers are capable of conversion 
for use as isotope separators on a small scale. Using a 180° magnetic 
spectrometer, Nier separated two deposits of U 238 of about 2 X 10“ 7 
grams. U 235 to about 1/139 of this amount was obtained simultaneously 
as associated separate deposits. These deposits, under slow neutron 
bombardment, were sufficient to give strong evidence that U 235 has 
indeed a large cross section for slow neutron capture resulting in fission 
(N10). Other applications to isotope separation were mentioned on 
page 615, paragraph (c). 

Microgram amounts of material are sufficient for the targets for many 
disintegration experiments. An electromagnetic isotope separator of 
recent design is shown in Fig. 37. In this instrument, ions of energy as 
great as 70 kev are introduced into the magnetic field as a parallel 
bundle, so that focusing is achieved after a deflection of 90°. The 
apparatus has been successfully applied to the separation of isotopes of 
elements ranging from lithium to uranium. The original article (B23) 
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Fig. 37. Cross section of a 90° sector electromagnetic isotope separator. Ions are accelerated to energies as great as 70 kev. The mean 

ion radius is 160 cm (B23). 
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should be consulted for a complete description of this very carefully 
constructed and useful machine. [See also (Kll).] 

Isotopes in larger amounts are separated by magnetic analysis in the 
Oak Ridge plant of the U. S. Atomic Energy Commission and are made 
available for research work in the United States through the Isotopes 
Division of the A.E.C. Xo description of these separators, which were 
developed at the University of California Radiation Laboratory, has 
been made public. 

6. Radiofrequency Spectrometers. Some of the first attempts to in¬ 
vestigate the conduction of electricity in gases utilized radiofrequency 
methods to study the nature and velocity of the “radiations.” The work 
of Coudres and Wiechert (1895-1899) utilized radiofrequency magnetic 
deflection of an electron beam for the determination of particle velocity 
in a manner analogous to the Fizeau toothed wheel experiment for light 
(C20, C21, W7). Hammer in 1911-1914 investigated the velocity of 
positive rays of hydrogen by a related method in which two small con¬ 
densers acted as shutters. The energy of the protons was measured from 
deflections produced by an electrostatic field so that c/M could be 
obtained, e/M - Vv 2 /2 (H2, H3). 

In 1912 Chaffee made a determination of e/m for the electron for which 
the energy value was obtained from the accelerating potential (C3). 
The velocity was measured from the time of flight determined between a 
first magnetic coil beam deflector and a second condenser beam deflector 
fed from the same radiofrequency oscillator. In the well-known e/m 
experiments of Kirehner, and Perry and Chaffee, two condenser shutters 
were used as in Hammer’s research, and the energy was obtained from 
the known accelerating potential (K8, K9, PI). 

An improved radiofrequency velocity filter spectrometer constructed 
by Smythe and Mattauch was used by Smythe in an important determi¬ 
nation of the abundance of O 18 relative to O 16 (S14, S15). This measure¬ 
ment was the first electrical, as contrasted to photometric, determination 
of the oxygen isotopes. The ratio 0 18 /0 16 is of interest in fixing the 
conversion factor to be used in going from the chemical atomic weight 
scale to the physical isotopic weight scale. 

In this radiofrequencv velocity selector type of apparatus, a large 
additional number of ion velocities can satisfy the condition for no 
deflection. Some of the ions in these velocity ranges are received at the 
current collector and produce “ghost” peaks. This effect was not dis¬ 
cussed in the original theory (S13) but has been considered by Smythe 
and Mattauch (S14), and by Hintenberger and Mattauch (H24). 
Hintenberger also considered in detail the trajectories of the ions within 
the alternating fields of the condensers and the acceleration of ions pro¬ 
duced by the stray fields outside of the condenser shutters (H23). 
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The cyclotron principle, « = eH/Mc, was applied by 


Ions of an e/M value characteristic of doubly ionized He 3 were accelerated 
L a cyclotron at constant radiofrequency on the dees at a m^net.e fi Id 
intensity H ~ H of that necessary for He nuclei. The He jons t e 
further identified by range measurements and by their unambiguo 

nuclear behavior in the reaction Si 2R (He f p)P^ • , , 

Another application of the cyclotron principle was suggested by 
Lawrence and carried out by Dunnington (D15). In this case the 
objective was the precision measurement of c/m for the electron but the 
same principle of operation could be adopted for ion analysis. 1 he time 
of flight of the electrons was measured over a circular trajectory ot O 
radians with the apparatus adjusted so that the time of flight was exactly 
equal to one period of the oscillator, T. e/m is equal to 0/77/ in t he 
apparatus as used by Dunnington. Only 0, T, and H must be de¬ 
termined. The electron-accelerating voltage is not measured, as is the 
case with many radiofrequency spectrometers. The interpretation of 
the current versus frequency output curves is not too difficult if electrons 
only are used. However, a source of mixed e/M values would require 
further filtering action or additional discriminating devices to secure 
definite identification of the particular ions arriving at the receiver. 

Recently W. H. Bennett has successfully developed a radiofrequency 
ion spectrometer which should find favor for continuous process control 
in commercial applications, or as a “panoramic” ionization-type vacuum 
gauge which can indicate not only the partial pressure of residual gases 
but also the e/M values of the products of ionization by electron impact 
(B20, B21, B22). 


Figure 38 is a diagram of a Bennett tube connected for positive-ion 
analysis (B22). Electrodes 2 to 17 inclusive are carefully constructed 
wire grids, 0.0005-in. wolfram wire, with an open area greater than 95 
percent of the total area within the circular support. Ions are produced 
between 3 and 4 by electrons accelerated from the filament 1 through 
grids 2, 3, 4, and 5. The electrons are turned back by the higher negative 
potential applied to grid 6. The ions produced between 3 and 4 are 
swept through 5 and G and receive an energy dependent on the potential 
difference between grids 3 and 4, and 7. The analyzer comprises three 
stages of three grids each, of which the center grids are connected to a 
radiofrequency alternating potential. The ratio of the distances bet ween 
the stages and the separation of the grids in each stage are selected so 
that ions of only one velocity can pass through each successive stage in 
the proper phase with the applied radiofrequency voltage and acquire 
the added energy necessary to reach the collector, electrode 19, against 
the retarding potential at the collector. The retarding potential is 


Ion source First stage 



Fig. 38. Electrode arrangement and circuit schematic for the Bennett type of radiofrequency mass spectrometer, three stage (B22) 
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adjusted so that the ions in traversing the analyzer staffs> must. acquire 
very nearly the maximum possible amount of energy per . g , 

radiofrequency potential applied between the central and boundary 

gr The° f m e a a ss h of thfions received at the collector is related to the constants 
of the apparatus and the frequency by the relation 

M _ 0.260 X 10 I2 V (]27 ) 

T _ 


where M is the mass in isotopic weight units; it is the number of electrons 
removed in forming the positive ion; V is the potential difference between 
the ion formation region, grids 3 and 4 and grid 7; S is the separation in 
centimeters of the analyzer stage grids; and F is the frequency in cycles 
per second of the applied radiofrequency potential. The articles by 
Bennett should be consulted for details of the construction, magnitude 
of voltages, and characteristic spectra (B20, B22). With a three-stage 
analyzer, a resolving power for complete separation of adjacent peaks 
of 6 percent has been attained, and approximately 5 percent of the ions 
formed at the source reach the collector. This interesting type of 
spectrometer has been developed rapidly and vigorously by Bennett and 
further improvements are being tested. Several other types of spec¬ 
trometers for abundance studies have been suggested by others; they are 
listed by Bennett (B20), but they have not yet been developed into 
practical instruments. The different types of radiofrequency mass 
spectrometers for accurate mass determinations are mentioned in 
Section 4C. 


C. Possible Sources of Error in Mass Spectrometer Measurements 

The relative abundance of the isotopes of an element is measured in a 
magnetic spectrometer. Ions generated at the source are brought into 
the receiving current-measuring system by varying or F occ (see 

Section 3B1). A spectrum is covered either stepwise or continuously, 
depending on whether the data are recorded manually or by recording 
potentiometers. Sample spectra obtained by Nier and Thode (N7, N9, 
N12, T3), of interest in physical and geological problems, are pictured 
in Figs. 39 to 42. 

Electrometer tube amplifiers were used to measure the ion currents, 
and the spectra were investigated by stepwise progression of the fields 
controlling the trajectories of the ions in the analyzer. Continuously 
recorded spectra have essentially the same appearance (16). 

The advantage of automatic recording is that the time required to 
sweep a spectrum is reduced. Also, if ion currents of low intensity are 
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39a. A mass spectrum of the isotopes of mercury. Hg'“ is just visible. The galvanometer deflections correspond to approxi- 

matcly 2.5 X 10" 13 amp/m (N7). The instrument pictured m Fig. 26 was used. 
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being recorded, the effect of inherent fluctuations in the current amplifier 
system can be averaged out in the record. 



Fig. 39b. The Hg 196 peak well resolved from the much more intense Hg 198 . The 
flat top indicates that the slit width at the ion receiver is wider than the ion beam 

and accepts the entire beam (N7). 


1. The Voltage Effect. The most pernicious source of error in rela¬ 
tive abundance measurements has been designated “the voltage effect.” 
The voltage effect is the variation of ion peak intensity as a function of 
the accelerating voltage for ions of one M/ne value. The ion accelerating 
voltage and the magnetic field are varied simultaneously, i.e., H 2 r 2 /V acc 
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= KM/ne = const, so that ions of one M/ne value are collected at the 
receiver. All other factors controlling the ion current are maintained 
constant (N15). A typical graph of collected ion current as ordinates 



Fig. 40a. The isotopes of common lead. One-meter galvanometer deflection corre¬ 
sponds to 2.5 X 10 -13 amp (N9). 

against total accelerating voltage as abscissas is a curve of positive slope 
which decreases with increasing accelerating voltage. 

The voltage effect influences the measurement of relative ion currents 
for ions of different M/e values if the spectrum is scanned electrically, 
i.e., MVacc = const = KH 2 r 2 . The ion currents for the lower M/e ions 
are greater than the true value with respect to the ion currents of the 
higher M/e ions. A discriminatory effect is also found when the spectrum 
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is scanned magnetically, i.e., F occ - const — KH 2 r 2 /M (W3, F2). 
Conditions of operation can be found for the majonty of spectromete , 
so that the abundance measurements of the isotopes of a particular 



Fig. 40b. The same spectrum of lead as in Fig. 40a with an enlarged ordinate scale 
(N9). The mass spectrometer is pictured in Fig. 26. 


element are the same within 1 percent when a comparison is made 
between results obtained by magnetic and electric scanning. This 1 
percent residual inconsistency has defined the accuracy of most of the 
published values for abundance of isotopes. Nier (N26) has calibrated 
his spectrometers with mixtures of isotopes precisely compounded from 
essentially pure separated constituents to give test samples of accurately 
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known composition. With these samples, it has been possible to 
determine the abundance values of the naturally occurring isotopes by 
relative measurements which attain a higher order of accuracy than 



Fig. 41. Mass spectrum of lend from Katanga pitchblende. The lead contains only 
0.076% of Pb 208 produced by a trace of common lead (N12). 

absolute measurements. In those cases where comparisons of new and 
old abundance values have been made, the agreement of the old values 
has been within the assigned errors. 

Other elements of about the same mass and abundance range as the 
sample mixtures have been measured after the artificially compounded 
mixtures have been used as standards to calibrate the spectrometer 
(N26). Here, too, the comparison of the results with those of earlier 
measurements has been eminently satisfactory. 

The generally excellent agreement of new and old results gives 
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Fig. 42b. A mass spectrum of krypton produced by fission of uranium. Only 10 -4 
to 10“ 3 cm 3 of krypton was available for the measurement. The Kr 85 is radioactive 

with a half-life of »-~10 years (T3). 
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evidence that the majority of the values of the isotopic abundances of 
the elements are correct to 1 percent or better as listed in Table 12. 

The voltage effect remains, however, and has not been explained in 
detail in all its aspects, even though extensive studies have been made by 
Blears (B31), Coggeshall (C12), Ford (F2), Xier (X22), and Washburn 
(W3), and probably by all other workers with mass spectrometers. The 
voltage effect has its origin in part in the failure of ions of different M/e 
values to follow identical trajectories throughout the analyzing instru¬ 
ment. If the ion beams do not follow the same path, discriminatory 
effects may occur at any one or all of the slits in the ion gun (Fig. 29a) 
and receiver (Fig. 29b). 

Swann (S37) and Blcakney (B29) have stated the conditions for 
identical trajectories for ions of different M/c values. Blcakney's results 
may be given as follows for any arbitrary field arrangement in which the 
geometry of the apparatus and fields remains fixed: If the electric field 
E, the magnetic field H. and the vector velocity v obtaining at any point 
along the trajectory of an ion of specific mass M/e are multiplied by the 
scalar constants a, 0, y, and if M/c is multiplied by 6, the trajectory for 
the new conditions will remain unaltered, provided that 

0 2 

6 = — (Condition I) 

a 

and 

a 

y = - (Condition II) 

0 

In electrical scanning of a spectrum M\Vi ac c must equal M 2 V 2 acc- 
Condition I cannot be satisfied by ions with equal thermal energy at the 
instant of their production by electron impact. The thermal energy of 
the ions is independent of the masses of the ions and A/iVth ^ M 2 V «»,. 
The situation is worse for ions formed from dissociating molecules, as 
these ions usually have acquired additional kinetic energy ranging from 
a fraction to tens of electron volts (III). 

The effect of the initial energy on the numl>er of ions traversing slit 
S 2 (Fig. 29a) has been studied by Coggeshall for an ion gun without an 
electron-collimating magnetic field. The calculations showed that a 
discriminatory effect of about 2 percent could occur in the analysis of 
Xe 20 and X T e 22 for the rather lower than customary acceleration voltages 
of 965 and 877 volts. The discriminatory effect in this case occurs at the 
slit S 2 in the ion gun. Ions are produced in the wide beam of electrons 
above slit Si. A fraction of these ions of certain values of initial energy, 
velocity vector direction, and position of traversal of slit Si do not go 
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through slit S 2 when the accelerating potential between S t and S 2 is 
varied to scan a spectrum. Effectively, the lower energy of heavier ions 
decreases their chance of traversing the second slit S 2} as the lateral 
components of velocity are proportionately bigger than for the lighter 
ions accelerated to greater energy. If the accelerating voltage is main¬ 
tained constant, as for magnetic scanning, the discriminatory effect at 
slit S 2 should not appear, since in this case the ions have equal energies 
at corresponding points throughout their trajectories. 

Washburn and Berry (W3) have mentioned a dependence of ion 
currents on the initial ion energies in a spectrometer in which a magnetic 
field was used to collimate the electron beam. In comparison with ions 
having only thermal energy, fewer ions of high initial energy were 
observed to pass through the final receiver slit. In contrast to the 
situation analyzed by Coggeshall for the all-electric gun arrangement, 
the effect in this case was greater for magnetic than for electron scanning. 
In addition to the discrimination at slit S 2 described by Coggeshall, 
other effects are present. Although Washburn and Berry do not say so 
explicitly, part of the reduction in intensity can be attributed to energy 
spread in the ion beam resulting in a broader beam and lower resolving 
power, as seen by the receiving slit at the current collector. Part of the 
reduction can be caused by lateral spread of the beam. 

Discrimination caused by the existence of equal initial energies of the 
ions at the instant of formation may possibly be avoided by using mag¬ 
netic scanning of the spectrum, provided that no magnetic field is used 
to collimate the electron beam 1 at the source. Care must be taken that 
the slit dimensions are great enough to circumvent the discriminatory 
effects observed by Washburn and Berry when ions of different initial 
energies are studied. Some analyses have been made with no magnetic 
field at the ion source, but little detailed work has been reported (II). 
The fact that the ion intensity decreases greatly if the electron beam in 
the usual design of gun (Figs. 29a and 31) is not collimated by a mag¬ 
netic field has served to discourage wide use of the all-electric type of 
ion source. It should be possible, by special attention to the electron 
optics of the ionizing electron beam, to develop an ion gun which would 
yield high-intensity ion beams. 

The majority of the relative abundance measurements in Table 12 
have been made by electric scanning, mass spectrometers with a mag¬ 
netic field at the ion source being used. The results have been good, as 
sufficient care has been taken to investigate the effect of the many 
variables under the control of the operator and to determine conditions 

1 The presence of a fixed magnetic field in the ion gun region as in sector instruments 
does not allow condition I for identical trajectories to be fulfilled in the source region. 
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of operation under which the contributing factors to systematic errors 
are eliminated or minimized. In two respects, however, the conditions 
for identical trajectories have not been met in the gun region. First, the 
initial thermal energy of the ions does not conform to condition I, i.e., 
M i y ih 5^ iV 2 Fth- Second, the electrons which produce the ions, being 
of fixed mass and fixed energy, are not moving along identical paths. 
The electrons move normal to the applied field which is used to extract 
the ions and move the ions toward slit £,. The applied field between Ii 
and S\ (Fig. 20) is a fixed fraction K of the main ion accelerating field 
which is consistent with condition I, i.e., M\V X = M 2 V 2 . For the 
electrons, however, mKV x ^ mKV 2 . 

The usual ion gun and analyzer field arrangements are given in Table 
3 with a listing in each case of the violations of the conditions for identical 
trajectories for electrons and ions when a mass spectrum is scanned. 

TABLE 3 

Cases of Non-Identical Trajectories of Ions of Equal Initial 
Energy, or of Ionizing Electrons, in Mass Spectrometers 
Leading to Undesirable Discriminatory Effects in the 
Analyzing Instrument when an Ion Spectrum Is 
Scanned by Varying V m or II 



Electric Scanning, V mee varies 
II constant 

M X V X - M t V t 

Magnetic Scanning, II varies 
I'ncc constant 

M x II 2 2 - Mill I 2 

Analyzer and ion source 
magnetic field identi¬ 
cal; 180 °-type in¬ 
strument 

Ion paths differ for equal ini¬ 
tial energy K,*: 

M x Vi * M t Vi 

Electron paths vary: 
mKV i ^ mKV i 

Electron paths differ: 
rti // 7* mill 2 

Fixed magnetic field II s 
at ion source 
Sector-type instrument 

Ion paths differ for equal ini¬ 
tial energies: M x Vi M 2 V{ 
Electron paths differ: 
mKVi * tnKV2 

Ion paths differ: 

M x lls 2 * M 2 Hs 2 

No magnetic field at ion 
source 

“All-electric ion source” 

Ion paths differ for equal ini¬ 
tial energies with selective 
effect produced at S 2 (Fig. 
20a) (Cl2) 

(Selective effect at receiver 
slit if ions of different initial 
energies are measured (\V3)1 
Electron paths differ 

[Selective effect at receiver 
slit if ions of different 
initial energies are meas¬ 
ured (W3)l 
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2. Other Possible Sources of Error. There are other possibilities for 
error besides those associated with the voltage effect. Some of these 
have been listed and described briefly by the author and Nier in reference 
(B8). Of these, the major items are given below with some additional 

considerations. 

(a) There is abundant evidence that such natural processes as evapora¬ 
tion, chemical exchange, and diffusion have altered the relative isotopic 
abundance values obtained from different natural samples for the 
elements hydrogen, boron, carbon, oxygen, sulfur. As this list of 
elements is certainly not complete, it is important that the source be 
known and specified for any element under investigation. 

(b) Once the material has been selected, its method of preparation 
must be free from discriminatory effects, e.g., any chemical reaction 
involving the raw sample must go to completion, no reagents should be 
used which would add to or deplete the quantity in the sample of the 
particular element which is being prepared for analysis, etc. 

(c) Assuming that all has gone well in the preparation for analysis of 
a gaseous sample, it is necessary to introduce the sample with care into 
the ion gun region to insure that no discrimination occurs in this process. 
The gas may enter by diffusion from a fine hole in a diaphragm, in which 
case the heavier isotopes are enriched in the source reservoir as time goes 
on (H31); or the gas may enter by viscous flow through a long capillary, 
in which case there is a transition to molecular flow before the low- 
pressure region of the ion gun region is reached. The isotopic composi¬ 
tion of the gas in the ion gun region varies with the manner in which the 
gas was introduced. 

For isotopic masses M j and M 2 the measured relative abundance for 
gas introduced by effusion is (M\/M 2 )^ times the relative abundance 
obtained from gas introduced by capillary viscous flow, if in the latter 
case the gas composition in the ionizing region is the same as in the 
reservoir sample. 

If the gas is introduced by effusion, the composition will change 
continually in the reservoir from which the gas flows. This method has 
been favored, however, in some precise work. The behavior of the gas 
is known and is calculable at all stages in its passage from the reservoir 
to the final exhaust pump intake orifice (H31, N23). 

(d) Once a gaseous sample has been introduced into the region of 
ionization by electron impact, the pressure must be low enough, < 10 -4 
mm of mercury, so that no space charge sheath is produced which can 
introduce a discriminatory effect dependent on the isotopic masses of 
the element under investigation (G13). In the case of thermionic 
sources, space charge limitation of the current must be avoided as the 
ion current density i = KV ncc H /M ' 2 . Even if the .!/“'* factor is 
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negligible, electrical scanning requires that M\V X = M 2 V 2 , and so the 
lighter isotope is favored, as a higher accelerating voltage is required 
to bring it to a focus at the receiving slit. 

(c) In the case of solid materials on a hot filament from which thermal 
ions are produced, it is necessary to show experimentally that no frac¬ 
tionation takes place in the process of diffusion of material to the surface 
layer, that no selective effect occurs in the process of thermal ionization, 
and finally that the ion currents are not space charge limited. Essentially 
it is necessary to record the ion currents for each isotope emitted through¬ 
out. the whole life of the source until all the material providing the ions 
is consumed (16, L12). If the measured abundance ratios are constant 
for the isotopes of a particular element, one is exceptionally fortunate and 
some confidence may be placed in the results obtained. If the abundance 
ratios vary with time, “perfect mixing” may not obtain in the source 
material, or a fraction of the current from the valleys of a rough source 
may be space charge limited, thus favoring the emission of the lighter 
ions. Or, again, the source material may be enriched in the heavier 
isotopes by effusion of neutral atoms and molecules into the vacuum and 
by surface diffusion of atoms and molecules to cooler sections of the 
filament. Effects of the types mentioned above are prominent in the 
study of alkali metal ions Li, K, Kb, produced by thermal ionization 
from solids coated on a filament (see the tables in reference B8 for these 
elements). The thermionic sources for the rare earths or their oxides, 
in which ions are produced from oxide coatings on hot filaments, are 
reported not to be subject to the same enrichment or depletion processes 
as are found in the similar sources of the alkali metals (16). 

(/) The residual gases within the ion source region of the spectrometer 
must not contribute ions to an appreciable amount coinciding with the 
ions under investigation. Nearly all mass spectrometers are constructed 
so that they can be baked out at 200° to 400°C in situ. The spectrometer 
proper serves as a supersensitive ionization gauge for the determination 
of the amount and nature of the gases which remain after the bake- 
out. A partial pressure of 10 -9 to 10 -11 mm of mercury is identifiable 
depending upon the particular spectrometer and current-measuring 
system employed. 

( g ) It is important to prevent “memory” effects when a series of 
measurements are made of samples which differ slightly in their isotopic 
constitution. Halogen compounds of lead, uranium, molybdenum, and 
wolfram, for example, may be used for the study of the variation of 
relative abundance of an element and its compounds from different 
natural sources or of different geological ages. A fraction of the element, 
the product of dissociation, may deposit within the gun structure and 
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reappear later in the presence of a second sample by recombination with 
the liberated halogen of the second sample. Adsorption and subsequent 
evaporation or exchange may take place when successive gaseous samples 
are introduced. Therefore it may be necessary to disassemble and clean 
the instrument between runs if the traces of samples studied earlier 
cannot be removed by baking-out the source region and spectrometer. 

(h) Assuming that the ions are safely on their way through the final 
collimating slit S 2 of the ion gun, precautions must be taken to prevent 
loss by scattering in the region between S 2 and the receiving slit at the 
end of the mass spectrometer. If the resolving power were reduced by 
scattering, there would be a reduction in the apparent intensity of an 
isotopic ion beam. Added to this effect would be the actual loss of charge 
by collision which might serve further to reduce the received current. 
Any difference in scattering cross section dependent on mass or velocity, 
or both, can furnish an additional source of discrimination. Troubles 
from this cause, however, are small or negligible for any properly de¬ 
signed vacuum system incorporated in a mass spectrometer. In a well- 
designed instrument the vacuum in the analyzer region should be less 
than 5 X 10” 3 barye (~4 X 10“ 6 mm Hg). 

(t) Difficulties may also arise at the receiving slit unless precautions 
are taken to prevent the collection by the current-measuring electrode 
of secondary electrons formed on surfaces and slit edges struck by the 
incident ion beam. The production of secondary electrons, dependent 
on voltage, mass, and the characteristics of the ions, is prominent, two 
or three per ion, even for surfaces such as Nichrome V not ordinarily 
considered good secondary electron emitters (F2). A negatively charged 
plate, with a central slot, proportioned so that its edges cannot be struck 
by the ions, can be positioned between the slit S 3 and the Faraday cup 
used to collect the ions. In this way, both the electrons produced at the 
edges of S 3 and within the Faraday cup are repelled, and they do not 
contribute to the ion current. 

(j) The receiving slit *S 3 , which guards the Faraday cup from all ions 
but the beam under study, should be wider than the width of the focused 
beam at that point. Under these conditions the received current is less 
sensitive to small variations in the beam width produced at the source or 
in transit. Flat-topped peaks are obtained, all the current of the beam 
is received, and so further possible discriminatory effects are avoided. 

( k) The high resistances used in small current measurements, 10 9 to 
10 12 ohms, are not always ohmic, although there has been great improve¬ 
ment in the last few years in the types commercially available. Many 
high resistors have a voltage coefficient of resistance which may be 
positive or negative and can introduce serious errors in the comparison 
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of currents of different magnitudes. Of several methods of calibration 
one of the best seems to be that used by Bainbridge and Ford, by which 
an accurate calibration can be made at any time without disturbing the 
resistors (B9). In this method an induced current is sent through the 
ordinary measuring system, utilizing the collector capacity to the 
secondary emission suppressor electrode. If this must be increased to 
attain large currents, a supplementary capacity may be connected within 
the resistor shield box. The suppressor electrode is coupled to an 
accurately constant dVfdt source generated by driving a helical potenti¬ 
ometer at constant speed. 1 The potentiometer is connected to accurately 
fixed potential sources from 0.015 to 150 volts yielding dV/dt values 
extending over a range of 10‘. The induced currents vary over the same 
range, which for small coupling capacities, ~l(Wf» can extend from 
10” 14 to 10 -, ° amp. Thus the relative resistance value for different 
effective applied voltages can be compared accurately on the spec¬ 
trometer ion current recording system before and after any ion spectrum 
analysis. 


SECTION 4. THE MEASUREMENT OF ISOTOPIC WEIGHTS 

Isotopic weights, commonly called atomic masses, are referred to the 
isotope 0 HI taken as 16 exactly. The greater number of the measure¬ 
ments listed in Table 10 have been made by the general method of ion 
deflection, utilizing successive application of electric and magnetic fields 
to a beam of ions heterogeneous in mass and velocity. The primary 
beam is separated into many beams each with its characteristic ratio of 
mass to charge, M/e, to form a spectrum. The relative positions of the 
beams along the recording plate are a measure of their relative masses. 
The first focusing instrument designed to measure isotopic weights in 
this way was the mass spectrograph devised by Aston (A8), and the 
generic term has been applied to other instruments of this class. Table 
4 lists the different types of mass spectrographs and Nier’s special mass 
spectrometer (X25, X28), which have been used for the accurate 
determination of isotopic weights. 

A. Mass Spectrograph Measurement of Isotopic Weights 

In Aston’s spectrograph the ions from the source are collimated by two 
widely separated fine slits and are dispersed by the action of the electric 
field into an energy spectrum from which a band is selected by a slit for 
further deflection in the magnetic field. The velocity dispersion in the 

1 According to Rutherford, small currents were generated by the same general 
method by Townsend prior to 1913 (III7). 
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first field is compensated by the velocity dispersion in the second field 
by proper choice of the intensities of the two fields and their geometrical 
position and extent, so that ions of the same e/M values are brought to 
a focus at the same region of a photographic plate. 

Both direction and velocity focusing are secured in double-focusing 
mass spectrographs, with the result that the width of the lines on the 
recording plate is independent in the first order of the divergence of the 
beam from the object slit, ±a, and of the velocity of the ions over a 
small range 0 = &v/v. The basic general theory applicable to all these 
instruments has been reviewed in Section 2. 

Herzog and Hauk (H16) have discussed in detail the mass spectro¬ 
graphs constructed by Aston (A14, A20), Bainbridge and Jordan (B5), 
and Dempster (D5). The theoretical results of Herzog and Hauk should 
not be accepted too literally, as they did not take proper account of the 
fringing fields of the magnetic sections of the spectrographs considered, 
or of the fact that the final locations of the recording plates were de¬ 
termined empirically for optimum performance. 

It is important in designing a double-focusing mass spectrograph to 
arrange for independent control of the angular aperture, 2 a, and of the 
spread in energy, 20. Then the effects attributable to a or 0 can be de¬ 
tected and minimized. Second-order focusing aberrations proportional 
to a 2 , a 0 , and 0 2 are generally negligible compared to s//a e , the ratio of 
the object slit width to the mean radius of curvature of the electric field. 
Typical values of a and 0 are J ^320 for a spectrograph of the Mattauch 
type (M3, E3) with s 2 or s/, the object slit, 0.008 cm wide, a and 0 are 
controlled interdependent^ by a slit placed between the electric and 
magnetic sections of the spectrograph. A resolving power of 1750 = 
a c /2s/ was obtained under these conditions for a e = 28 cm. Bain¬ 
bridge and Jordan obtained a resolving power > 12,000 for a larger 
instrument in which a r = 25.4 cm, s 2 = 0.0017 cm, a = Hsoo» and 0 
= )^oo (B5). a and 0 are controlled independently. Such small values 
of a and 0 produce negligible second-order effects. 

A resolving power of ~50,000 has been obtained by Ewald (E3) in 
the double-focusing mass spectrograph illustrated in Fig. 43. The slits 
which define the ion beam and the resolving power are adjustable while 
the instrument is in operation. 

The measurement by a mass spectrograph of the ratio of two masses 
is a purely empirical process in which the position of the line under study 
is compared with the position of known reference lines. The determi¬ 
nation of an unknown mass, or the ratio of two masses, involves only a 
knowledge of the dispersion along the plate from the line to be measured 
to the line of the comparison mass, and the separation between the two 
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lines. The plate is given a fiducial mark, for example by projecling an 
image of a slit onto the plate by an optical system rigidly fastened to the 
main body of the apparatus. The fiducial mark then allows the position 
of lines along the plate to be referred to the origin of the function 
(l = f(M/M o). This function is linear to a high degree in the instruments 
used by Bainbridge (Bl, Bo) and approximates linearity less closely in 
Aston’s mass spectrographs (A8, A14, A20). d is proportional to the 
square root of the mass in the instruments constructed by Dempster 
(Do), Mattauch (M3), and Duckworth (D12). In the relation d 
= JW/.l/o), Mo is the mass corresponding to some reference point, for 
example the center of the recording plate. Any value of M may be fo¬ 
cused there by rpaking adjustment of the fields. Whatever the func¬ 
tion f(M/ A/ 0 ), the dispersion, D, (M — Mq)/M 0 per millimeter along 
the plate, is determined empirically by utilizing series of lines whose 
masses differ by accurately known amounts. Such series of ions are 
provided by C, CH, CH 2 , CH 3 , CH 4 ; O, OH, OII 2 ; II, H 2 , H 3 ; C 2 , C 2 H, 
C 2 H 2 , etc. If the carbon and hydrogen series is used, the first spectrum 
might be photographed with CH 4 at the d = d n , M - A/ 0 position. All 
the other lines differ in mass by integral multiples of the mass of the 
hydrogen atom. While the magnetic field is maintained constant, the 
energy of the ions can be varied to shift the spectrum of a second ex¬ 
posure to obtain dispersion values in regions of the plate between the 
lines of the first spectrum. The recording plate may be shifted to pre¬ 
sent an unexposcd area, and a second spectrum is then photographed. 
CH 3 , for example, is photographed at the d 0 position so that the separa¬ 
tion of the lines is equal to M C \u/M c h* = R X the mass of the hydrogen 
atom, and the effective mass of all lines recorded is increased by the 
same ratio relative to the scale of the first spectrum photographed. In 
this method it is not always essential to know accurately the potential 
applied to the condenser plates of the electric deflection section of the 
mass spectrograph. The first calibration curve can be used to identify 
the effective masses of the succeeding spectra in order to obtain the 
dispersion accurately enough for the usual comparison of masses by the 
“doublet” method. 

A check on the rigidity of the apparatus, constancy of the magnetic 
field, and freedom from disturbing effects can be obtained by utilizing an 
energy ratio of exactly ?3 or to photograph the ions of H 3 , H 2 ; D 3 , 
D 2 ; and 0 2 , O; C 2 , C; O, 0/2, i.e., singly and doubly ionized oxygen. 
For a fixed value of the magnetic field the product of the mass and energy 
is a constant, and ions of the same MV value should appear at the same 
position on the plate. For work of the highest precision, a correction to 
the masses must be made for the electrons removed from the ion. 
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T hp dispersion can also be obtained by changing the energy of the ions 

by an accS; determined fractional change in the POtenUal aPPl^ to 

the plates of the energy selector. There are m the case of many spe . 

in addition to the lines immediately under ■»vest.gat.on, other hne. ^ 

which the mass assignment is known accurately. dispersion 

check the function/(.V/.l/o) at several points against detailed dispersion 



Fig. 44. D 2 2 -Hc doublets, natural size, photographed in a double-focusing mass 
spectrograph (B5). Nine of the thirty-nine spectra shown were very well matched 
in intensity and suitable for mass comparison use. 


measurements made earlier and subsequently. In this way the dispersion 
characteristics of a mass spectrograph are under renewed examination 
for every spectrum photographed. 

D is not necessarily the same from one day to the next or from one 
magnetic field value to another. Consequently the direct determination 
of an unknown mass from its position relative to distant lines of known 
mass on the same plate is not highly accurate and has been little used. 

The most accurate mass comparisons have been made by the doublet 
method, in which two lines are of very nearly the same mass. Since their 
mass difference is a small fraction of their individual masses, a small error 
in the dispersion constant represents a negligible error in the actual mass 
ratio. For example, the fractional difference of H 2 , -D 2 is about 1 part in 
1300, and an error of Jlooo in the dispersion means a difference of 1/1.3 
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X 10° in the ratio of the masses or in the determination of D 2 , assuming 
that IV is known. The main source of the error in the final result for 
close doublets lies in the measurement of the doublet separation. The 
physical separation of the lines is small and may be measurable to an 
accuracy possibly no better than 1 part in 200. In the case of a widely 
separated doublet such as D 2 2 -He, however, differing by 1 part in 157, 

the physical separation of the ion 
traces is great enough so that the 
error in the determination of the 
separation by a measuring engine 
contributes little to the error of 
the final result. The uncertainty 
in the dispersion constant con¬ 
tributes the greater part of the 
final error in this case. Figure 
44 illustrates thirty-nine D 2 2 -He 4 
doublets, natural size, which were 
photographed by Bainbridge 
with the spectrograph described 
in reference (Bo). This figure 
illustrates how a large number 
of spectra may be photographed 
at one plate position by varying 
the energy of the ions to shift 
the spectra along the plate. Six 
additional calibration spectra of 
carbon and its hydrides on the 
same plate do not appear in the 
reproduction. A recent mass 
spectrograph record of the same doublet, enlarged 50 X, photographed 
by Ewald (E6) is shown in Fig. 45. 

1. Possible Sources of Error. As in any other kind of precision 
measurement there are a number of possible sources of error and of 
erratic results. In the mass spectrographic comparison of isotopic 
weights, the precautions to be taken for preventing systematic errors 
appear elementary and obvious. The spectral lines used in a mass 
measurement should be well separated, matched in intensity, and 
symmetrical and free from structure. Therefore lines recorded by 
photographic means must be examined in a recording microphotometer. 
A large number of mass comparisons must be made at different positions 
along the plate and on different plates for the purpose of detecting and 
eliminating effects of non-uniformity of the surface of the recording 



0.025604 mass unit 
±0.000008 


Fig. 45. Photographic record of the 
He + -D 2 + doublet, enlarged ^50 X. The 
doublet was recorded in the instrument 
of Fig. 43 (E6). 



Sec. 4A] The Measurement of Isotopic Weights 653 

olate and possible variations in the dispersion constant D. Frequently 
“checking cycles” can be found in which the mass separation of one 
doublet is equal to the sum or difference of the mass separations of two 
other doublets, e.g., (CH 4 -0) = (CH 2 -N) + (NH 2 -0) and (N 2 -CO) 
= 2(NH 2 -0) - (CH 4 -0). Also a particular doublet separation can 
sometimes be produced by more than one pair of ions, e.g., 0 2 -S , 
C0 2 -CS 32 and CH 2 -N, CH 3 -XH, CH 4 -XH 2 . Thus any peculiarity of 
the discharge tube which might affect the results, or effects attributable 
to the interaction of the ions with the residual gas in the spectrograph, 
may be brought to notice. 

Detailed consideration of the more important possible sources of error 


follows. 

(a) Lack of planeness of the recording emulsion surface can act to 
change the relative position of the traces in spectrographs in which the 
ion beams are not incident normal to the emulsion. This effect has never 
been a serious limitation as the planeness of the recording plates is 
generally satisfactory. For work of the highest precision the emulsion 
is coated on thin plate glass which is then mounted in a rigid holder 
with the outer few millimeters of the edges of the plate pressed against 
a surface plane to ±0.0002 cm (Bo). 

Generally a large number of doublets are photographed over the sur¬ 
face of the plate, and, if any local irregularities in the emulsion surface 
are present, they will show up in the irregularity of the results compared 
to records made on other plates or other sections of the same plate. 

( b) The highest accuracy in mass measurements is obtained when the 
component traces of a doublet are matched in intensity, particularly if 
the separation is measured by an optical comparator. Then, if the lines 
are not quite symmetrical, as was the case with the lines in Aston’s 
spectrograph (A14, A20), measurements can lx? made from corresponding 
edges of the lines, in addition to the usual center-to-center measurement. 

(c) The doublet lines ultimately used for mass determinations should 
be examined by a recording microphotometer for symmetry and lack of 
structure as well as for matched intensity. Asymmetrical lines generally 
indicate the existence of some potential or real source of error. For 
examples, see under paragraphs ( d) to (g) and (i) below. 

(d) A drift in the intensity of the magnetic or electric field during an 
exposure is not necessarily serious by itself, as it results in an increase in 
width of the lines but does not change their relative position. If the 
two ion beams from the source do not keep the same relative intensity 
during the exposure, however, one may contribute more to its recorded 
trace at the beginning of an exposure while the other either remains 
constant or contributes more to its trace toward the end of the exposure. 
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The resulting doublet is not a true measure of the difference in masses 
of the ions which produced the doublet. The usual Thomson-Aston type 
of ion discharge tube can behave in this way. For example, when 
running with S0 2 to obtain the 0 2 -S 32 doublet, the intensity of the 0 2 
ions was steady after the discharge was turned on, whereas the S 32 ion 
beam increased in intensity with time, particularly just after the appli¬ 
cation of voltage, probably because a considerable share of the S 32 ions 
were provided from sulfur released from the tube walls by the action of 
the discharge. Some sulfur, the product of dissociation from prior 
operation with S0 2 , had l>een adsorbed on the walls and released by 
electron and ion bombardment and heating of the tube base and 
walls. 

In making exposures of any doublet, it is desirable to keep the dis¬ 
charge tube going continuously and use the electric deflection section of 
the mass spectrograph as an electric shutter if the fields drift by a 
detectable amount during the period of the exposure. Even more 
satisfactory is a separate electric shutter installed l>etween the electric 
and magnetic sections of a mass spectrograph to allow the ion beam to 
be deflected away from the entry point at the magnetic field. A device 
of this sort was used in the instrument deseril>ed in reference (B5). The 
separate shutter is of smaller capacity than the main electric deflection 
condenser, so that any transient effects in switching the applied voltage 
can be kept negligible in amount and the steady-state setting of the 
main deflector does not have to be disturbed. 

(c) The ions which do not have the correct energy to pass between 
the plates of the electric deflection section of a spectrograph impinge on 
the plates and may charge up insulating surface layers (S31). In Aston’s 
mass spectrographs a polarization effect of this sort was very prominent 
and troublesome (A20). The charged surfaces introduced additional 
forces on the ions and acted to curve the traces on the recording plate. 
Some relief was obtained by gold plating the surfaces, but the trouble 
was never entirely eliminated. This effect was eliminated in the spec¬ 
trograph designed by Bainbridge (B5) by greatly increasing the sepa¬ 
ration of the condenser plates and by giving attention to possible refine¬ 
ments in vacuum technique. The increased separation of the condenser 
plates produces two improvements. First, the voltage applied to the 
plates is increased so that the effect of any fixed polarization voltage 
will be reduced. Second, since any ions striking the condenser plates 
are distributed over a much greater area, if surfaces do charge up the 
equilibrium voltage attained is much less at the lower incident ion 
current density. No polarization effects were detected under careful 
examination. 
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m Ewald has shown that the focusing properties of the Thomson- 
Aston type of discharge tube may be different for different kinds of ions 
produced simultaneously in the discharge (E4). A discharge run m a 
mixture of CH 4 and 0 2 to study the CH 4 -0 doublet was found to yield 
a beam of oxygen atomic ions millimeters in diameter while the OH 4 
ion beam was 0.1 mm in diameter and only illuminated the 4 mm long 
object slit over a portion of its length. If the slit is ideally perpendicular 
to the direction of the field of the electric deflecting electrodes, the non- 
uniformity in the illumination does not influence the measurement. If 
the slit is rotated even as little as 0.1° about the direction of the ion beam 
away from its correct position, the images at the recording plate of the 
two ion beams can differ from their true relative positions as Ewald has 
shown. If one end only of the slit is illuminated by the 0.1-mm diameter 
beam, its image is displaced on the recording plate with respect to what 
it would be if only the undisplaced center of the slit had been illuminated. 
The larger-diameter l>eam of oxygen ions may illuminate the entire slit 
and thus produce an enlarged but undisplaced image compared to that 
recorded for a properly oriented slit. Ewald has examined this effect 
experimentally and has proposed that it may account for the difficulties 
encountered in the past in the measurement of the C ,2 II 4 -0 1,, and 


C ,2 H 2 -N n doublets (E4). 

This possible source of error has been eliminated at some loss in ion 
intensity by reducing the length of the slit to 0.2 mm as Ewald has done. 

({/) Another possibility of error is associated with the illumination of 
the collimating slits. The total angular aperture 2a is usually con¬ 
siderably less than 0.1°. In some experiments made at larger values of 
the angular aperture, Ewald (E5) found that some kinds of ions in the 
incident ion beam did not always fill the entire aperture. As a result, 
the width of a line formed by ions which did fill the whole aperture was 
greater by the addition of a second-order aberration effect, whereas that 
of an adjacent line might be smaller if the beam of ions which produced 
it did not fill the entire angular aperture defined by the source collimating 
slits. This broadening is generally unsymmetrical and can be detected 
from the microphotometer traces of the lines. 


(j h ) A psychological effect of contrast has been shown to exist in the 
measurement of the position of adjacent lines of atomic line spectra. 
St. John (S25) has shown by comparison of results from microphotometer 
records and from filar microscope comparator measurements that an 
observer tends to locate the maximum of a line nearer that edge of the 
line for which the contrast is greatest, i.e., nearer the outside edge of a 
component line of a doublet. The resulting tendency is toward increased 
separation of the lines. Bainbridge has not found any effect of this kind 
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in his measurements of doublet separations, although the possibility was 
carefully checked. The doublets used were truly separated, and the 
effect observed by St. John probably occurs only when the opacity is 
greater between the lines than outside them. 

(0 Dempster and Shaw (DIO) have reported that there may be some 
retardation of ions dependent on the kind of ions traversing the appa¬ 
ratus. I nequal loss in energy by different ions can result in broadening 
and a relative displacement of the traces on the recording plate. No 
effect of this kind has been found in mass spectrographs of higher re¬ 
solving power (B5, E3, M3) in which, if the effect existed at all, it would 
have been more immediately apparent, particularly as the lines produced 
by the instruments cited have always been subjected to microphotometer 
examination. The simplest check on such an effect is provided by the 
comparison of spectra taken at two different values of the residual 
pressure in the mass spectrograph. 

The entire electric deflection system of the spectrograph must be well 
shielded to avoid pick-up, particularly if a high-frequency r-f ion source 
is used. Also the ions should be well collimated laterally by a minimum 
number of slit edges to avoid hitting the magnet pole faces or other 
surfaces which can produce scattering or charged layers. The slit edges 
themselves can be heated to discourage the deposition of insulating 
layers. The chance of formation of electrically chargeable layers is less 
with mercury vapor diffusion pumps than with organic vapor pumps. 

After making exposures, one must be careful to assure a plentiful 
circulation of developing solution to the emulsion when the recording 
plates are developed. 

B. Mass Spectrometer Measurement of Isotopic Weights 

Ney and Mann (N2) demonstrated the feasibility of making mass 
comparisons with a conventional Nier-type mass spectrometer in their 
study of the H 2 1 -He/2 doublet which yielded the helium-hydrogen mass 
ratio to an accuracy of 1 part in 80,000. Their method is restricted to 
ions which have attained their kinetic energy solely from the voltages 
applied at the ion gun and have not received additional kinetic energy 
in the process of their formation. 

Recently Nier and Roberts (X28) have described their novel develop¬ 
ment of a double-focusing mass spectrometer utilizing electrical recording 
of the ion beams for the accurate comparison of masses (Fig. 46). The 
ions are produced by electron impact in an ion gun of the general type 
illustrated in Figs. 29a and 31. A 90° cylindrical condenser electrostatic 
analyzer is used to select ions of a small band of energies which then 
enter an asymmetrical 60° magnetic analyzer. At the point where the 
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90° electrostatic 



Fig. 46. Double-focusing mass spectrometer utilizing electrical recording of the ion 
beams. The auxiliary spectrometer is used to correct any variations in the ion 
accelerating potential or magnetic field of the main analyzing spectrometer. A spec¬ 
trum is swept by varying contact A to the voltage divider (N28). 

combination of fields produces double focusing of the ions, a current 
collector is located behind the collimating slit S 4 . The energy selector 
section of the spectrometer permits use of ions of any type which may be 
produced at the source regardless of small differences in their energy 
distribution from that imposed by the applied accelerating voltage at 
the ion gun. 
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The ion spectrum is scanned over a short range by varying the ion- 
accelerating voltage and the potential applied across the cylindrical 
analyzer. An ingenious method is used to minimize the effects of varia¬ 
tions in the magnetic field and in the voltage source which supplies the 
acceleration and deflection voltages. An auxiliary mass spectrometer 
utilizes a portion of the 00° sector magnetic field of the main instrument. 
Two plates which serve as the current collectors of the auxiliary spec¬ 
trometer are fed to a differential amplifier. In a steady state one-half 
°f the ion current goes to each collector and there is no output from the 
amplifier. Any inequality in the division of the ion current produced by 
a change in the magnetic field or the voltage supply is detected, amplified, 
and fed back to control the high-voltage supply, acting to vary the volt¬ 
age supply to oppose the change and restore the balance. Since both 
spectrometers utilize the same high-voltage supply and share different 
parts of the same magnetic field, the auxiliary spectrometer acts as a 
degenerative control device for the main spectrometer. To scan a 
spectrum, the potential to the auxiliary spectrometer is varied by 
advancing contact A, Fig. 46, along the main potential divider, and so 
changing the indicated value of R. The auxiliary tube, associated high- 
voltage supply, potential divider, and amplifier form an inverse feed¬ 
back loop for which the proportional change in mass of the ions collected 
in the main spectrometer is related to the change in R by the relation 



(128) 


where G is the open-circuit gain of the feedback loop. A check on the 
over-all operation is made by measuring the mass difference of adjacent 
hydrocarbon peaks, where AM is the mass of the hydrogen atom and M 
is known to an accuracy satisfactory for subsequent doublet measure¬ 
ments of lower AR values. 

The ion current and the value of R are recorded simultaneously by a 
two-channel oscillograph as illustrated in Fig. 47. A single run on one 
doublet comprises ten consecutive spectra of the type shown, scanned 
alternately from the higher to the lower component. Two or more runs 
provide sufficient data for a mass comparison. The gain G of the 
amplifier was determined before and after every run, for the mass data 
presented, and had a value between 60 and 100, constant to better than 
a few percent during a run. The probable errors in the final mass com¬ 
parisons range from 1 in 10 5 to less than 1 in 10° depending on the 
particular ions under investigation and the stage in the development of 
the instrument during which the measurements were made. 
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The general procedure in making mass comparisons is different from 
that foflowed with conventional mass spectrographs. This procedu 
^ the advantage of avoiding some of the sources of error reviewed 
in section 4A1, but naturally other possible sources of error arise. A 
lat advantage of the procedure used by Nier and Roberts is the 
rapidity and detail with which the recorded mass doublets can be 
examined and brought to optimum conditions before the actual final 
measurements are made. The investigation of line structure, width, 
and intensity are expedited by the use of electrical recording. At the 
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Fig- 47. A typical mass spectrogram of the Nc ,20 -A 4n /2 doublet obtained with the 
instrument represented in Fig. 46 (N28). 


same time there is a greatly increased need for stability of the ion currents 
as the ion peaks are measured at different times and do not furnish an 
integrated record such as is obtained by photographic recording. 
Stability of the ion currents is achieved by insuring that the gas pressure 
in the ion gun is constant and by electronic stabilization of the ionizing 
electron beam. 

The ion source used provides better illumination of the object slit for 
some ions than the Thomson-Aston type of discharge tube. However, 
some useful mass doublets, e.g., D 3 -C/2 and HeD-C/2 cannot be obtained 
with the Bleakney-Nier type of ion gun now used by Nier and Roberts. 

Particular precautions must be taken to avoid stray electric fields 
produced by charged surfaces at any point along the ion trajectory, 
including the region within the cylindrical energy selector itself. A 
steady additive field within the condenser could act to change the 
relation A M/M = (A R/R)[G/(G + 1)] to [A R/(R ± r))\G/(G + 1)]. 
If the added field is steady, it can be detected from measurements of 
A M/M for ions differing by one hydrogen atom. 

The open circuit gain G of the feedback loop which includes the 
differential amplifier must be maintained constant to avoid error in the 
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comparison of the components of a doublet. Nier (X22) has recently 
changed the circuit by the addition of “tachometer feedback control” 
(Jl) to give what is effectively infinite gain, so that A M/M = A R/Ii 
precisely, without any coefficient dependent on the value of f/(C17). 

The double-focusing feature has not entirely eliminated the effects of 
initial kinetic energy acquired during the formation of some types of 
ions. Difficulty has been reported with D + in the H 2 -D doublet (R7), 
but this effect has been eliminated or is under control for other ions. 

The Nier and Roberts spectrometer is advantageous in making 
corrections for the presence of C 13 in hydrocarbon molecules for which 
the same mass number may be formed by the substitution of C 13 for 
C H. There is an appreciable mass difference between the molecules 
^ 3 12 H 4 compared with C 2 ,2 C I3 H 3> although the difference is too small 
to permit resolution into a main line, C 3 I2 H 4 , and a satellite of lower 
intensity on the low mass side, C 2 ,2 C ,3 H 3 . A correction for the presence 
of the molecule containing C 13 can be made in the mass spectrometer, 
if its relative intensity is known from a measurement of the intensity of 
C 3 ,2 H 3 relative to C 3 ,2 H 4 for the case cited. The intensity of C 2 ,2 C 13 H 3 
is taken as 1/90 of this where the reduction factor is the natural abun¬ 
dance ratio of C 13 to C 12 . This method of correction is available but 
not with the same precision in photographic recording mass spectro¬ 
graphs. Unless the two molecular ions can be completely separated by 
the superior resolving power of the photorecording spectrographs, the 
use of multiatomic carbon-containing ions is a possible source of error 
in making mass comparisons in the region of higher atomic weights. 
For comparison masses it is best to use carbon compounds depleted 
in C 13 to avoid the increased breadth and shift of the peak produced by 
the C 13 in the satellite line. 

The development by Xier and Roberts of an electrical recording mass 
spectrometer for the comparison of masses has added a powerful new 
precision method which has already furnished important mass measure¬ 
ments, and further results will be of great value and interest. 

C. Radiofrequency Spectrometers for Accurate Isotopic Weight 
Determination 

The early development of radiofrequency spectrometers has been 
considered in Section 3B5. At first the absolute measurement of e/m, 
usually for electrons, was the objective, and the accuracy attained 
was not sufficient to compete with the results of Aston’s mass spectro¬ 
graph for the comparison of atomic masses. Improved radiofrequency 
methods and new techniques of great promise have been introduced for 
ion studies in recent years, so that measurements, applicable to the 
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comparison of isotopic weights, have been reported with assigned 
probable errors of 1 in 10 4 to 1 in 10 5 . [The errors in some recent mass 
comparisons by ion deflection mass spectrographs are in the lange oi 
~1 in 10 6 for light isotopes in Ewald’s measurements (E7) and tor Aiei -s 
most recent results (N28, N29).) 

Among radiofrequency-type instruments, the spectrometer which nas 
contributed the greatest number of mass determinations of high accu¬ 
racy is the one constructed by Goudsmit and his associates (Gil). 
They have developed a time-of-flight mass spectrometer based on the 
cyclotron principle and on a proposal made by Goudsmit in 1948 (G11) 
to allow a burst of ions to describe a helical path in a uniform magnetic 
field and thereby increase the total time of flight. The effective pitch 
of the helix must be great enough so that some ions which are not inter¬ 
cepted by the ion source continue in a helical path of pitch small com¬ 
pared to the radius of the orbits. The cyclotron principle holds, i.e., 
the angular velocity is independent of the velocity of the ions released 
in the pulse. 

The period of a complete revolution T = 652 M/nH /isec, where M 
is the mass of the ions in isotopic weight units, n is the number of 
electrons removed in the formation of the -ions, and // is the magnetic 
field intensity in gauss. Goudsmit proposed his method for the com¬ 
parison of masses, recognizing that it might yield higher relative pre¬ 
cision for higher masses, as T is proportional to M and the absolute 
accuracy in the measurement of T might be independent of the period. 

The ion collector is placed at the 360-degree position directly above 
or below the source slit in line with the direction, parallel to the z axis, of 
the applied uniform magnetic field. After deflection through 360°, or 
any multiple thereof, all ions from a point source form a line whose 
extent is dependent on the initial z components of velocity at the source 
slit. The received ion current is decreased by the spread of the ions in 
the z direction. It is this reduction in ion current which controls the 
total possible number of revolutions, assuming 4hat the length of the 
magnetic field in the z direction can be made as large as desired. In the 
xy plane a wide divergence of the initial ion beam issuing from the 
source slit is permissible if necessary as the period T is independent of 
the initial direction of projection of the ions and the ions return to a 
line focus 360° from the source. 

Goudsmit has reported that a dispersion of 10 /isec per mass unit has 
been attained and that pulses can be timed to 0.01 /zsec corresponding 
to an accuracy of ~1 milli mass unit (G12). Some recent isotopic 
weight results are given in Table 5. These results, indicating the attain¬ 
ment of increased relative accuracy with increased mass, are remarkable 
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on account of the accuracy attained with the first apparatus and the 
simplicity of the instrument constructed to test the principles of the 
method (G 12 ). 

TABLE 5 


Masses Measured with Time-of-Flight Spectrometer 


Ele¬ 

ment 

Mass f 

Measured 

Ion 

Standards X 

S 32 

31.983 ±0.001 

cs* + 

Cell,* 

C 3 lIeO 


Cl 36 

34.9803 ± 0.0005 

CCI 3 + 

Cell,* 

C.H,o 


K 41 

40.975 ±0.002 

K+ 

K 39 



Br 79 

78.9435 ±0.001 

Ct!I«Br+ 

Cell* 

C 8 H,o 


‘ Br 81 

80.9425 ±0.001 

CtH 4 Br+ 

Celle 

CgHe 


Kr* 4 

83.9375 ±0.001 

Kr + 

Cell. 

Cell® 


Rb 86 

84.9305 ±0.0015 

Rb+ 

Cell, * 



Rb 87 

80.9290 ± 0.0020 

Rb + 

Rb 83 



J127 

126.946 ±0.001 

I + 

CF 3 + 

C 3 Fe + 

CIi 3 I + 

Xe' 29 

128.9447 ±0.0015 

Xe + 

CsH, 

C®H,2 


Xe ,3 ° 

129.944 ±0.002 

Xe + 

C*II,2 

Xe 129 


Xe 131 

130.943 ±0.002 

Xe + 

C*H,2 

Xe 129 


Xe' 32 

131.944 ±0.002 

Xe + 

C*H,2 

Xe 129 


Xe 134 

133.940 ±0.002 

Xe + 

C,H,2 

Xe 129 


Pb 208 

208.0412 ± 0.0015 

Pb + 

C,Fe + 

c 4 f 7 + 

CsF» + 

Bi 209 

209.0462 ±0.0015 
• 

Bi + 

CaF s + 

c 4 f 7 + 

c 5 f 9 + 


t The precision as tabulated is estimated from the consistency between independent 
runs anil the observational limits of the apparatus. The "probable error" is about 
three times smaller. 

t Basic values used are H = 1.008142, C = 12.003804, F = 19.00445 from Li, 
Whaling, Fowler and Lauritsen, Phys. Rev., 83, 512 (1951). If A and B are the 
present values of the standards and 6.4 and 6B some future corrections, the correction 
6.1/ in the mass A/ is given by 

6A//A/ = (6.4/j4)(A/ - B)/(A - B) + (6 B/B)(M - A)/(B - A) 

For the case of three standards a more complex correction formula can be derived. 
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L. G. Smith has introduced a mass spectrometer of alternative design 
which eliminates the helical path and permits a greater number of revo¬ 
lutions (Sll). The ions at a point 180° from the source are decelerated 
by an electric pulse which is applied over a small region for a very short 
time. This pulse serves to reduce the energy of a fraction of the ions so 
that they continue in circular orbits in the same plane and do not collide 
with the ion source. The electric field is applied again at a time mT 
later to reduce the energy so that the ions can be intercepted by a 
detector. The time interval, measured electronically between the two 
voltage pulses for maximum current received at the detector, yields a 
value for the ionic mass from the expression for the period T and the 
value of m. The ratio of two masses for the components of a close 
doublet, such as 0 2 Ifl -S 32 , is obtained from the ratio of the related mT 
values. A value of 31.9823 ± 0.0010 has been reported for the isotopic 
weight of S 32 compared directly with 0 2 16 . The value of m was 40 in 
this measurement, and mT = 840 /isec. A resolving power M /A M 
> 1780 is necessary for complete separation of the 0 2 16 and S 32 ions. 
The probable error ±0.0010 mass unit corresponds to ±0.026 /isec. 

The isotopic weight of S 32 obtained by Goudsmit and Smith is in 
agreement with the more accurate results of Nier, who obtained S 32 
= 31.982218 ± 0.000025 (N29), and the earlier result of Aston, 31.9823 
± 0.0003 (A19). 

I* Hippie, Sommer, and Thomas have applied the cyclotron principle to 
obtain the cyclotron resonant frequencies characteristic of proton and 
deuteron ions, and some preliminary studies have been made of heavier 
ions (H30, S23). A miniature cyclotron of specialized design, called an 
“omegatron,” was built with 1 cm maximum radius of curvature. It 
utilized a radiofrequency field uniformly distributed within the ion 
acceleration region rather than the twin-dee structure of the customary 
ion acceleration apparatus. Ions are produced in the central region, by 
electron bombardment. However, the omegatron differs in two major 
points of design in addition to the changes in electrode structure. First 
great care was taken to place the ion-accelerating system in a field of 
high uniformity as determined by means of a proton resonance absorp¬ 
tion probe device. Accordingly, magnetic focusing is non-existent, and 
a second design innovation was used to maintain the ions in the central 
plane of the device: the main r-f electrodes and r-f field distributing 
electrodes of the picture-frame type (see Fig. 35 for an example of this 
type of construction) were given a negative d-c bias with respect to the 
magnet pole tips and central electrode. This d-c bias furnishes a field 
distribution which acts to keep the ions near the central plane of the 
omegatron. 



664 


Atomic Masses 


[Pt. V 


In one method of operation the peak r-f voltage applied is kept low so 
that a large number of revolutions is required, 3000 to 5000, before the 
ions acquire sufficient energy and momentum to describe an orbit of ~1 
cm radius. At this radius they are intercepted by an electrode connected 
to a sensitive current-measuring device. By this method the received 
current is plotted against the frequency of the applied voltage. The 
cyclotron resonant frequency is determined from the position of the 
recorded peak on this plot. Alternatively the acceleration of the ions 
requires a contribution of energy from the r-f supply, and an r-f absorp¬ 
tion curve can be obtained versus the frequency of the applied voltage 
varied through the region of resonance without the use of any ion- 
current-measuring device. In either case there must be a correction 
for the radial component of force on the ions imposed by the electric field 
providing the potential well by means of which the ions are maintained 
in the region of the central plane. This correction can be obtained by 
making a series of measurements of the resonant frequencies at different 
values for the d-c bias and then extrapolating to zero d-c bias. 

The presence of contact differences of potential within the omegatron 
acceleration box can also act to shift the resonant frequency. Such an 
effect would appear as a difference in the resonant frequencies from the 
true values for positive and negative ions of known e/M ratio, or for 
positive ions of known e/M ratio. A shift in the resonant frequency 
exceeding 1 part in 5000 has been observed under certain unspecified 
operating conditions (S23). The cause of this shift is attributed largely 
to effects of space charge within the omegatron. Correction methods 
have been developed which are based on measurements made under 
identical conditions on several ions. H 2 + , D 2 +, and H 2 0 + were used. 
The frequency shift is proportional to the ion masses while the cyclo¬ 
tron frequency is inversely proportional to the masses. Consistent 
values for the proton frequency were obtained under varying conditions 
of operation after corrections for the frequency shifts were made on the 
basis of the results of the auxiliary experiments on H 2 + , D 2 + , and 
H 2 0 + (S23). 

The omegatron was operated with hydrogen at a pressure of only 
3 X 10 -7 mm of mercury, and scattering of ions was negligible. Such 
scattering, if it occurred, could produce a displacement of the effective 
centers of revolution of a fraction of the ions, leading to an asymmetry 
in the peak of received current versus frequency of the applied radio¬ 
frequency. This effect might be worse for heavier ions which would 
attain the maximum radius of curvature at lower energy and would be 
more subject to scattering, assuming an omegatron of fixed physical 
dimensions. In the measurements with protons, H = 4700 gauss, 
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r = 1 cm, and the corresponding peak proton energy was ~1060 volts. 
A resolving power M/AM of 3700 was used in the first experiments (H30), 
and higher resolving power was attainable. 

The average deviation from the mean was 1 in 10 5 for 38 measurements 
of the proton cyclotron resonance frequency, and the maximum devia¬ 
tion was 1 in 40,000. 

The application of the omegatron to mass comparisons ot sucn 
doublets as D 2 2 -He, S 32 -0 2 , and heavier ions is awaited with great 

interest. 

Bloch and Jeffries (B33) have applied the cyclotron principle to the 
resonant deceleration of ions. A collimated beam of protons of 20 kev 
energy was introduced into the dee system of a small cyclotron of 8.5 cm 
dee diameter. The peak decelerating voltage applied between the dees, 
~100 volts, was just sufficient to diminish the initial radius of curvature 
so that ions within a small spread in phase relative to the applied radio¬ 
frequency could not be intercepted by the deflector plate at the end of 
the first revolution. (Successive decelerations finally diminish the 
radius so that the ions may be collected by an electrode located centrally 
in the region of the usual cyclotron ion source.) The ions finally collected 
were kept in the central plane by electric phase focusing during the 
successive traversals of the dee gap. Currents of 10“ 12 amp have been 
measured after 500 revolutions within the cyclotron. The resolving 
power and the accuracy of determination of the resonant frequency have 
both been improved by operation at higher odd harmonics of the basic 
resonant frequency. A resolving power 1 of 5000 has been attained by 
operation with the 11th harmonic of the cyclotron resonant frequency. 
Under operation at such high harmonics the transit time of the ions 
between the dees becomes comparable to the period of the applied 
frequency. The effective loss in energy per gap traversal is then much 
less than the peak r-f voltage, so that there is an appreciable and welcome 
increase in the resolving power of the instrument. Operation at the 
fundamental frequency gave a resolving power of 100. A fifty-fold 
increase in resolving power was observed when the 11th harmonic of the 
resonant frequency was applied to the dee system. Bloch and Jeffries 
showed experimentally that space charge effects, ion scattering, and 
distortion of the oscillating field of the dees by the ion collector probe 
did not affect the accuracy of the result, ~1 in 14,000. Application of 
the instrument to the determination of the relative masses of light atoms 
is promised, and the results should be of great interest. 

1 The definition of resolving power customary in isotope research work defines 
M/AM for conditions of complete separation. At least complete separation is essen¬ 
tial in the comparison of masses as it is essential to know the profiles of the peaks. 
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D. Isotopic Weights from Microwave Spectra 

Since a considerable range of the pure rotational spectra of molecules 
lies in the microwave region, absorption spectra of many molecules with 
an appreciable dipole moment can be studied by available microwave 
techniques (Til). A block diagram of a typical arrangement of appa¬ 
ratus is given in Fig. 24 in Part III. The rotational absorption spectra 
of diatomic molecules BrF, ClBr, linear triatomic molecules COS, COSe, 
and symmetric top molecules GeH 3 Cl, SiII 3 Cl have been studied. 

Townes, Holden, and Merritt (Til) showed that in linear molecules 
of the XYZ type the ratio of mass differences can be evaluated from the 
absorption data for isotopic substitution of the same end atom. Then 

M*' ~ _ (/' ~ + M v + M”) 

M / - M m "' W' - + M v + My) 

where v' } v", and v" are the frequencies for J —♦ J -f 1 transitions for 
the molecules XYZ', XYZ", XYZ'", respectively (W4). It is assumed 
that the corresponding internuclear distances are the same for each 
isotopic molecule and that small vibration-rotation interaction terms 
which have not been evaluated are proportional to mass (\V4). Townes, 
Holden, and Merritt (T9) pointed out that the internuclear distances 
are changed by the effects of zero-point vibrations. They calculate that 
the error which might be introduced in the ratio of mass differences 
(S 33 — S 32 )/(S 34 — S 32 ) is «1/15,000 if the effects of zero-point vibra¬ 
tions are neglected completely for the OCS absorption measurements 
(Til). The original papers (Til, S33), and references given there 
should be consulted for a detailed discussion of the problems associated 
with the determination of the ratio of mass differences, using the absorp¬ 
tion spectra of linear asymmetric triatomic molecules. 

Table 6 lists the data on mass ratios obtained from microwave studies. 
The ratios of mass differences have errors in the range of 1 part in 5000 
to 1 part in 10,000. The uncertainties are 1 part in 100,000 to 1 part in 
250,000 for mass ratios of two isotopes obtained from diatomic spectra. 
Unfortunately there are comparatively few cases of diatomic molecules 
whose spectra fall within a region accessible to available techniques. 

The earlier contributions of the study of band spectra have been 
summarized by C. P. Snow in reference (All). The principal con¬ 
tributions were the discovery of the important rare isotopes C 13 , N 16 , 
O 17 , O 18 mentioned in Section 3A. 

E. Nuclear Reactions 

Rutherford in 1919 first demonstrated that a nuclear transition could 
be produced by the bombardment of nitrogen by swift alpha-particles. 
Cockcroft and Walton (C6), stimulated by Rutherford and encouraged 
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TABLE 6 


Results, Applying to Mass Determinations, of Molecular Spectra 
Studies in the Microwave Region 


Element 

Molecule 

Mass Ratio and Error 

Ref. 

Remarks 

Si 

SiHa'Cl 36 

<Si” - Si”) 4<1Q 41 s 

G7 


(Si 30 - Si 3 *) °' 4JJ 



o ,8 c ,2 s 

(S 33 — S 32 ) JQ 

T9 


s 

(S M -S«) 0 




- 0.499 75 =fc 10 

Til 




- 0.500 66 ± 15 

T12, 

Corrected for shift in 




Til 

OCS 33 line result¬ 
ing from effect of 
S 33 quadrupole 
moment 



- 0.500 714 ± 30 

G7 




(S 35 - S 3 -) 81 ± 30 

W4 




(S 33 - s 31 ) JJ8 ± 

(S 35 - S 3 *) D J 501 55 15 


W4 



(S 34 - S 32 ) 


Cl 

F ,9 CI 

Cl 36 

^ - 0.945 9775 ± 40 

G9 



Br 79 Cl 

- 0.945 987 ± 8 

S10 



Br 8, Cl 

- 0.945 986 ± 8 

S10 



I I27 CI 

= 0.945 980 ± 5 

T10 


Ge 

GcHa'Cl" 

Go 76 

^- 1.085 782 
^ - 1.057 171 

G7 




Ge 70 





Gf 72 

—= = 1.028 577 





Ge 70 



Se 

0 lfl C ,2 Se 

Masses tabulated assuming 

S33 




values for Se 78 and Se 80 
Masses tabulated assuming 

G6 




values for Se 76 and Se 80 



Br 

F 19 Br 

Br 79 

= 0.975 168 ± 68 

S10 

Corrected calculation 
of (S9) 


Cl 35 Br 

= 0.975 218 ± 28 

S10 



Cl 37 Br 

= 0.975 210 ± 28 

S10 
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by the implications of the quantum-mechanical description of natural 
alpha-decay of Gamov (Go) and Condon and Gurney (CIO), succeeded 
in disintegrating Li 7 into two alpha-particles by bombardment with 
protons of only a few hundred kev energy (C 8 ). Cockcroft and Walton 
thus realized the quantum-mechanical prediction of an experimentally 
useful probability of penetration of a nuclear potential barrier by bom¬ 
barding ions having an energy much lower than that required on classi¬ 
cal grounds. The first experiments of Cockcroft and Walton (C 8 ) had 
an enormously stimulating effect on research on nuclear reactions. Much 
of the effort which had been directed in other laboratories to the attain¬ 
ment of ever higher projectile energies in order to produce any reactions 
at all was channeled to the application of the equipment already avail¬ 
able. 

The net energy change in a nuclear reaction, the energy balance or 
heat of reaction, has been designated the Q value and is generally 
expressed in Mev. The Q values which are of interest for calculating 
isotopic masses are those for transitions between the ground state of the 
nucleus of the target atom and that of the product atom. The majority 
of reactions considered here are those in which an ion projectile, proton, 
deuteron, or other is captured by the target nucleus, the resulting com¬ 
pound nucleus then disintegrating into an emitted particle and a 
residual nucleus. Measurements are made of the energies of the bom¬ 
barding particle and of the emitted particle, and sometimes of the recoil 
nucleus. The conservation of energy and of momentum are assumed in 
the reaction, and this assumption is supported experimentally. 

Livingston and Bethe (LI 1) have discussed in detail the determination 
of Q for nuclear reactions where the energy of the emitted particles was 
determined from range measurements. In the past two or three years 
more precise measurements have been made in which both the emitted 
particles and the bombarding particles are dispersed and analyzed by 
deflection in electric and in magnetic fields. 

1. The Accurate Measurement of Q Values. In the reactions con¬ 
sidered here an incident particle of mass M\ and kinetic energy E\ 
combines with a nucleus 3/ 0 , E 0 = 0. A nuclear particle of mass M 2t 
of energy E 2 , is emitted at an angle 0 with respect to the forward direc¬ 
tion of the bombarding particle. The recoiling particle of mass A /3 
and energy E 3 moves in a direction </> with respect to the direction of 
motion of the incident particle. The net energy change in the reaction, 

Qnuclear = (Af 0 + Ml “ M 2 - M 3 )c 2 (130) 

where A/»c 2 is the proper energy of the nuclei expressed in Mev units 
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The actual © obtained by the usual laboratory procedures in disinte¬ 
gration studies can be shown to be equal to ©atomic, which is the value 
required in the calculation of atomic masses: 

© = ©atomic = E 2 + E 3 — E 0 — El = (Mad + M a i — M a 2 ~ M<a)c 2 

(131) 


where M ai c 2 is the proper energy of the neutral atoms expressed in Mev 
units. 

Under the conditions of conservation of energy and momentum, the 
complete equation for © including relativistic effects is 




2 + e 2 2 - e 3 2 


2M 3 c‘ 


) 


2(M l E l M 2 E 2 ) H cos6 


( 


1 + 


(i + 

2 M x i?/ \ 2M 2 c 2 / 


M 3 


(132) 


when the energy of the emitted particle is measured at the angle 0. If 
the kinetic energies of the particles are small compared to their proper 
energies, A/,c 2 , the classical expression is 



2 (M x E x M 2 E 2 )* 


M: 


cos 0 


(133) 


Equation (132) has been used in all recent determinations of Q, as the 
correction term (E 2 + E 2 2 — E 3 )/2M 3 c 2 is appreciable compared to 
the attained accuracy of the measurements. 

If the energy of the residual nucleus, E 3t is measured at the angle <t> 

(M 2 + M 3 \ (M 2 - Af,\ /Ei 2 + E 3 2 - E 2 2 \ 

Q = E3 ~ \TmT~) El + \ ) 








(134) 


The relativistic correction term has attained a value as high as 0.132 
Mev for the reaction T 3 (</a)n l for which the Q value is 17.578 Mev to 
an accuracy of approximately 0.020 Mev (R2). Thus an accurate 
determination of Q involves precise measurements of the actual values 
of Ei, and E 2 or E 3 , corrected for the effects of surface-contaminating 
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layers which produce energy losses and straggling. Also the associated 
angle 0 or <t> must be known to high precision. 

The probable error in the value of Q in a given reaction is dependent 
on the probable error in the determination of 0. The commonest value 
of 0 is 90°, so that an angular uncertainty of a in the determination of 0 
is equivalent to an error in Q of AQ = \2(MiE\M 2 E 2 )^/Mz]ct from 
Eq. (133). In Strait’s measurements (S32) the value of 0 is known to a 
precision of a = ±0.0007 to ±0.0002 radian at various field strengths 
in the analyzing magnet. AQ under these conditions is less than 1 kev 
from this source. 

The masses M i, M 2 , M 3 are known from prior mass spectrograph and 
disintegration results to better than the required accuracy for use in 
Eq. (132) for Q. 

The absolute value of the bombarding energy at the surface of the 
target is based on cylindrical condenser electrostatic deflection experi¬ 
ments (H4, 1111) checked by direct velocity determinations (S8) on 
accelerated ions, and Up measurements on alpha-particles from natural 
radioactive substances (B38. L8, R13). The electric deflection and 
magnetic deflection scales have been compared by making electrostatic 
deflection energy measurements on alpha-particles (S34) from the same 
substances which had been measured previously by magnetic deflection. 
The establishment of common voltage scales between different labora¬ 
tories can be made by use of one or more of the proton gamma-ray 
resonances whose value was measured by the University of Wisconsin 
group (II11) by means of their cylindrical condenser energy analyzer. 
The more generally used absolutely determined reference standards are 
listed in Table 7. 

In order to use these standards for calibration in another apparatus, 
a primary proton beam is deflected by an electrostatic or magnetic 

TABLE 7 

Absolute Values of Proton-Neutron Threshold and Proton 
Gamma-Ray Resonances Commonly Used as Reference 

Standards 


Reaction E p Mev (absolute) Reference 

F 19 (p.a7)0 16 0.8735 ± 8 Hll 

AFtp.-dSi* 0.993 ± 1 Hll 

Li 7 (p,n)Be 7 1.882 ±2 Hll 

Values from Other Reactions Discussed and Tabulated in Reference (M16) 

B'wJSI 0 1622 ± 5 M16 

F l9 (p,ory)0 18 0.3400 ±5 M16 

Li 7 (p, 7 )Be 8 0.4412 ± 5 M16 
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analyzer onto an appropriate target, lithium fluoride for example. The 
voltage applied to the cylindrical condenser, or the magnetic held 
intensity, as the case may be, is measured at the location of one or mo 
proton gamma-ray resonances. In the case of both types of analyzers 
other calibration points can be obtained from the same resonance by 
use of H 2 + and H 3 + ions for which the accelerating voltage must be 
increased by factors of 2 and 3, respectively, to excite the same resonance. 
i„ a well-designed electric analyzer (A3, Hll, W2) the edge effects and 
stray field effects (H14) are independent of the potential applied to the 
plates. Once the ratio of the accelerating voltage to the deflecting 
voltage is established, it is only necessary to check it occasionally to be 
sure that no charged surface films (S31) have appeared or that no 
accident has changed the geometry. More care must be taken with the 
calibration of sector magnetic analyzers, as the permeability of the iron 
varies with the induction and so the stray field distribution is a function 
of the magnetic field intensity. Therefore the angle of entry of the ions 
into the field, their displacement in the stray field region, and their 
effective radius of curvature are not independent of the gap field intensity. 


TABLE 8 


Representative Apparatus for the Precise Measurement of the 
Q Values of Nuclear Reactions Produced in Light Nuclei 


Laboratory 

Source of Accelerat¬ 
ing Voltage 

Analyser for 
Primary Beam 

Precision Analyzer of 
Reaction Products 

Recording 

Method 

University of 
Chicago 

Cockcroft-Walton 
voltage multiplier 
(C7, A2) 

Direct beam used 
(MIC. Cl) 

90® cylindrical con¬ 
denser (A3) 

Counting 

California Institute 
of Technology 

Van de Graaff gen¬ 
erator 

90° magnetic sector 
or 90° cylindrical 
condenser (F3) t 

180® two-directional 
focusing magnetic 
sector analyzer 
(S19) 

Counting 

Massachusetts In¬ 
stitute of Tech¬ 
nology 

Van de GraafT gen¬ 
erator (V2) 

90® magnetic sector 
(B42) 

180 ° magnetic; entry 
along H (B42) 

Nuclear track 
plates 

Rice Institute 

Van de Graaff gen¬ 
erator (B18) 

90° magnetic sector 
(B19) 

180 ® magnetic; entry 
normal to // 

Nuclear track 
plates 

University of Wis¬ 
consin 

Van de Graaff gen¬ 
erator 

90° cylindrical con¬ 
denser (W2) t 

90® cylindrical con¬ 
denser (W2, 

C22) t 

180 ® spherical con¬ 
denser (C23, C22) 

Counting 

Counting 

Counting 


t A magnetic analyzer which deflects the ion beam 10° or 15° is used generally to separate H + from 
H 2 + prior to entry of the ion beam into a cylindrical condenser energy analyzer. 
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In the equipment (Fig. 48) of the High Voltage Laboratory of the 
Massachusetts Institute of Technology, the analyzer for the primary 
beam is calibrated by examining in a precision 180° magnet the primal y 
ions elastically scattered from the target. This precision magnet has as 
its primary function the examination of the momentum and thereby 
the energy of the products of the reactions studied. This magnet 
employs 180° focusing and follows Cockcroft’s design (C9) used by 
Rutherford and his collaborators for the study of alpha-particle fine 
structure (L8). A polonium source is placed at the target position. The 
alpha-particles from polonium of 3.3159 X 10 5 gauss cm (abs emu) are 
used as the standard for the calibration of the second magnet and, by 
the scattering technique, of the primary beam analyzing magnet also. 

Representative apparatus for the study of nuclear reactions and the 
accurate determination of Q values is listed in Table 8. 

Figures 49 and 50 illustrate the type of momentum spectra obtained 
by the M.I.T. group. Nuclear track plates are used for recording in 
which the individual tracks of protons, deuterons, alpha-particles, and 
doubly ionized Li 7 can be separated by virtue of their different grain 

densities along the tracks (S32). . 

Figure 51 illustrates the type of momentum spectrum obtained by the 
C.I.T. group for the D 2 (d,He 3 )n and D 2 (d,p)H 3 reactions observed at 
137.8°. Counters of various types are used for recording the emitted 
particles. Proportional counters permit discrimination between particles 
of the same momentum value but different ne/M values. 

The energy of the bombarding ions and the energy of the emitted 
particles received at the point of observation may be diminished by loss 
of energy in penetrating surface films on the target material. The sur¬ 
face contaminants are generally carbon and oxygen, which have been 
reported (B43) on nearly all targets, even on those operated at red heat 
in a system evacuated by mercury pumps and liquid nitrogen traps. 
Heating of the targets is generally an aid in reducing or eliminating 
surface films but is limited to target materials of very low vapor pressure 
(S32). The contamination on a target builds up during bombardment 
(S32) so that substitution of freshly prepared targets sometimes allows 
freedom from contamination. Ingenious methods have been developed 
to detect and measure the effects of the surface films when they cannot 


be eliminated entirely (S32, S19). Strait et al. (S32) discuss four different 
methods for estimating the effects of surface contamination which are 
particularly important in low-energy reactions and those involving the 
emission of alpha-particles. These methods are: 

(a) The emitted particle of energy E 2 and the recoil particle of energy 
E 3 may be observed at the same angle of observation. 6 = <t> = 90° in 
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the work at the Massachusetts Institute of Technology. If no con¬ 
taminant is present, the Q for the reaction should of course be inde¬ 
pendent of the product examined, particle 2 or particle 3 of the same 



Fig. 49. The Q value of the Bc 9 (t/,o:)Li 7 reaction measured by analysis of the alpha- 
particles emitted, and by analysis of the Li 7 + + ions emitted, i.e., Be 9 (d,Li 7 )He 4 . 
The observed difference in the Q values obtained by the two methods of analysis 
was 7.3 ± 3.4 kev. A correction of 1.5 ± 0.7 kev for surface contamination effects 
wus calculated to be added to the Q measured for the reaction Be 9 (d,a)Li 7 . The 
final Q value is 7.150 ± 0.008 Mcv. The figure is from reference (S32). 

reaction. However, if contamination is present and if it is assumed that 
the particles examined have the same ionic charge, the heavier and 
lower-velocity particle 3 will lose more energy by ionization in traversing 
the contamination layer than the swifter particle 2 of lower mass. The 
Q obtained for a reaction by examination of particle 3 will be less than 
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that obtained by measurement of particle 2 if contaminating surface 
films are present. The losses in energy per unit thickness of the con¬ 
taminant for the incident particle 1, and the emitted particles 2 and d, 
must be calculated from the stopping power versus energy curves (Tart 
II) to obtain correction terms for measured Q values. This method has 



Hp in kilogauss centimeters 

Fig. 50. A resolving power of 230 obtained in the analysis of proton energies from the 
Al 27 (d,p)Al 28 reaction (El). The spectrum was recorded on nuclear track plates in 

the apparatus illustrated in Fig. 48. 

been applied to the reactions Be 9 (d,a) Li 7 and Li G (p,a)He 3 observed at 
90° (S32), and Be 9 (p,a)Li 6 observed at 134° 32' (W10) in which doubly 
ionized particles 2 and 3 were observed. 

( b) In some reactions, Be 9 (d,p)Be 10 and Be 9 (p,d)Be 8 as examples, the 
recoil nuclei are too low in energy to record by the nuclear track plate 
techniques, so that method (a) cannot be used directly. However, the 
effective thickness of the contaminating layer can be measured in the 
case of lithium or beryllium targets by the reactions mentioned in (a). 
The contamination film thickness so measured can then be used to calcu¬ 
late the corrections appropriate for other reactions involving the same 
target nuclei. 
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(c) When neither method (a) nor method (6) can be applied, a related 
but less accurate method can be used. The value of E u the bombarding 
energy, is shifted over wide limits so that the energy of the emitted 
particle is varied. The energy losses of the incident and emitted particles 
will be less at the higher voltages. From the variations in Q and the 
stopping powers involved, a calculation can be made of the thickness of 
the contaminating layer on the target. 


Energy VeV 



Fluxmetcr reading 

Fig. 51. Momentum analysis of the He a and H a singly ionized products of the reac¬ 
tions D 2 (d,He 3 )n, and D 2 (d,/)H' produced by the bombardment of deuterium by 
249-kev deuterons. The angle of observation was 137.8° in the studies made at the 
California Institute of Technology (S19). 

(d) The thickness of the surface contamination can be measured by 
making a comparison between the energies of the primary ions elastically 
scattered by the target material and by the surface film, of course taking 
into account the energy lost in the elastic impact with the scattering 
nuclei concerned. Ions scattered by the target material in going into 
and out of the surface contamination layer are subject to an energy loss 
which can be used to calculate the film thickness from the stopping 
power data. 

The percentage errors arising in the measurement of accurate Q values 
are distributed about as shown in Table 9 and may vary from one 
installation to another and from one experiment to another. In a 
favorable case the final uncertainty in the determination of Q is about 
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TABLE 9 

Representative Sources of Error and Their Magnitude in the 
Precision Measurement of Q Values (B43, S32) 

Source of Error Magnitude (%) 

Angle of observation (deviation from 0 = 90°) 

Spread of beam at entrance slit 
Non-uniformity of magnetic field at target 
and detector 

Uncertainty in reference diameter 
Inhomogeneity of magnetic field 
Determination of field 
Determination of peak locations 
Fundamental constants! 

Calibration particles I 

0.1 percent but more generally is closer to 0.2 percent. Another detailed 
analysis of the various factors contributing to the final error in the 
determination of Q values is given by Snyder el al. (S19) for another 
installation. 

Table 15 lists the Q values determined by deflection spectrometer 
methods and a few of the Q values determined by the less accurate 
methods of range determination and measurement of the total ionization. 
An inspection of Q values measured by both the spectrometer and the 
range methods shows that the values from range measurements are 
consistently lower by amounts varying from 30 kev to nearly 200 kev. 
Since the spectrometer Q values measured by the laboratories listed in 
Table 8 are consistent, the recent precision spectrometer values have 
been used in the preparation of the table of isotopic weights, Table 16. 
Q values from all sources are listed in the various summaries prepared by 
Mattauch (M7, M8), and recent Q values for the ground-state transitions 
and for higher levels are given in the comprehensive reports prepared at 
the California Institute of Technology (H32, L2, H33). 

Table 15 also lists the net energy changes for ground-state transitions 
for 0“ and 0 + disintegration where the energy level schemes are known, 
as well as the Q values for (n,y), (y,n), and ( y,p ) reactions. M. Deutsch 
has very kindly aided in the selection of the data for the beta-disinte¬ 
grations. 

F. Isotopic Weights 

Isotopic weights, commonly called atomic masses, are referred to O 16 
taken as 16 exactly. The experimental data from which atomic masses 
are calculated are measurements of mass differences or mass ratios 


0.03 

0.04 

0.004 

0.022 

Negligible 

0.025 

0.06 

0.04 
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involving two or more atoms or ions, depending on the method of 
measurement (Sections 4A, B, C, D). Wherever the masses can be 
related to O , M-A is obtained, the deviation of the actual mass or 
isotopic weight M from the nearest integral number A, the mass number. 
The results of disintegration experiments yield M-A as the sum of a 
group of Q value measurements converted to equivalent mass units. In 
mass spectrograph measurements, M-A is equal to the sum of one or 
more doublet mass separations. Examples are given later in this dis¬ 
cussion. The doublet mass separations are essentially the ratio of two 
lengths (Section 4A), two resistances (Section 4B), or two time intervals 
(Section 4C) multiplied by a calibrating mass. The Q value measure¬ 
ments are the equivalent of the ratio of two energy values multiplied by 
a calibrating reference energy (Section 4E). 

H 1 , D 2 , and C 12 are frequently used as secondary standards in the 
mass spectrograph measurements of higher atomic weight isotopes, since 
it is often impossible to refer other atoms to O 10 directly. Molecules 
such as OD 2 , C 2 , CH 2 , C 3 , and many others can provide one component 
of a mass spectrograph doublet to relate singly and multiply charged 
ions of the heavier elements to oxygen. 

H 1 , D 2 , and C 12 can be related to the standard, O' 6 = 16 exactly, by 
the simultaneous solution of the three basic doublet equations, 

(H 2 '-D 2 ) = a = (1.5503 ± 15) X 10“ 3 mass units 

(D 3 -C ,2 /2) = b - (42.291 =fc 12) X 10" 3 mass units 

(C ,2 H4-0 16 ) = c = (36.371 ± 12) X 10" 3 mass units 

where the doublet separation values are those of Ewald (E7). 

Solution of these equations yields 


o 16 

H 1 = - + 

16 

3 

8 a + 

1 1 

- 6 H- c 

8 16 

= 1.008141 ± 2 

(135) 

d 2 = ^- 

1 

_ ft _i_ 

1 

— h 

1 

- Ofll*17*31^ QQ 

(136) 

8 

4 a + 

U 

4 

+ 8 C ‘ 

- 4.UH/0 10 X 0*3 

c» = 30,6 - 

4 

3 

— a - 
2 

1 3 

- -6 + -c 

2 4 

= 12.003807 =b 11 

(137) 


Several other methods have been used or suggested for connecting 
C 12 , D 2 , and H 1 to O"’ (B6). A new method for C 12 of particular value 
has been developed by Nier, who measured the doublets C 4 12 -0 16 S 32 
= d = (33.182 ± 7) X 10“ 3 mass units and C 12 0 2 ,6 -C I2 S 32 = e = 
(17.782 rfc 25) X 10“ 3 mass units. 
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g32 = 20 16 - e = 31.982218 ± 25 

c i 2 _ ? o 16 + - - " = 12.003850 ± 6 

4 4 4 

C 12 is related to O'* by the use of only two doublets. Once g 2 is fixed 
H 1 can be obtained from the oxygen-methane doublet c and D from 

hydrogen-deuterium doublet a. 

Accurate Q values, the net energy changes in nuclear reactions, have 
been obtained in the past three years for ground-state transitions for all 
the lighter elements through z = 9 and a considerable number of others 
(see Table 15). The reaction 0 ,6 (d,a)N‘\ first measured accurately 
by Strait, Bucchner el al. (S32), is particularly important as it supplies 
the link from lower mass atoms to O' 6 enabling the construction of a 
disintegration mass scale independent of mass spectrographic results for 

the light elements. , , 

Li et al (L10) have made a comprehensive statistical study and ad¬ 
justment of all the available disintegration results from which a table 
of atomic masses was calculated. The chain of reactions and Q values 
used for the determination of H 1 in terms of O' 6 was 


H 1 = 2 !! + _L [—9Q„ + 10 Q b + 5 Q c 
16 16 


- (Q,-Q 1 -Q 3 + Q4+Q S + Qe + Q7 -<?*)] X 1.074 X 10- 3 (140) 

where the Q values are associated with the reactions and cycles listed 
below: 


Qa = n - H 1 
Q b = n + H*-D 2 
Q e = 2D 2 -He 4 
Qi = 0 16 (d,«)N 14 


q 2 = C 14 W)N 14 
Qz = C I3 (d,p)C 14 
Q\ = C 13 (d,a)B u 
Q s = B u (d,a)Be 9 


Q 6 = Be 9 (p,a)Li ( 
Q 7 = Li 6 (p,o)He 
Q 8 = D 2 (d,n)He J 


There are many other alternative chains of reactions which can connect 
H 1 and O 16 but, as the Q values were adjusted to be mutually consistent, 
the value of a particular mass is independent of the path or chain used 
(L10). 

The mass of the neutron is obtained from the equation for Q a • Qa is 
obtained as the weighted mean of eight different “cycles.” For example, 
in one cycle Q a is given by the addition of the separate Q values for 
C 14 (p,n)N 14 and C 14 (/3)N 14 (L9, L10). Once the masses of n and H 1 
are known, D 2 is obtained from the equation for Q b and He 4 follows from 
the equation for Q c . It is also possible to solve first for He 4 and then 
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obtain D 2 , H\ and n by similar use of Q e , Q b , and Q a (B11). The values 
of Q b and Q e , and Q a as mentioned earlier, can be obtained from many 
disintegration cycles and represent statistically weighted mean values. 
The Q values are listed in Table 15. 

Once the masses of the bombarding and emitted particles are 
known, N 4 can be obtained in terms of O 16 from the value of Q, for the 
O (d,<*)N 14 reaction, or the mass can be obtained of any other com¬ 
ponent of the chain which was solved for H 1 (Eq. 140). 

2 o he table of masses prepared by Li et al. (L10) which extends through 
F has been adopted for the masses of the lighter isotopes and is 
reproduced as the first part of Table 16. The agreement between the 
disintegration values for H>, D 2 , He 4 , C 12 , N 14 , O 17 , F 19 , and the same 
masses derived from Ewald’s (E7) mass spectrograph doublets is within 
the probable errors of the tabulated values with the exception of O 17 
and F 19 as illustrated in Table 10. The difference between Nier’s value 


TABLE 10 

Comparison op the Isotopic Masses Common to the 1951 
Disintegration and Mass Spectrograph Scales 



Li et al. (L10) 

Ewald (E7) 

H 1 

1.008 142 ±3 

1.008 141 ± 2 

D 2 

2.014 735 ±6 

2.014 7315 ±33 

He 4 

4.003 873 ± 15 

4.003 859 ± 12 

C 12 

12.003 804 ± 17 

12.003 807 ± 11 

N 14 

14.007 515 ± 11 

14.007 526 ± 15 

O” 

17.004 533 ±7 

17.004 507 ± 15 

F 19 

19.004 456 ± 15 

19.004 413 ± 15 


for C 12 , Eq. (139), and that obtained by Ewald (E7) and Li (L10) is 
puzzling, and no reason for the difference has been advanced. The 
values for H 1 , D 2 , and C 12 given by Li et al., later supported by Ewald’s 
independent results, were adopted for use as secondary standards. 

Ewald’s results are of the greatest value in conjunction with those of 
Li el al. as an experimental demonstration of the equivalence of mass and 
energy. This is evident from an inspection of Table 11 in which the basic 

TABLE 11 

Basic Mass Spectrograph Doublets and 2D 2 -He 4 


2H 1 -D 2 

2D 2 -He 4 

3D-C l2 /2 

C ,2 H 4 , -0 16 


Computed from Directly 

Nuclear Data (L10) Measured (E7) 


1.5494 ± 24 
25.596 ±8 
42.302 ± 16 
36.372 ± 19 


1.5503 ± 15 
25.604 ±8 
42.291 ± 12 
36.371 ± 12 
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mass spectrograph doublets, and 2D 2 -He 4 , computed from nuclear data 
are listed with Ewald’s direct measurements of the mass differences. 
The rest of the table is based mainly on the measurements of Duckworth 
whose results allow the intermediate and higher masses to be referred 
to O 10 . The mass values of adjacent isotopes are obtained from dis- 



Fig. 52. Packing fraction, ( M-A)/A , curve based on mass spectrograph and nuclear 
data (D13). There arc marked indications of nuclear shell structure. 

integration or reaction Q values for 0, n, y, dp, pn, etc., nuclear 
processes. The masses of elements from Z = 80 to Z = 98 were kindly 
furnished by M. O. Stern (private communication). Figure 52 is a pack¬ 
ing fraction curve prepared by Duckworth (D13) showing evidence of 
breaks in the curve at points corresponding to possible proton and neu¬ 
tron shell structures. 

Only a small proportion of the total number of available isotopes has 
been measured accurately. The wide application and utility of mass 
data to many problems in nuclear physics require that all methods of 
attack in this field be developed vigorously. 
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TABLE 12 


Relative Isotopic Abundances of the Elements 


z 

Isotope 

Abundance 
(atom %) 

Remarks 

Reference 

Symbol 

Mass 

Number 

1 

H 

1 

99.9851 


V4 



2 

0.0149 



2 

He 

3 

1.3 X 10“ 4 


FI 



4 

99.9999 



3 

Li 

6 

7.52 


L12 



7 

92.47 



4 

Be 

9 

100 


N7 

5 

B 

10 

18.98-18.45 

Variable from 

T4 



11 

81.02-81.55 

different 



. 



sources 


6 

C 

12 

98.892 

From lime¬ 

N26 





stone 




13 

1.108 



7 

N 

14 

99.635 


N26 



15 

0.365 



8 

O 

16 

99.758 

From air 

N26 



17 

0.0373 





18 

0.2039 



9 

F 

19 

100 

• 

A9 

10 

Ne 

20 

90.92 


N27 



21 

0.257 





22 

8.82 



11 

Na 

23 

100 


SI 

12 

Mg 

24 

78.60 


W6 



25 

10.11 





26 

11.29 
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TABLE 12 ( Continued) 


Relative Isotopic Abundances of the Elements 


z 

Isotope 

Abundance 
(atom %) 

Remarks 

Reference 

Symbol 

Mass 

Number 

13 

A1 

27 

100 


A15 

14 

Si 

28 

92.27 


Average Nl, 



29 

4.68 


W9, 11 



30 

3.05 



15 

P 

31 

100 


A9 

16 

S 

32 

95.1 


N8 and 



33 

0.74 


“lightest” 



34 

4.2 


sample T5 



36 

0.016 



17 

Cl 

35 

75.4 


N4 



37 

24.6 



18 

A 

36 

0.337 


N26 



38 

0.063 





40 

99.600 



19 

K 

39 

93.08 


N26 



40 

0.0119 





41 

6.91 



20 

Ca 

40 

96.97 


N8 



42 

0.64 





43 

0.145 





44 

2.06 





46 

0.0033 





48 

0.185 



21 

Sc 

45 

100 


A17, L7 

22 

Ti 

46 

7.95 


N8 



47 

7.75 





48 

73.45 





49 

5.51 





50 

5.34 
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Relative Isotopic Abundances 

TABLE 12 {Continued) 

Relative Isotopic Abundances of the Elements 


z 

Isotope 

Abundance 
(atom %) 

Remarks 

Reference 

Symbol 

Mass 

Number 

33 

As 

75 

100 


A9, N7 

34 

Se 

74 

0.87 


W6 



76 

9.02 





77 

7.58 





78 

23.52 






49.82 





82 

9.19 



35 

Br 

79 

50.52 


W9 



81 

49.48 



36 

’ Kr 

78 

0.354 


N27 



80 

2.27 





82 

11.56 





83 

11.55 





84 

56.90 





86 

17.37 



37 

Rb 

85 

72.15 


N27 



87 

27.85 



38 

Sr 

84 

0.56 


N10 



86 

9.86 





87 

7.02 





88 

82.56 



39 

Y 

89 

100 


A12, D7 

40 

Zr 

90 

51.46 


W6 



91 

11.23 





92 

17.11 





94 

17.40 





96 

2.80 



41 

Nb 

93 

100 


A16, S2, C16 

42 

Mo 

92 

15.86 


W9 



94 

9.12 





95 

15.70 
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TABLE 12 (i Continued) 


Relative Isotopic Abundances of the Elements 



Isotope 

Abundance 
(atom %) 

Remarks 

Reference 

z 

Symbol 

Mass 

Number 

42 

Mo 

96 

16.50 


W9 



97 

9.45 





98 

23.75 





100 

9.62 



44 

Ru 

96 

(5.68) 

Adopted 

E2 



98 

(2.22) 

tentatively 




99 

(12.81) 





100 

(12.70) 





101 

(16.98) 





102 

(31.34) 





104 

(18.27) 


• 

45 

Rh 

103 

100 


A19, C16 

46 

Pd 

102 

0.8 


S2 



104 

9.3 





105 

22.6 





106 

27.2 





108 

26.8 





110 

13.5 



47 

Ag 

107 

51.35 


W6 



109 

48.65 



48 

Cd 

106 

1.215 


L4 



108 

0.875 





110 

12.39 





111 

12.75 





112 

24.07 





113 

12.26 





114 

28.86 





116 

7.58 



49 

In 

113 

4.23 


W6 



115 

95.77 



50 

Sn 

112 

0.95 


Average W6, 



114 

0.65 


H22, H26 
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Relative Isotopic Abundances of the Elements 



Isotope 

Abundance 
(atom %) 

Remarks 

Reference 

z 

Symbol 

Mass 

Number 

Rfl 

Sn 

115 

0.34 


Average VV6, 



IB 

14.24 


H22, H26 



fit 

7.57 





u m 

24.01 





■ 'M 

8.58 





120 

32.97 





122 

4.71 





124 

5.98 



51 

Sb 

121 

57.25 


W6 



123 

42.75 



52 

Te 

120 



Average W9, 



122 

2.46 


W6 



123 

0.87 





124 

4.61 





125 

6.99 





126 

18.71 





128 

31.79 





130 

34.49 



53 

I 

127 

100 


A10, N7, L5 





4 


54 

Xe 

124 

0.096 


N27 



126 

0.090 





128 

1.919 





129 

26.44 





130 

4.08 





131 

21.18 





132 

26.89 





134 

10.44 





136 

8.87 



55 

Cs 

133 

100 


A10, N7 

56 

Ba 

130 

0.101 


N10 



132 

0.097 





134 

2.42 





135 

6.59 
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TABLE 12 (< Continued) 


Relative Isotopic Abundances of the Elements 


z 

Isotope 

Abundance 
(atom %) 

Remarks 

Reference 

Symbol 

Mass 

Number 

56 

Ba 

136 

7.81 


N10 



137 

11.32 





138 

71.66 



57 

La 

138 

0.089 


15, 16 



139 

99.911 



58 

Ce 

136 

0.193 


16 



138 

0.250 





140 

88.48 





142 

11.07 



59 

Pr 

141 

100 


A13, 18 

60 

Nd 

142 

27.13 


18 



143 

12.20 





144 

23.87 





145 

8.30 





146 

17.18 





148 

5.72 





150 

5.60 



62 

Sm 

144 

•3.16 


17 



147 

15.07 





148 

11.27 





149 

13.84 





150 

7.47 





152 

26.63 





154 

22.53 



63 

Eu 

151 

47.77 


H20 



153 

52.23 



64 

Gd 

152 

0.20 


Average H20, 



154 

2.15 


L7 



155 

14.73 





156 

20.47 





157 

15.68 
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TABLE 12 (I Continued) 


Relative Isotopic Abdndances of the Elements 


z 

Isotope 

Abundance 
(atom %) 

Remarks 

Reference 

Symbol 

Mass 

Number 

64 

Gd 

158 

24.87 


Average H20, 



160 

21.90 


L7 

65 

Tb 

159 

100 


A18, H20 

66 

Dy 

156 

0.0524 


no 



158 

0.0902 





160 

2.294 





161 

18.88 





162 

25.53 





163 

24.97 





164 

28.18 



67 

Ho 

165 

100 


A18, L7 

68 

Er 

162 

0.136 


H7 



164 

1.56 





166 

33.41 





167 

22.94 





168 

27.07 





170 

14.88 



69 

Tm 

169 

100 


A18 

70 

Yb 

168 

0.140 


Average L7, 



170 

3.03 


H6 



171 

14.31 





172 

21.82 





173 

16.13 





174 

31.84 





176 

12.73 



71 

Lu 

175 

97.40 


H7 



176 

2.60 



72 

Hf 

174 

0.18 


H22 



176 

5.15 





177 

18.39 
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TABLE 12 ( Continued) 


Relative Isotopic Abundances op the Elements 


z 

Isotope 

Abundance 
(atom %) 

Remarks 

Reference 

Symbol 

Mass 

Number 

72 

Hf 

178 

27.08 


H22 



179 

13.78 





180 

35.44 



73 

Ta 

181 

100 


A16, W6 

74 

W 

180 

0.135 


W9 



182 

26.4 





183 

14.4 





184 

30.6 





186 

28.4 



75 

Re 

185 

37.07 


W6 



187 

62.93 



76 

Os 

184 

0.018 


N6 



186 

1.59 





187 

1.64 





188 

13.3 





189 

16.1 





190 

26.4 





192 

41.0 



77 

Ir 

191 

38.5 


S2 



193 

61.5 



78 

Pt 

190 

0.012 


14, L5 



192 

0.78 





194 

32.8 





195 

33.7 





196 

25.4 





198 

7.23 



79 

Au 

197 

100 


D6 

80 

Hg 

196 

0.146 


N27 



198 

10.02 





199 

16.84 
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TABLE 12 (i Continued) 


Relative Isotopic Abundances of the Elements 


z 

Isotope 

Abundance 
(atom %) 

Remarks 

Reference 

Symbol 

Mass 

Number 

80 

Hg 

200 

23.13 


N27 



201 

13.22 





202 

29.80 





204 

6.85 



81 

T1 

203 

29.50 


Average 1122, 



205 

70.50 


W6 

82 

Pb 

204 

1.48 

Lead from 

N9 



206 

23.6 

Great Bear 




207 

22.6 

Lake 




208 

52.3 

galena 


83 

Bi 

209 

100 


A13, N10 

90 

Th 

232 

100 


A19, D9 

92 

U 

234 

0.0058 


Average Nil, 



235 

0.715 


G10, K6 



238 

99.28 
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TABLE 13 


Experimental Upper Limits of Isotopic Abundance 


z 

Symbol 

Mass Number 

Experimental 
Upper Limit 

(%) 

Refer¬ 

ence 

1 

H 

3 

io-i° 

S7 

2 

He 

5 

lO" 12 

M10 

3 

Li 

5 

0.0005 

SI 



8 

0.001 

W6 

4 

Be 

8 

0.001 

N7 

5 

B 

7, 8, 12 

0.003 

11 



9 

0.006 




13, 14 

0.0003 


10 

Ne 

23 

0.01 

B28 

11 

Na 

20, 21, 24, 25 

0.002 

B37 



22 

0.002 

SI 

14 

Si 

24, 33, 34, 35 

0.002 

11 



25, 32 

0.003 




26 

0.006 




27 

0.005 

W9 



31 

0.005 

11 

16 

S 

30 

0.002 

N8 



31 

0.005 




35 

0.002 

• 



37, 38 

0.0005 


17 

Cl 

39 

0.0038 

N4 

18 

A 

37 

0.005 

N8 



39, 41 

0.01 




42 

0.0003 


19 

K 

42, 43 

0.00062 

N3, N5 

20 

Ca 

38 

0.0017 

N8 



39 

0.0025 




41 

0.0007 




45, 47, 49, 50 

0.0005 
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TABLE 13 (Continued) 


Experimental Upper Limits of Isotopic Abundance 


z 

Symbol 

Mass Number 

Experimental 
Upper Limit 
(%) 

Refer¬ 

ence 

21 

Sc 

41 

0.001 

L7 



42, 43, 48, 49 

0.0002 




44 

0.0005 




46 

0.002 




47 

0.01 


22 

Ti 

42, 51, 52, 53 

0.0007 

N8 



43 

0.007 




44, 45 

0.0014 




54 

0.0029 


24 

Cr 

49, 51, 56 

0.0008 

N13 



55 

0.0056 


25 

Mn 

53,57 

0.0067 

S2 

26 

Fe 

52, 53 

0.0018 

N13 



55 

0.0046 




59 

0.013 




60 

0.003 


27 

Co 

57 

0.003 

M12 

30 

Zn 

63 

0.0006 

N5 



65 

0.0012 




69 

0.0008 


33 

As 

71-73, 77-79 

0.001 

N7 



74 

0.005 




76 

0.002 


35 

Br 

73, 87 

0.004 

B32 



74, 86 

0.008 




75, 84, 85 

0.013 




76 

0.017 




77,83 

0.033 




78, 80, 82 

0.005 

W9 

36 

Kr 

76, 77, 79, 81, 88 

0.0011 

N7 



85, 87 

0.0023 
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TABLE 13 ( Continued) 


Experimental Upper Limits of Isotopic Abundance 


z 

Symbol 

Mass Number 

Experimental 
Upper Limit 

(%) 

Refer¬ 

ence 

37 

Kb 

80, 81, 82, 89, 90 

0.0007 

N5 



83 

0.0012 




84 

0.006 




86 

0.0056 




88 

0.0033 


38 

Sr 

80, 81, 82 

0.0004 

N10 



83, 89 

0.0008 




85 

0.0017 




90, 91, 92 

0.00028 


39 

Y 

91 

0.05 

D7 

40 

Zr 

88, 89, 93, 95, 97, 98, 99 

0.02 

W6 

41 

Nb(Cb) 

91 

0.25 

S2 



95 

0.025 

C16 

42 

Mo 

88, 89, 90, 91, 93, 99 

0.02 

MO 



102, 103, 104, 105 

0.02 




101 

0.03 


45 

Rh 

101 

0.0033 

CIO 



102 

0.02 




104 

0.017 




105 

0.0017 


48 

Cd 

107, 109 

0.043 

N5 



115 

0.125 




118 

0.0068 


49 

In 

110, 111 

0.01 

SI 



112, 116, 117 

0.02 




114 

0.5 




118 

0.12 




119 

0.003 


51 

Sb 

119, 120, 122, 124, 125 

0.1 

K13 

52 

Te 

118 

0.0003 

L5 
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TABLE 13 ( Continued) 


Experimental Upper Limits of Isotopic Abundance 


z 

Symbol 

Mass Number 

Experimental 

Upper Limit 

(%) 

Refer¬ 

ence 

53 

I 

123, 124, 125 

0.002 

N7 



126 

0.004 




128 

0.0067 




129 

0.000033 

L5 



130 

0.0008 

N7 



131 

0.0004 


54 

Xc 

122, 123, 125 

0.00045 

N7 



127 

0.0009 




133, 135, 137, 138 

0.0018 


65 

Cs 

129, 130, 136, 137 

0.001 

N7 



131 

0.005 




132 

0.025 




134 

0.017 




135 

0.002 


56 

Ba 

128, 129,131,133,140, 141 

0.0007 

N10 



139 

0.002 




142 

0.00036 


57 

La 

"Any other” 

0.002 

16 

58 

Ce 

134, 135, 137 

0.004 

16 



139, 141 

0.02 




143, 145, 146 

0.004 


59 

Pr 

138 

0.002 

18 



139 

0.003 




140, 142 

0.005 




143 

0.01 




144, 145 

0.001 


60 

Nd 

138, 151, 152, 153, 154 

0.002 

18 



139 

0.02 




140 

0.004 




141, 147 

0.01 




149 

0.005 


62 

Sm 

140, 141, 142 

0.001 

17 



143, 145, 146 

0.002 
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TABLE 13 ( Continued) 


Experimental Upper Limits of Isotopic Abundance 


z 

Symbol 

Mass Number 

Experimental 
Upper Limit 

(%) 

Refer¬ 

ence 

62 

Sm 

151 

0.02 

17 



153, 155 

0.01 




156, 157, 158 

0.002 


63 

Eu 

147, 148, 149, 156, 157 

0.002 

1120 



150 

0.005 




152 

0.01 




154 

0.007 




155 

0.004 


64 

Gd 

149 

0.001 

L7 



150, 153 

0.0005 




151 

0.0003 




159, 162 

0.002 




161 

0.001 


65 

Tb 

"No other" 

0.03 

H20 

66 

Dy 

154, 155, 157, 166 

0.002 

no 



159 

0.008 




165 

0.011 


67 

Ho 

161, 162, 163, 164 

0.04 

L7 



166, 167, 168 

0.001 




169 

0.004 


68 

Er 

160, 161 

0.0008 

H7 



163 

0.0009 




165 

0.003 




169 

0.008 




171 

0.005 




172 

0.0014 


70 

Yb 

166, 177 

0.001 

L7 



167, 169, 178 

0.0005 




175 

0.02 

H6 

71 

Lu (Cp) 

173, 174 

0.008 

H7 



177, 178 

0.006 


73 

Ta 

"No other" 

0.01 

W6 
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TABLE 13 ( Continued) 


Experimental Upper Limits of Isotopic Abundance 


z 

Symbol 

Mass Number 

Experimental 
Upper Limit 
(%) 

Refer¬ 

ence 

74 

W 

174, 175, 176, 177 

0.001 

11 


178 

0.002 




179 

0.005 




181, 185 

0.01 




187 

0.02 




188 

0.006 




189, 190 

0.002 




191, 192 

0.001 


75 

Re 

180-184, 186, 188-190 

0.01 

W6 

76 

Os 

182, 183, 185 

0.003 

N6 


191 

0.011 




193 

0.007 




194 

0.004 


79 

Au 

' 

0.2 

D6 

80 

Hg 

194, 195 

0.0015 

N7 


197 

0.0037 




203 

0.0006 

N10 



205, 206 

0.0017 

N7 

81 

T1 

199-201, 206-209 

0.0014 

N10 


202, 204 

0.0023 


82 

Pb 

203 

0.002 

N9 



205 

0.01 




209 

0.001 




210 

0.001 


83 

Bi 

205-207, 211-213 

0.001 

N10 



208, 210 

0.002 


92 

U 

231-233, 236 

0.0029 

Nil 



237, 239 

0.0083 




240-242 

0.0015 
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Atomic Masses 


[Pt. V 


(Al) 

(A2) 

(A3) 

(A4) 

(A5) 

(A6) 

(A7) 

(A8) 

(A9) 

(A10) 

(All) 

(A12) 

(A13) 

(A14) 

(A 15) 

(A 16) 

(A 17) 

(A 18) 

(A 19) 

(A20) 

(A21) 

(Bl) 

<B2) 

(B3) 

(Bl) 

(B5) 

(BO) 

(B7) 

(B8) 


(B9) 

(BIO) 

(Bll) 

(B12) 
(B13) 
(B14) 
(B15) 
(B16) 
(B17) 
(B18) 
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TABLE 14 


Mass Spectrograph Doublet Measurements 


Isotopes 

Doublet 

A.\/ in Milli 
Mass Units 

Remarks 

Reference 

H 1 , D 2 , He 4 , 

H 2 '-D 2 

1.52 

±4 f 


As36 \ 

c 12 


1.53 

±4 


Ba36 



1.5390 ±21 


Ma38, 






Ma40 



1.549 

±6 


Ro50 



1.5519 ± 17 


Ro51 



1.5503 ± 15 


Ew51 


D 2 2 -He 

1.5494 ±24 

Disintegration value 

Li51 


25.51 

±8 


As36 



25.61 

±4 


Ba37 



25.604 

±8 


Ew50 



25.612 

±9 


Ni51 


D 3 2 -C ,2 /2 

25.596 

±8 

Disintegration value 

Li51 


42.36 

± 12 


As36 



42.19 

± 5 


Ba37 



42.239 

±21 


Ma38 



42.291 

± 12 


Ew51 


He^-O 18 ^ 

42.302 

± 16 

Disintegration value 

Li51 


7.72 

± 12 


Bn38 


C ,2 H 4 l -0 ,e 

36.01 

± 16 


As36 



36.49 

±8 


Ba37a 



36.381 

±29 


Ma38 



36.42 

±9 


As40 



36.320 

±35 


Jo41 



36.480 

±63 

Direct measurements 

Ni51 



36.478 

±22 

All Ni51 data 

Ni51 



36.371 

± 12 


Ew51 



36.372 

± 19 

Disintegration value 

Li51 

Li 8 

D 3 2 -Li 8 

26.41 

±30 


Ba33 

Li 7 

Li 7 -N ,4 /2 

14.43 

± 10 


Ba37 

Be 9 

BeW-B 10 

6.96 

±20 


Jo37 

B>°, B" 

Be 9 H 1 -Ne 20 /2 

23.91 

±20 


Jo37 


B^-Ne 20 ^ 

16.84 

± 15 


As37 


t The errors following the sign ± apply to the figure printed last in the value of 
the doublet separation listed. 

t References for Tables 14, 15, and 16 will be found on pages 759 to 766. 
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TABLE 14 ( Continued) 


Mass Spectrograph Doublet Measurements 


Isotopes 

Doublet 

AM in Milli 
Mass Units 

Remarks 

Reference 

B 10 , B“ 

B'O-Ne 20 ^ 

16.75 ± 15 


Jo37 

(Coni.) 

(Con/.) 

16.795 ± 106 

Average 




11.6 ±1 


Jo37 


B^H'-Ne 22 ^ 

25.1 ±5 


Jo37 


B ,0 H 2 '-C' 2 

28.75 ±20 


Jo37 


B“-Ne 22 /2 

13.60 ± 15 


Jo37 


B'W-C 12 

17.14 ±10 


Jo37 

C I3 

C^H'-C 13 

4.5 ± 1 


Ba36 



4.37 ±5 


Ma37 



4.410 ± 8 


Ew46 

N .4 

C ,2 Hj*-N 14 

12.45 ±7 


As36 



12.74 ±8 


Ba37a 



12.581 ± 23 


Ma40 



12.57 ±6 


As40 



12.56 ± 15 


Jo41 



12.522 ± 12 


Ew46 



12.597 ±21 

Direct measurements 

Ni51 



12.586 ± 13 

All Ni51 data 

Ni51 



12.564 ± 10 


Ew51 

H>, C' 2 , N 14 , 

C ,2 Hj , -N l4 H l 

12.563 ±27 


Ma40 

“check 1 * 


12.563 ± 13 


Jo41 

doublets 


12.550 ± 13 


Jo41 


N ,4 HrO ,# 

23.69 ± 15 


Ba37a 



23.780 ±32 




N ,4 Hj-O l# H 

23.661 ±39 




C^IL'-C^o 16 

36.443 ± 22 


Ni51 


C2 ,2 H 4 -N2 14 

25.170 ±25 


Ni51 


N 2 ,4 -C ,2 0 ,fi 

11.17 ±20 


Ba37a 



11.222 ±40 


Ma38 



11.273 ± 14 

Direct measurements 

Ni5l 



11.280 ± 13 

All Ni51 data 

Ni51 


C3 ,2 H8-C 12 0 2 16 

72.968 ± 44 


Ni51 



72.967 ±41 


Ni51a 



72.854 ± 15 


Co51 


C3 ,2 H8-N 2 ,4 0> 6 

61.76 ±9 


Ni51 

N 16 

c ,2 h 3 1 -n» 5 

23.820 ± 75 


Ma36 



23.308 ± 20 


Ew46 
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Isotopes 

Doublet 

A.V in Mill! 
Mass Units 

N 16 ( Coni .) 

N ,4 H-N 16 

10.74 ±20 
10.772 ± 20 

o» 7 

0 ,8 D 2 2 H'-0« 7 D 2 2 

3.634 ± 15 

O' 8 

o ,8 h 2 »-o> 8 

o ,8 d 2 2 -o ,8 ii 2 ' 

12.57 ± 18 
10.44 ± 18 
12.0 

8.312 ± 12 

p»* 

O l4 H , D 2 -F l * 

D 2 2 0 ,e -F ,9 H 

18.33 ±29 
16.909 ± 15 

Ne 20 

O l8 D,*-Ne* 

C'W-Ne 20 

O^Hj'-Ne 20 

30.83 ±40 
30.65 ± 10 
30.721 ± 39 
30.688 ± 10 
63.816 ±50 
22.391 ± 10 

Ne« 

Ne^H'-NV 1 

HD 2 2 O ie -Ne 21 

7.26 ±20 
37.212 ±20 

Nc“ 

See B 11 


Al 27 

Ci^Hj'-AI 27 

(40.5) 

42.350 ±65 

Si 28 

Cj^lL'-Si 28 

C ,2 0 ,8 -Si 28 

54.46 ±15 
17.2 ±6 
18.06 ±9 
18.015 ±30 

Si 29 

B'OF^-Si 29 

34.2 ±6 

Si 30 

CH 3 -Si M /2 

36.795 ±8 

p3. 

C 12 F 19.p31 

o 2 ,6 -p 31 h 

24.4 ±5 

8.249 ± 30 

S 32 

<V fl -s» 

17.7 ±3 


Remarks 


Ap.f. 

19.45 

±6 

Ap.f. 

6.45 

±3 


Ap.f. 24.53 ±5 


Reference 


Jo36 

Ew46 

Ew51 

M&36 

As37 

Ma37a 

Ew51 

As37 

Ew51 

As37 

Jo37 

Ni51 

Ew51 

Ma38 

Ew51 

Jo37 

Ew51 


As37 

F143 

Du50d 

As37 

Du50d 

Ew51 

As37 

Du50c 

As37 

Ew51 

As37 
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TABLE 14 ( Continued) 


Mass Spectrograph Doublet Measurements 


Isotopes 

Doublet 

A.V/ in Mill! 
Mass Units 

Remarks 

Reference 

S 32 ( Cont .) 

0 2 ,6 -S 32 (Cont.) 

19.15 =fc 11 




17.63 ± 10 

Ap.f. 5.51 ±3 




17.716 ± 20 




17.764 ± 7 


Co51 


C ,2 0 2 ,6 -C ,2 S 32 

18.94 ±23 


Ok41 



17.782 ±25 


Ni51 


c 4 ,2 -s 3 *o ,# 

33.182 ±7 


Ni51a 



33.132 ± 13 


Co51 


Ce ,2 H 4 , -C ,2 S 2 32 

87.326 ± 58 


Ni51a 


P 3, H‘-S 32 1 

P 3I H 3 I -S"H, 1 | 

9.504 ± 20 


Ew51 

S 33 

c 4 ,2 h 1 -s 33 o 16 

41.385 ± 46 


Co51 

S 34 

C4 ,2 H 2 , -S 34 0“ 

52.900 ±40 


Co51 


s 32 h 2 '-s 34 

20.04 ±32 


Ok41 


P 3i Hj , -S* 4 

29.275 ± 20 


Ew51 

Cl 36 

C 3 ,a -CI“H 

22.5 

±7 


As37 



24.67 ± 17 


Ok40 



23.341 ± 44 


Co51 


S 34 H 2 , -C1 35 H i 

6.740 ±25 


Ew51 

CF 

Cj'W-CI 37 

41.2 

± 7 


As37 



42.17 ±9 


Ok40 


Cj ,2 H 2 i -C1 37 H i 

41.98 ± 11 


0k40 



42.014 ±46 


Co51 

A 3« 

c 3 ,2 -a 36 

32.6 

±7 


As37 



32.501 ±33 


Co51 


0 ,6 H 2 i - A m /2 

(27.10 ±36) 


As37 



26.702 ± 40 


Ni51 



26.819 ± 28 


Co51 

A 38 


52.910 ±40 


Co51 

A 40 

O i# D 2 2 -A 40 /2 

41.89 ±20 


Jo37 



41.967 ± 18 


Ni51 



41.953 ± 12 


Ew51 


Ne 20 -A 40 /2 

10.88 ±30 


As37 
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Isotopes 

Doublet 

A.V in Milli 
Mass Units 

Remarks 

Reference 

Ti 48 (Coni.) 

0 I6 -Ti 48 /3 

11.55 ±15 

Ap.f. 7.22 ±10 

De38 



12.16 ± 11 

Ap.f. 7.60 ±7 

Du42 



11.98 ±6 

Ap.f. 7.49 ±4 

DuSla 

Ti 49 

C 4 ,2 H'-Ti 49 

58.83 ±51 


Ok41 



59.93 ±5 


Co52 

Ti 60 

CVW-Ti 80 

69.46 ±36 


Ok41 



70.892 ± 29 


Co52 

V 61 

C 4 12 H, i -V si 

79.28 ±5 


Co52 

Cr 80 

(VW-Cr 60 ^ 

35.75 ±7 

Ap.f. 14.30 ±3 

Du50b, 





Du50 


C 4 I2 H 2 ‘-Cr“ 

67.32 ±37 


Og49 



69.56 ±6 


Co52 

Cr“ 

<V , H t , -Ci“/2 

45.422 ±65 

Ap.f. 17.470 ±25 

Du50b, 





Du50 


C 4 I2 II 4 ! -Cr 62 

92.03 ±42 


Og49 



90.88 ±9 


Co52 


C ,2 II, , Cl 37 -Cr 52 

47.94 ±78 


As38 

Cr 63 

C 4 I2 H*'-Cr“ 

100.87 ±41 


Og49 



98.38 ±8 


Co52 

Cr” 

(VW-Cr* 

110.00 ±46 


Og49 



107.9 ±2 


Co52 

Mn“ 

C 4 ,2 H 7 ! -Mn M 

116.58 ± 11 


Co52 

Fe M 

Ct l2 H| , -Fe M /2 

53.76 ± 11 

Ap.f. 19.91 ±4 

Du50b, 





Du50 


C 4 ,2 H 6 , -Fe M 

106.53 ±47 


Og49 



107.20 ±5 


Co52 

Fe 66 

N l4 -Fe 56 /4 

17.22 ±56 

Ap.f. 12.3 ±4 

De38 


C 2 ,2 H 4 , -Fe 56 /2 

64.20 ±20 

Ap.f. 22.93 ±7 

Du50d 


C ,2 0 ,6 -Fe“/2 

27.44 ±6 

Ap.f. 9.80 ±2 

Du50d 


Si 28 -Fe 58 /2 

9.296 ± 56 

Ap.f. 3.32 ±2 

Du50a 


(VW-Fe* 

123.5 ±1.5 


Ok40 
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Mass Spectrograph Doublet Measurements 


Isotopes 

Doublet 

AAf in Milli 
Mass Units 

Remarks 

Reference 

Fe 86 (Coni.) 

(VW-Fe* 

127.13 ±23 


Og49 


(Coni.) 

127.82 ± 10 


Co52 

Fe M 

C 4 ' 2 H 9 '-Fe S7 

133.81 ±50 


Og49 



135.09 ±9 


Co52 

Fe 88 

C 4 , *H I0 I -Fe M 

145.88 ±47 


Og49 



144.8 ±4 


Co52 

Ni M 

C, ,2 Hs*-Ni M /2 

72.38 ±61 

Ap.f. 24.96 

Sh49 



71.38 ± 12 

Ap.f. 24.73 ±4 



C ,2 0 ,8 H*-Xi M /2 

35.06 ± 12 

Ap.f. 12.09 ± 4 



Si w -Ni“/2 

8.903 ± 58 

Ap.f. 3.07 ±2 



C 4 l2 H,o , -Ni M 

137.12 ±39 


Ok41a 



143.38 ±9 


Co52 

Ni 80 

8i 30 -Ni 80 /2 

8.70 ±6 

Ap.f. 2.90 ±2 

Du 50a. 







CV’-Ni 60 

69.59 ±31 


Ok41a 



71.40 ±66 

Ap.f. 11.90 




70.20 ±29 


Co52 

Ni 81 

<V 2 H*-Ni #l 

73.5 ±1.5, 


Ok41a 



80.76 ±74 

Ap.f. 13.24 

Sh49 



78.29 ±23 


Co52 

Ni 82 

Cs ,2 H r Ni« 

86.07 ±37 


Ok41a 



91.39 ±51 

Ap.f. 14.74 

Sh49 



88.69 ±8 


Co52 

Ni 64 

Oj ,8 -Ni w /2 

26.40 ± 10 

Ap.f. 8.25 ±3 

Du51b 


S 32 -Ni 84 /2 

8.48 ±6 

Ap.f. 2.65 ±2 

Du51b 


Cs ,2 H 4 '-Ni 84 

104.48 ±54 


Ok41a 


C ,3 C 4 l2 H* l -Ni M 

102.53 ±95 

Ap.f. 16.02 

Sh49 


S 32 02 I8 -Ni w 

34.69 ±7 


Co52 

Cu 83 

C^W-Cu 83 

94.39 ±5 


Co52 

Cu 65 

Cs^Hs'-Cu 85 

111.59 ±5 


Co52 

Zn 84 

0 18 -Zn w /4 

(12.29) 


De48 



(12.72) 

A(p.f. 8.00, 7.85, 7.98) 

Du50a 
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TABLE 14 (Continued) 


Mass Spectrograph Doublet Measurements 


Isotopes 

Doublet 

Ail/ in Milli 
Muss Units 

Remarks 

Reference 

Zn** {Coni.) 

<V # -Zn w /2 

CtfW-Zn* 4 

S^O^-Zn* 4 

25.246 ±22 
98.23 ±64 
32.682 ± 20 



Zn 66 

<V 2 H*'-Zn“ 

121.38 ±39 
120.87 ±5 


Og49 

Co52 

Zn 67 

Ci'W-Zn 17 

128.01 ±63 
128.08 ±5 


Og49 

Co52 

Zn 68 

0 ,8 H'-Zn 68 /4 

CVW-Zn 88 

(12.99) 

135.55 ±63 
137.51 ±6 


Dc48 

Og49 

Co52 

Zn 70 

Cs^Hio'-Zn 70 

134.60 ±160 
152.88 ±5 


Og49 

Co52 

Br 79 

Br 79 /3-Xe ,32 /5 

Cj'W-Br 7 *# 

(74.5) 

436.18 ±23 


As38 

Og49 

Br 8 * 

Ci'W-Br 81 ^ 

427.00 ± 16 


Og49 

Kr 78 

C3 ,2 H3'-Kr 78 /2 

63.49 ±78 

Ap.f. 16.28 ±20 

As37 

Kr 82 

C 3 12 H s , -Kr 82 /2 

82.82 ±62 
82.898 ± 123 

Ap.f. 20.20 ± 15 
Ap.f. 20.219 ±30 

Is 

Kr 84 

C 3 12 H 6 , -Kr 84 /2 

91.27 ±69 
91.006 ± 126 

Ap.f. 21.73 ±15 
Ap.f. 21.668 ± 30 

As37 

Ke51 

Kr 88 

C3 l2 H 7 -Kr 8# /2 

99.33 ±64 

Ap.f. 23.10 ±15 

As37 


C2 ,2 0 ,6 H3 1 - 

Kr w /2 

63.861 ± 150 

Ap.f. 14.805 ± 35 

Ke51 

Sr 88 

C3 I2 HrSr»/2 

100.96 ±26 

Ap.f. 23.48 ±6 

Du51a 


C* I2 OHj-Sr“/2 

SW 9 -Si* 

64.03 ±39 

Ap.f. 14.89 ±9 
(Ap.f. 9) 

Du51a 

Ma37b 

Sr 87 

Si 30 F 3 ,9 -Sr a7 


(Ap.f. 8.5) 

Ma37b 

Sr 88 

C02-Sr M /2 

37.00 ± 17 

Ap.f. 8.41 ±4 

Du51a 
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Mass Spectrograph Doublet Measurements 


Isotopes 

Doublet 

A.V/ in Mill! 
Mass Units 

Remarks 

Reference 

Zr 90 

SpO-Zr 90 # 

5.64 ± 12 

Ap.f. 1.88 ±4 

Du50c 

Mo 96 

Ct ,2 -Mo* , /4 

23.71 ±7 

Ap.f. 9.88 ±3 

Du50c 

Mo 100 

C* , *H l -Mo M */4 

31.18 ±8 

Ap.f. 12.47 ±3 

Du50c 

Pd 104 

CV 2 H,»-Pd ,M /4 

39.88 ± 10 

Ap.f. 15.34 ±4 

Du50b 


Pd l04 /2-Cr“ 

12.01 ±21 

Ap.f. 2.31 ±4 

Du50b 

Pd 106 

Pd ,0 V2-Cr“ 

10.55 ± 16 

Ap.f. 1.99 ±3 

Du50b 

p d .08 

C* I2 Hj , -Pd ,0, /4 

47.90 ± 14 

Ap.f. 17.74 ±3 

Du50b 


Pd ,08 /2-Fe 44 

12.15 ± 11 

Ap.f. 2.25 ±2 

Du50b 

Pd M0 

Pd ll0 /2-Mn M 

14.85 ±28 

Ap.f. 2.70 ±5 

Du50b 

Cd 110 

Cd 110 /2-Mn M 

13.92 ± 17 

Ap.f. 2.53 ±3 

Du50d 

Cd" 2 

Cd" 2 /2-Fc M 

17.14 ± 11 

Ap.f. 3.06 ±2 

Du50d 

Cd" 4 

Cd" 4 /2-Fe 57 

16.42 ± 17 

Ap.f. 2.88 ±3 

Du50d 

Cd** 6 

Cd" 4 /2-Ni M 

17.46 ± 12 

Ap.f. 3.01 ±2 

Du50d 

Sn" 4 

Sn" 4 /2-Ni M 

15.43 ±6 
16.01 ± 12 

Ap.f. 2.66 ±1 

Ap.f. 2.76 ±2 

Du50d 

Du51a 

Sn" 7 

C 3 H3-Sn ,17 /3 

55.26 ± 16 

Ap.f. 14.17 ±4 

Du51a 

Sn 120 

Sn ,20 /2-Ni w 

21.66 ±18 

Ap.f. 3.61 ±3 

Du51a 

Sn 122 

Sn ,22 /2-Ni 61 

22.63 ±61 

Ap.f. 3.71 ±10 

Du51 

Sn 124 

Sn ,24 /2-Ni 62 

26.27 ±31 

Ap.f. 4.23 ±5 

Du51 

Te 126 

Te I24 /2-Cu M 

22.74 ±44 

Ap.f. 3.61 ±7 

Du51b 

Te 128 

Te ,28 /2-Zn 44 

25.02 ±45 

Ap.f. 3.91 ±7 

Du51b 

Te 130 

Te ,30 /2-Cu“ 

25.87 ±39 

Ap.f. 3.98 ±6 

Du51b 
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TABLE 14 (i Continued) 

Mass Spectrograph Doublet Measurements 


Isotopes 

Doublet 


Remarks 

Reference 

Xe 129 

Xe ,2 V3-Kr“/2 

13.571 ± 129 

Ap.f. 3.156 ±30 

Ke51 


C 3 12 H7-Xe ,29 /3 

86.69 ±43 

Ap.f. 20.16 ±10 

As37 



86.654 ± 13 

Ap.f. 20.152 ± 30 

Kc51 


C 2 ,2 OH3-Xe ,29 /3 

50.215 ± 13 

Ap.f. 11.678 ±30 

Kc*51 

Xe 132 

C ,2 ()rXe ,32 /3 

21.586 ± 132 

Ap.f. 4.906 ±20 

Ke51 


Ci ,2 OH4-Xe ,32 /3 

57.565 ± 132 

Ap.f. 13.083 ± 30 

Ke51 

Ba' 38 

Ba ,38 /3- r**/2 

16.47 ±23 

Ap.f. 3.58 ±5 

Du51b 

Co 140 

Ce ,40 /2-Ge 70 

29.75 ±21 

Ap.f. 4.25 ±3 

Du51b 

p r 14l 

Pr ,4, /3-Ti 47 

17.25 ± 14 

Ap.f. 3.67 ±3 

DuSlb 


Pr ,4, /3-Mo 94 /2 

16.64 ± 14 

Ap.f. 3.54 ±5 

Du51b 

Nd' 44 

Nd l44 /3-Mo 9 */2 

17.57 ± 14 

Ap.f. 3.66 ±3 

DuSlb 


Nd l44 /2-Gc 72 

34.92 ±50 

Ap.f. 4.85 ±7 

Du51b 

Nd 148 

Nd l4 */2-Ge 7 * 

33.41 ±58 

Ap.f. 4.64 ±8 

Du51b 

Nd ,M 

Nd ,80 /3-Ti w 

25.80 ±50 

Ap.f. 5.16 ±10 

De38tt 


Nd ,60 /3-Mo l00 /2 

20.45 ±20 

Ap.f. 4.09 ±4 

Du51b 

Gd 162 

Gd ,M /2-Se 7i 

40.05 ±30 

Ap.f. 5.27 ±4 

DuSl 

Gd ,s ‘ 

Gd ,64 /2-Se 77 

40.81 ±31 

Ap.f. 5.30 ±4 

Du51 

Gd ,M 

Gd'^/S-Cr 52 

33.12 ±57 

Ap.f. 6.37 ± 11 

Gr39 

Yb' 72 

Yb ,72 /2-Sr M 

53.32 ± 130 

Ap.f. 6.20 ± 15 

Gr39 

Yb 174 

Yb ,74 /2-Sr 87 

53.77 ± 122 

Ap.f. 6.18 ±14 

Gr49 

Hf 178 

Hf l7# /2-Sr" 

62.57 ±35 

Ap.f. 7.11 ±4 

Du51b 

Hf 178 

Hf 178 /2-Y 89 

62.92 ±45 

Ap.f. 7.07 ±5 

Du51b 

Hf 180 

Hf^/S-Ni 60 

51.42 ±18 

Ap.f. 8.57 ±3 

Duo lb 


Hf 180 /2-Zr 90 

69.30 ±27 

Ap.f. 7.70 ±3 

Du51b 
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Isotopes 

Doublet 

AA/ in Milli 
Mass Units 

Remarks 

Reference 

W>82 

W lw /2-Zr 91 

71.43 ±182 
67.80 ±36 

Ap.f. 7.85 ±20 
Ap.f. 7.45 ±4 

Dc38 

Du51b 

YV ,M 

W lw /3-Ni« 

51.79 ±12 

Ap.f. 8.49 ±2 

Du50a 

W'« 

W'^^Zr 92 

74.06 ± 184 
69.28 ±37 

Ap.f. 8.05 ±20 
Ap.f. 7.53 ±4 

De38 

DuSlb 

W ,M 

W ,86 /3-Ni 62 


Ap.f. 9.03 ±2 

Du50a 

Os 188 

Os ,88 /2-Mo 94 


Ap.f. 7.78 ±30 

De38 

Os 190 

Os ,90 /2-Mo 95 

73.72 ±285 

Ap.f. 7.76 ±30 

De38 

Os' 92 

Os ,92 /2-Mo* 

72.77 ±288 

Ap.f. 7.58 ±30 

De38 


Os ,92 /2-Hu 96 

75.94 ± 192 
73.44 ± 134 

Ap.f. 7.91 ±20 
Ap.f. 7.65 ± 14 

De38 

Gr39 

Pt 192 

Pt‘ 92 /3-Zn w 

59.14 ±19 

Ap.f. 9.24 ±3 from 
Ap.f. (Pt ,92 /3-Zn 64 ) 
-Ap.f. (Pt m /3- 
Cu 6 *) - 0.01 ± 2 
and Ap.f. (Pt ,9 V3- 
Cu 66 ) - Ap.f. 

9.230 ± 15 

Du50a 


Pt ,92 /3-Zn 64 

(60.16 ±26) 

Ap.f. (9.40 ± 4) 
Consecutive expo¬ 
sures 

Du50a 


Pt'^/Z-Mo 9 ® 

79.7 ± 29 

Ap.f. 8.3 ±3 

Dc38 

p t 194 

Pt'^/^Mo 97 

74.7 ± 19 

75.47 ± 19 

Ap.f. 7.7 ±2 

Ap.f. 7.78 ±2 

De38 

Du51a 

Pt' 96 

C 3 H3-Pt ,95 /5 

30.65 ± 12 

Ap.f. 7.86 ±3 

Du50b 


Pt ,95 /3-Cu 6S 

58.04 ±65 
69.81 ± 13 
59.99 ± 10 

Ap.f. 8.93 ±10 
Ap.f. 10.74 ±2 

Ap.f. 9.230 ± 15 

De38 

Du42 

Du50a 


Pt ,9S /3-Te ,30 /2 

35.42 ±71 

Ap.f. 5.45 ± 11 

Du51b 

Pt* 9 ® 

Pt l9 ®/2-Mo 98 

75.26 ± 196 
77.62 ± 29 

Ap.f. 7.68 ±20 
Ap.f. 7.92 ±3 

De38 

Du51a 
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Isotopes 

Doublet 

A*/ in Milli 
Mass Units 

Remarks 

Reference 

Pt ,M 

Pt ,98 /3-Zn 66 

62.24 ±26 

Ap.f. 9.43 ±4 

Du51 


Pt ,98 /2-Ru" 

81.77 ±20 

Ap.f. 8.26 ±2 

De38 



78.41 ± 10 

Ap.f. 7.92 ±1 

Gr39 

p b 204 

Pb 2<M /2-Pd 102 

82.31 ±204 

Ap.f. 8.07 ±20 

De38 

Pb** 

Pb*V2-Rh ,M 

81.99 ±155 

Ap.f. 7.96 ± 15 

De38 

Pb 208 

Pb 208 /2-Pd ,w 

82.78 ± 156 

Ap.f. 7.96 ± 15 

Dc38 



84.76 ±42 

Ap.f. 8.15 ±4 

Du51a 

Th 232 

Th 232 /4-Fc M 

76.39 ±35 

Ap.f. 13.17 ±6 

Du51 


Th 232 /2-Sn 118 

117.62 ±116 

Ap.f. 10.14 ±10 

De38 



114.72 ±35 

Ap.f. 9.89 ±3 

Du51 

u 238 

U 238 /2-Sn lltt 

120.43 ± 107 

Ap.f. 10.12 ±9 

Gr39 



123.88 ± 119 

Ap.f. 10.41 ± 10 

De38 



121.86 ±36 

Ap.f. 10.24 ±3 

Du51 
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18.45 ±17 Wy49 Proton range in A1 

He 6 (/3)Li 6 3.7 ±2 To49a 

3.215 ±15 Pe50 Magnetic spectrometer 
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TABLE 16 
Isotopic Weights 


Column 

1 Z t atomic number. 

2 Chemical symbol. 

3 A, mass number of the isotope. Numbers in bold-face type are is> opes 

which occur naturally. 

4 Isotopic weight relative to 0‘®. Figures in parentheses ( ) indicate an 

uncertainty in the value, as the only available input data is uncertain. 

5 Error X 10®. 
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1.008 982 
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7.019 150 
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1.008 142 

3 
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8.007 850 

29 
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2.014 735 

6 
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9.015 043 

30 
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3.016 997 

11 



10 

10.016 711 

28 








11 
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He 


3.016 977 
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9.016 190 

31 
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5.013 564 
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10 
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11 
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Li 
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11.014 916 
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X 10* 
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21 Sc 


Isotopic 
Weight 
Relative 
to 0“ 


36.977 624 
37.980 044 


35.978 930 

36.978 499 

37.974 878 

39.975 100 
40.977 569 


37.981 125 

38.975 93 

39.976 578 

40.974 836 

41.975 881 


38.983 515 

39.975 420 

40.975 305 

41.972 036 

42.972 37 
43.969 20 


47.967 63 


Error 
X 10* 



44.970 00 60 


25 Nln 


26 |Fe 


Isotopic 


Weight 

Error 

Relative 
to O 16 

X io 6 


21 Sc 48 

47.967 87 

49 

48.964 28 

22 Ti 45 


46 


47 

46.967 00 

48 

47.964 05 

49 


60 


51 


23 V 47 


48 

47.968 40 

49 


60 

49.962 15 

61 

50.959 53 

52 

51.960 70 

24 Cr 49 

48.965 40 

60 

49.959 99 

51 


62 

51.956 93 

63 


64 


55 



51.962 02 

53.957 56 

54.955 64 

55.956 83 

52.962 38 

53.956 54 
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56.953 65 


(58.953 50) 
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36 I Kr 


Isotopic 

Weight 

Relative 

toO 16 


Error 
X 10 6 


81.938 42 


83.938 49 


85.936 58 




Isotopic 
Weight 
Relative 
to O 16 


Error 
X 10 6 


84.931 00 
85.937 36 
86.929 5 


85.935 4 

86.935 2 

87.933 60 

88.933 98 


87.937 58 

88.937 12 
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Sym¬ 

bol 



39 Y 



40 Zr 




41 Nb 

(Cb) 91 


42 Mo 


Isotopic 
Weight 
Relative 
to O'® 


Error 
X 10® 


93.935 22 1500 

95.935 58 320 

96.936 93 440 


99.938 29 330 


Isotopic 
Weight 
Relative 
to O'® 


Error 
X 10® 
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Isotopic 

Weight 

Relative 

toO“ 


Error 
X 10* 


Sym¬ 

bol 


107.936 90 


109.940 98 



Isotopic 

Weight 

Relative 

toO 16 


113.943 29 

114.942 07 

115.943 98 


113.94109 

114.941 54 
115.938 06 

116.941 71 


Error 
X 10 6 


109.942 18 


119.939 04 


121.942 60 


109.939 11 

111.939 99 

112.942 06 

113.940 13 

114.943 63 
115.942 12 
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Weight 
Relative 
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Weight 1' 

Relative > 

to O'® 

Sb 
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53 
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133 
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134 
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136 
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125 


Te 
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128.945 33 
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124 
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131.947 29 


126 





133 
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Weight 
Relative 
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Error 
X 10 6 
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Weight 
Relative 
to O 16 

Error 

X 10« 

79 

Au 

198 



82 

Pb 

206 

206.038 59 

X 



199 





207 

207.040 34 

X 



200 





208 

208.041 40 

X 








209 

209.046 23 

t 

80 

Hg 

196 





210 

210.049 58 

T 

1 



197 




AcB 

211 

211.054 50 

V 

t 



198 




ThB 

212 

212.057 91 

X 



199 





213 

(213.062 68) 




200 

201 




RaB 

214 

214.066 33 

X 



202 


X 

83 

Bi 

197 






203.035 50 

X 



198 





204 





199 





205 

205.039 80 

X 



200 










204 



81 

Tl 
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206 





199 





207 

(207.042 85) 




200 





208 

208.044 51 

X 



201 





209 

209.045 50 

X 



202 


X 


RaE 

210 

210.049 51 

x 



203 

203.034 99 

X 


AcC 

211 

211.053 00 

1 



204 

204.036 97 

X 


ThC 

212 

212.057 28 

* 

1 



206 

205.037 92 

X 



213 

213.060 72 

▼ 

1 




206.040 21 

X 


RaC 

214 

214.065 26 

▼ 


AcC" 


207.041 89 

X 







ThC" 


208.046 76 

X 

84 

Po 

203 







X 



205 




RaC" 



X 



206 










207 



82 

Pb 

199 





208 

208.045 58 









209 

209.047 50 

X 



201 





210 

210.048 26 

X 



202 





211 

211.052 34 

X 



203 




ThC' 

212 

212.054 87 

X 



204 

204.036 12 

t 



213 

213.059 22 

X 



205 


X 



214 

214.061 85 

X 


X All errors marked J are ~1000 based on Pb 20 ® error. 
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Weight 
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toO 16 
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Weight 

Relative 

toO 16 

Error 

X io 6 

84 

AcA 

215 

215.066 43 

X 

88 

Ra 

219 

219.078 24 

X 

ThA 

216 

216.069 19 

X 



220 

220.079 50 

X 




(217.073 54) 

X 



221 

221.082 76 

X 
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218 

218.076 76 

X 



222 
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223 
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X 

85 

At 

207 
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224 

225 

224.090 01 
225.093 44 

X 

X 



910 
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211 

(211.053 17) 

X 
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227 

227.099 82 
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X 


228 

228.102 12 

X 



213 

214 

(213.059 25) 
214.062 99 

X 

X 

89 

Ac 

221 
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215 

irnPTTTW 

x 



222 



216 

216.069 67 

t 
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X 



217 
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▼ 

1 



224 
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X 
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218.076 38 

T 

X 



225 
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X 






226 

226.096 51 

X 







Ac 

227 
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X 

86 

Em 
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212.056 21 

X 
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228.102 06 

X 



215 

215.065 62 







216 

216.067 50 

X 

90 

Th 

223 

223.090 36 

X 



217 

217.071 55 

X 



224 

224.091 16 

X 



218 

218.073 51 

X 

• 


225 

225.093 81 

X 


An 

219 

219.077 76 

X 



226 

226.095 25 

X 


Tn 

220 

220.079 93 

X 


RdAc 

227 

227.098 36 

X 



221 

(221.083 85) 



RdTh 

228 

228.099 81 

X 


Rn 

222 

222.086 63 

X 



229 

229.102 79 

X 








230 

230.104 72 

X 

87 

Fr 

217 

(217.072 21) 

X 


UY 

231 

231.108 17 

X 



218 

218.075 44 

X 


Th 

232 

232.110 34 

X 



219 

219.077 47 

X 



233 

233.113 82 

X 





X 


UX, 

234 

234.116 50 

X 



221 

221.083 01 

X 



235 

235.120 37 




222 

(222.086 74) 

X 








223 

223.089 17 

X 

91 

Pa 

226 

226.098 23 

X 



224 

(224.093 18) 

X 



227 

227.099 53 

X 


J All errors marked X are ~1000 based on Pb 208 error. 
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TABLE 16 ( Continued) 
Isotopic Weights 



Isotopic 
Weight 
Relative 
to O'* 


228.102 00 

229.103 31 
230.105 99 

231.107 83 

232.110 95 

233.112 50 
234.115 86 

235.118 54 

227.101 66 

228.102 32 

229.104 69 

230.105 53 

231.108 18 

232.109 47 

233.111 93 

234.113 79 
235.117 04 

236.119 12 
237.122 31 
238.124 93 
239.128 69 


231 231. 

232 (232. 

233 233. 

234 (234. 

235 235. 

236 236. 

237 237. 

238 238. 

239 239. 

240 240. 

241 241. 


110 26 

112 36) 

113 22 
115 68) 
117 23 

120 17 

121 58 
125 14 
127 30 
130 02 
132 50 


Error 
X 10 6 




94 l>u 


95 Am 


97 Bk 


232 232.113 38 


X All errors marked X are ~1000 based on Pb 208 error. 




Isotopic 
Weight 
Relative 
to O l * 

Error 
X 10 fi 



(233.115 55) 

X 

234.116 16 

X 

235.118 44 

X 

236.119 62 

X 

(237.121 92) 

X 

238.123 66 

X 

239.126 53 

X 

240.128 62 


241.131 54 

X 

242.134 13 

X 

243 .137 40 

X 

239.127 40 

X 

(240.130 23) 

X 

241.131 51 

X 

242.134 89 

X 

243.136 86 

X 

238.127 13 

X 

239.129 41 

X 

240.130 44 

X 

(241.132 23) 

X 

242.134 20 

X 

243.136 94 

X 

244.138 80 

X 

243.138 60 

X 

(244.141 22) 

X 

245.142 29 

X 

246.145 47 

X 

(243.141 31) 

X 

244.142 11 

X 

(245.143 68) 

X 

246.145 43 

X 

1 
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semi-empirical mass formula, 539 ff. 
Mass-energy equivalence, 680 
Mass spectrometers, field arrangements 
in, 571 

for abundance determinations, Bleak* 
ney type, 619 
Dempster type, 618 
Nier type, 617 
trochoidal type, 626 
for isotopic weight determination, 656 
Mean square deflection in multiple scat¬ 
tering, 28-1 

Meson production by gamma-rays, 348 
Meson theory of nuclear forces, 529 ff. 
Microphonic disturbances, 23 
Microscopes for nuclear emulsion work, 
71 

Microwave spectroscopy, 421 
application to mass determinat ion, 666 
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